
Lecture 18

Fourier - based learning algorithms
• the low degree algorithm
• Fourier Concentration

- Noise sensitivity



Recall Fourier Transform :

✗
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Learningviafouriertepresentation

will look at learning algorithms that

are based on estimating Fourier

representation of fctn f-

(similar to polynomial interpolation)

Approximating one Fourier coefficient :O

temnora for any SEED
,
Can approx

5Fcs) to within additive 8 queries
needed!lie

. / output - $1s) / c- 8)

with prob 21-8 in Oltalogtg)

samples .

(Proved last time



The low degree algorithm

definition of fetus for which low degree

Fourier coeffs pretty much suffice to describe fctn:

def f :{ 1=13"→R has ✗ Ign) - Fourier concentration

if E $1s)'s E f 0<24
SEEN]
it .

1st >HE,n) Y
for Boolean f, this implies

E Icsi >- l - E
SEEN]
St.
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if f- doesn't dependy fan f which depends on ⇐kvars
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s st
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Low degree algorithm

approximates fctns with d=2lqn) Fourier concentration:
-

Given : d degree
Y

accuracy
8 confidence

Algorithm :

• Take m=O(n¥ In ¥ ) samples yard)
of these

• For each S s.t.IS/ Ed :

↳ ← estimate of tyg
←

reuse samples

• let hlxl :{ Cs - Xslxl
lskd

• output sign 1h) as hypothesis



Why does this work ?

Two stages : ↳-d,
1) show that f- has low F. c.

,

⇒ Efaw -halt]smaÑ§2) Show that Pr [ flxltsignlhlxll]EE×[(1-1×141×15)
T put

Hamming dist together :

First
"

stage
"

:
f- has low F.c.

⇒ sighnlhlx
is goodThat if f has d=d5n) - F. c. then

off
approximation

h satisfies E×[ ( fix -hlxÑ< Ett
with prob 21-8 (Proved last time)

2nd "

stage
"
:

Thm_2 f :{ 1=13"→{±B
h :{ 1=13

"
→R

then prfflxlt-signlhlHDE.EE/flx)-h1xDT
✗EU



Proof
.

E[ (ft) - half]=¥§( ftp.hlxjjhdefn
.

✗ c-U

T compare
these

✓ term-by- term
to

get
Pr[ flxttsignlhlx))) =¥§1{ fix)±signlhxD} Th"

Consider
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.
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Caste if flxtsignlhlxl) :

I =o

f- 1×1=1 sign 1h
/xD

f-1×1-41×17>-0

cased if fan # sign (41×1) : why? e.g.
if flH=H then in this

11-1×1 #siynlhlxl)=1/ case hlx) <0 :

( fan - hlxlkz.gl I
' Ii it
had flx)
c >

31
so
, FX

( other case is

( flx) - hl×Ñ= Lfcxtsignlhlxy
µ analogous )



Correctness of learning algorithm

Tim it C has Fourier concentration D= ✗ Gn)

then there is a q=
01¥ log f-d) sample

uniform distribution learning algorithm for C

ie
. algorithm gets of samples t with prob > 1-8

outputs h '
sit

. Pr [ fth
' ] ← 2. E

PI
.

run low degree alg with F- E

thml ⇒ get h St
.
Ellf -HP] ← Et E=2E

output h!sign 1h)
IT

thm2⇒h ' has error c- 2. E

B



Applications

1) Bounded depth decision trees

f-1×1=2felxl.ua/ll)lc-leaves in Instof -1 fctn
which

depends on
c- depth many

vars

$1s)={ valle)f^els) linearity
in

0 for

151 > depth

⇒ V5 st
.

1st > depth, $1s)=o

so of
ndepth depth

I log%) suffices



2.) Constant depth ckts

def
.

"

Boolean Act C
"

is DAG

gales : 1,471,0 , Xi - Xu
~ Fasts Irs
operations

how monty inputs ? const
, poly, unbounded ?

①

¥\is in>o>89

can we compute parity of n bits
(Xor )

in const depth ?

yes ! can compile any fctn on n bits

in const depth
"

Karnaogh maps
"



parity in const depth, poly size ?

no ! [ Furst Saxe Sipser) 5 lemon

switching lemma

lemons ⇒ lemonade :

Thnx [ Hastad
,
Linial Mansour Nisan]

Ff computable via sizes depth d ckts

E I'G) =L for f- 01kg3)d
"

1st >t

take 5- poly" }⇒t=fHoy4⇒)D= const

2=014

yields no"Ñ"⇒) sample algorithm

( can improve to n°"Ñ%" [ jackson])
( recall purity of s will have 11 large Fourier coeff of

degree 1st )



3) Learning half spaces

def
.

hlx)= sign (W
- X - O) is

" halfspace function
"

t

sign /g) ={
+1 ityzo
- I 0 - W

.

Thm_ Let h be half space over { 1=13
"

then h has f. c. 214--1,2
( i.e

.

E tibiae)
1st >_ 42 (will prove soon)

cord low degree alg learns half spaces

under vnif dist with n°144

Unit . samples .

(actually 01h51 sample algorithms exist,
but this approach will have

"

big win
"

soon )



-
Key idea :

Noise Sensitivity c-
use

to bound

Fourier
concentration

def
.

"

Noise operator
"

o<E-Ya

Nqlx) = randomly flip each bit ofx

with prob E

det
" Noise sensitivity"

Nsg (f) =Prµg±,gn[ f-1×1=11-1%1×1]
notice

Examptes

1. f- 1×1=11
, nsgcf)=E

2
,
f-1×1=4×2 . . . Xk ns

,
(f)=Pr[fW=F&flN{ 1×17=-13

+ pr[ f-1×1=-1 + f- (Nelx))=F]

by symmetry → =

2. Pr [ftp.T &f(N{ 1×11--1=1
if { <<¥q~~¥l =

2-2, (1-4-0
")

if {a> YK
, FC - e-

"412kt



3. f-1×1 = Maj lxi.int
ns[ (f) = OWE)

Sketch:

Maj 1×1 ~ random walk on line starting at o

⇐ ±

to -2-1 ! ! 'a'a

e.g. ✗= (11-11-1-1) Well known fact :
I 2 I 2 I 0

o a E [☒ itxzt . ..tk D
1-i ←

o

+2 = Th
t likely to be close
to in

New ~ random walk on En bits
in

each flip
displaces by
1=2 1-1 → +1 or

f)→ -1 )E[ displacement] = 2 Ten



Process: take walk specified by ✗ + continue walk according to

New - 2

heuristic argument :

pretend first walk leaves us at rn

Pr [2nd walk takes us across 0]

= t2Pr[ 2nd displacement >In ]

¥É2rñ
£2K by Markos

'
=/

4. any
LTF 142 space)

Thm_ ( Peres) N{ 1471<8.8 TE

best possible since N§lMaj)= -0ft)

5. Parity fctns Xskd for Kkk

nsd f) = Pr [odd # bits in 5 flipped by Ne]
= ¥24k for 1st- l

'

. E


