
Lecture 23

Probabilistically Checkable Proof Systems

- from earlier lectures :/ homeworks :

- Freivald 's test

- self - testing correcting linear fctns

- model

- Np ≤ PCP Cris
,
1)

- arithmetical-10h



Recall some useful facts

Freirald 's test

it vectors a≠b then Pr [ a. rt-b.ir] ≥ £
re { 0,13

"

it matrices A.Btc then Prpe ,µy[A-B.rt-C.ir ] ≥t2

PI
. pair vectors that differ in coordinate is.t . aitbi

or ABij=Lij
( as in proof of orthogonality of

Fourier basis) µ

Comment also true for equality mod 2



The Model

> Input ✗

0
> random string⑧

*
polytime , Proof IT
verifier

• fixed fctn -
"written in stone "

• created by adversary
with unlimited

computational power

def . LEPCP (ng) if 7 Vlptime TM) sit
.

1) FXEL FIT sit
.
Pr[ HIT accepts] -1 arbitrary
random

strings ↓

2) FXEIL FIT
'

,
Brandon [ V,# accepts] < Yy
strings

✓ uses ≤ rlnl random bits + makes ≤ qln) queries to 1TTIbit each



e.g. SAT c- PCP /◦
all settings of vars

Thing NP ≤ PCP / 01h31
,
041)

}
verifier
can't see

Actually NP ≤ PCP Coligny , 04)) significant
portion of
assignment !??!

3511--1 : f- =/ Ci s.t.ci = ( Yi, ✓ Ujiavyis)

where Yijt { ✗i. Xnxi . - - Xi}
is F satisfiable ?

if so
,
how would you prove't?R



First Crack :

IT = settings of sat assignmenta

AFT
92 __ F

e[ """" £" " "
I

pick random clause Ci

check if setting a- satisfies Ci

Why good ?
if a- satisfies C then Pr[V succeeds]-1

Why bad ?

if a- doesn't satisfy C,
7 clause i sit

.

a- doesn't satisfyCi
So Pr [V finds vnsatci]≥ tm

↑
not so great
since m can be

brig & need to

repeat 0cm) times
to find one



Arithmetical-ion of SAT

boolean formula F arithmetic formula AIF) over
€2

T e > I

F < >
O

Xi < > Xi

Ii < >
1- Xi

✗Ap c s d. B

✗Vp a > 1-11-44- B)
✗vpvtc > 1-11-2111-B) (1-8)

examptes :

Hindi} 11-11 - xili-xaD.li- xD

XIVXIVX} 1- (1-11,111-4×21) 4-Xs)
= I - (1-71)×211-✗3)

F satisfied by a iff Alakl ↑
^ degree ≤ 3



Strange Arithmetization

arithmetic complement of each clause separately=

Chi = ( 51×1,51×1
,

i
. .
)

↑
¥X-txi.in)

complements of each clause Ci

evaluate to 0 if ✗ satisfies Ci

each Éilx is degree ⇒ poly in ✗
t verifier knows the coefficients

Need to convince verifier that

@(a) = 10,0, . . .
0) w/o sending a

how to test vector is all 0 ?

Weird idea : try to use
"

Freiralds test
"

??

how? assume 7 little birdie who tells V

dot products of Cca) with random vectors

(mod2)



Freivalds test on Cca) :

Fix a :

( Ela)
,

.
. .

,
Émla)) .fr , - - - rm) = Eri Ii /a) mod2

Pr [ Eri . É cat -=o mod 2] dat satisfied

↓
= { 1 if ti (a) =o

try V. W
.

←
[ (a) not

satisfied

Problem why believe the birdie ?



Believing the birdie

1) we choose ri's

2) we know coeffs of polys in di 's

3) polys of Ii 's are degree ≤ 3 in a;'s

V doesn't know

so :
these

n n n

{ rici.la =P + § ai✗i + E- aiajpsijt µaiajak8ijx&Hw u Tj
_ _

from here on :
✓ does know these

di → Xi
• depend on his tcoeffs of polys

Bij → yij} • do not depend on ai's

tijk →Zi • Compiled by V
no relation to vars

◦ since working mod 2
,
all

of 3 SAT values are in { 0,1}



except

( X,vxjVXz)(I , V ✗2) ⇒ ¢_×at×
,

1-XXi2D
⇒ ¢ ✗

a -4×5×2×3 1- ✗Max,) , ( × , -4×2))

ri ( ✗ a -4×2-112×3 1-4×2×3) 1- fry . ( ×
,
- ×

,
✗2)

= 0.1 t ra . × ,
t ri X2 - (RHB) ✗ 1×2-7 ' ✗2×3

to - ✗ 1×3 + ri ✗1×2×3



Functions for the
"

birdy
"

def [outer product] w = nor if Wij = uiovj
V

u = W

ᵈᵈ A :Fi→F, Ah,)={ai✗i=a?±ᵗ¥i

13 :#2%11=2 BY)=EaiaiYii=4°Ñi,j

( i.IT?-lFgCly)=&jyaiajak2ijk--laoaoa)T.zL
Proof 1T :

complete description of truth tables Ñ,BÑ
ten

hopefully APK
but need to check



V really only needs to know A,B,C at

input ×,ytz (which it knows )

other entries help in checking ! !
• check that tables of correct forms (linear fetus
• self - correct to get valves of linear fctn at ×,y,z

What does verifier need to check in IT ?

4) Ñ
, B. I are of right form :

in 041

• all are linear fans quegi.org
can only test close - to - linear

but can self- correct
00

"§• correspond to same assignment a
0

i.e . ÑW=a:X ⇒ Bly)=(aoa5!y
⇒ [ (2) = (aoao a)Iz

%

wariotest that self - corrections are ↑
consistent according to

(2) a is SAT assignment

• all di 's evaluate to 0 on a



How to do d) :

• Test ATB ,É each tg - close to linear via
# randombits linearity test

01ns) (Pass it linear
,
fail if f- far)

#queries 061 Old queries
runtime 01m )

. from now on
,
access t↑,Ñ,Ñ via self - corrector

on all inputs .

Sc - Ñ
,
sc-B.sc - I

¥ I E

Use confidence parameter that is small enough
to do union bnd over all queries to
Sc- Ñ

,
se- B

,
Sc - É it

.
can assume

always get right answer with high
(constant) probability

• test consistency of sc-ATsc-B.sc-É

i.e
.
b=a ◦ a t c-- aob



Consistency test :
assuming -1,13%Pick random X

, Ya , X , Y actually correspond
↓ to a'stest that d) sc-ATxi.scÑlxa

= Saiki • §ʰjXaj=jAi9jHiXaji

#randombits 01h7 = sctslxpxa
#

queries Old
runtime 01ns) (2) sc-A~W.sc -Fly)

= § aixi • ajakyjk = ;§µ9iAjak×iYjk
= Sc - El ✗ ◦ y)

note Xixztxoy are not unit dist

vectors. (that's why we call
Sc-Ñ

,
Sc-DB

,
Sc -E instead of

A-TBR

proof of consistency test : let a,b,c be linear fetus directly)

corresponding to Sc - Ñ
,
so -15

,

set

it b=a◦a &C=a◦a◦a then test passes
✓



else
,
if btaoa

?
sc-ATxi.sc -1-7×21=1-14) - Algy = B. ( ×

,
◦ ✗a) = sc-BK.gl

" "

A.× ,
^ 9. ✗2 b. 1×10×21

a

"

a

"

b

✗ , X2

Kok
Il

Xi a

a X2

"

"

X, X,

?
Aoa ×,

=
b X2

if btaoa: Pr [xikaoatxn-txilb.BA
Yik ' {similar≥ 'z . Prflaoalxztbxa] argument for
≥ Yy Ctaoaoa

( note
,

X's are playing role of
"

r"s' here)



How to do (2) :

recall :

◦ we call self- corrector
,

so recovering consistent linear fans

a
,
aoa

,
aoaoa

• we don't actually know a
,
but it represents

the assignment
• does it satisfy ? i.e . are all Eilat-0?

Satisfiability Test :

Pick re 22h

Compute ↑
,
di's

, Bij's , bij,'s
← fans of r

tcoeffs of polys
¥ § £ from constraints

query proof to get SEEIN
-

- Wo

SC -BCB) = w
,

Sc-[(8) =w2

Verify 0=7 two tvvitwz ← hopefully means

Erica (a) =o



does it work?

if fi
,
Eilat -0 ⇒ always pass

if Fi sit
. lotto ⇒

to .no) ≠ ( flat . . . Imlay

⇒ prfnsricila-omod2-EO.fi]≤£

⇒ Pr[passes all K times] ≤ 42k


