
Lecture 24

Szemerédi 's Regularity Lemma

Testing dense graph properties via SRL :

D- freeness
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Can we make weaker assumptions & still get
reasonable bounds ?



Density & Regularity of set
pairs

:

def
.

For A ,B ≤ ✓ St.
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(2) 11+1,1131>1
Let ECA

,
B) = # edges between A&B ÷¥ÉÉ¥¥¥:+

density dlAiB=eY¥¥,

say AP is 8- regular if tf A' ≤A ,B'≤ B
S.t. 1A 't ≥ 81N

1134 ≥ 81131
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on parameters)



Lenya
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µ
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parameters
depends

only on
M

V7 > 0 78 = tan ≤ 849 ) ! ④

8--4-71%44=-8%1
↑ ↑ ②
# triangles, ifM< '12
depends only on M

S.t. if A ,B,C disjoint subsets of V S.t. each pair

is 8- regular with density >M

then G contains ≥ 8. III. 1131.14 distinct 0's
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differ

with node in each of A ,B,C . only
by

factor of

compare to random graphs : ≥ÑlAtlBt14 16



%¥ :

A-✗← nodes in A with ≥ 17-81.1131 hbrs in B }
if this were a random graph,
you

would expect to have ≥≥%nbrs≥ /my / • 14
nbrs in C ± some error.

So
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these are the nodes that
" look random

"
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then / A
'

/ ≤ 811+1 It 1A
" / ≤ HAD

whg?_ consider pair A'

,B .

←
def of A
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DIA :B) - 1×-4%1.8%431=7-8
but DLAIB) >7

so ldlAIBI-dlA.BY> 8

1- 1131>-81131
so if 11+4--811+1 then (AIA) is not 8- regular

→←

Let A-* = Al ( A' UA
"

) then 1AM ≥ / At - LAY - IAYHAI-201*1=4-2811*1



Using claim :

For each UEA
"
: define Bu -= nbrs of u in Bfb¥¥J

↳ ≤ "b" " " " ' b:&"" #
since 8<12 ,IBNEH-HIBIS-JIB.cl-r > 8) 141≥ In-8114=814

#edges between Baku ⇒ lower bad on # distinct 8's in which u participates§,, , , ⇒ µ,, ,, ≥,, ⇒ , ,, ,, ≥µ, ,,, , ,, ≥ y.gg
, ,,, ,
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,
Cu big enough & ④ f) is 8 regular
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Do interesting graphs have regularity properties?

Yes in some sense
,

ad graphs do "

can be approximated as

small collection of random graphs
"

szeme.ve/disReguIarityLemma-
would like it to

say :

"

one can equipartition nodes of V into Hulk (for const K) S.t.

↑

¥ pairs
(Vi ,Vj)

are E- regular
"

sometimes need K - m

for some m
~

(1<=1
,
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trivial

onlymost
a- EM useful in applications
are not



szeinerediskeg.la#-jLemma : (especially useful version)

Um
,
E > o F 1- = -11mi) st
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G- (4E) sit
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Nt>T

• A
an equipartition of V into sets

then exists equipartition
B into K sets which refines d-

kindependentofns.lym ≤ K ≤ T

& ≤{(E) set pairs not E- regular
const # partitions

st
.

✓ each pair behaves

properties
note :

-

' does # "M " '"
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Why was SRL first studied ?

to prove conjecture of Erdos + Turin :

sequences
of ints have long

arithmetic progressions

Very rough idea of proof :
same

densities

"
↓

expectation
of d4vipjy-indlY.nl/k)--&2&&d7Yi,vj) ≤ 1-2 "

variance of $
"

i-ij.it'

note : if a partition violates
,

can refine sit
.

}
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,
if refine

,

E[dlvvjD= 1¥72
indlvi

,
.
-Yi;) grows significantly lie

. by ≈ { c) cauhgschwwte⇒

higherdensity ind can't decrease

so in less than ¥ refinements
,

have good
partition

"
i

%
How big is K ? v. b. tower of size { a

2ÉÉÉ
issue : what if " " "

{ a.split vifrrmanyvj ? 1. b.

⇒ split into exponential subsets



An application of the SRL :

Given G in adj matrix form

Is it 8- free ?

desired behavior : if G is 0 - free
, output PASS

if G E- far from D- free output FAIL

must delete
in

d- sided
≥En2 edge> error

Algorithm : Do 018
"

) times :

Pick V1
,
Va

,
V3 Er

✓

if 0 reject & halt

Accept



[ feta
OFE only

Thy V-E
,
78 sit

.

FG sit
.

Nth

test
.

G is E- far from b- free,

then f has ≥ 813) distinct o's

GI Algorithm has desired behavior

Whig? • if ☐ - free : we never reject
✓

• if E- far from G-free !

≥ gas) his

⇒ each loop passes
with prob ⇐ 1-8

Prc don't find 0] ≤ ( 1-8)
"&

≤ e-
c < 43

↑
for proper

choice

✓
Ofc⇒ reject with prob >%



Thy V-E
,
78 sit

.

FG sit
.

Nth

test
.

G is E- far from b- free,

then G has ≥ 813) distinct o's

Profuse
regularity to get equipartition { Vi . - VK} sit

.

{ ≤ K ≤ T( 5- , E
' ) ⇐

need ≥5z sets inn partition
so that no set has ≥ # fraction

of nodes

equivalent: Eng ≥ % ≥ FTE
,

E
')

how ? start with arbitrary equipartitionof into
5k sets ← this is why we

need ability to refine

any partition
for {

'

÷ min { É
, 84¥13

St
.

≤ E' (E) pairs
not {

'
- regular



assume 1k is integer

G
'

= take G and dlkpt.ec/tiIlA1lBI

1) delete edges internal to
any Ki

st
.

11+1=81^-1

( if # nodes per partition small , few internal edge, ,

APistfregdarifV-AK-A.BE#
1134>-81131

. µ,µ,,.a,µg:*how many ?
≤ nz.in ≤ Eri

-5 89qÉIn
↑ ↑

Sum over

degwlin
µ.

alludes d%t=4-m)%⇒n3
2) delete edges between E

'
- non regular pairs {

'

÷ 'min{ ¥,r%⇒}

how
many ?

≤ {
' 1%1.1%12 ≤ E. E. E. ≤ %n2
in Y
# non regular Max#

pairs edges per pair
since Ni / ≈lVjI=↑tD



E¥ ≥ % ≥ ¥Eii)3) delete edges between low density pairs §
dHPte¥µhow

many ?

¥É" """

ApisfreglarifVA'≤A,B'≤B-≤ E (E) 1%12
low note E(%f≤ (1)
density st

.

11+1>-81^-1
1134>-81131

≤ ¥ (1) ≈ %;
IdlAiBY-dlAP
{
'

÷

'

min { É
, 84¥13ts-E.CEJpoi.rs#tE-regular

Total deleted edges : ≤ If + 41? + %? < En
"

But G is { - far from D- free ( must delete ≥ car edges to remove alto's)

so G
'

must still have a triangle ! ! !



8 in G
'

must connect :

1) nodes in 3 distinct Vivjvk

since no edges internal to partition in G
'

2) regular pairs
since nonregular pair edges deleted in G

'

3) high density pairs
since removed low density pairs in G

'
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all ≥

¥
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density pairs

& ≥ j☐( § ) - regular

Tmz ≥ %



b- counting lemma ⇒

≥ 801¥) /Viltvjthkl triangles in G
'

where 80=(1-7)%3
≥ 84¥) n

'
8

ÉJP
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≥ f
'
. / 5) D's in G

'

Candthrsin G)

for f
'
= 68° / E) ( TIE ,eÑ

•



T.jp#P+f.Fj%dforallconsi- sized subgraphs

• almost
"
as is

"

can use same method to test ad

"

1ˢᵗ order
"

graph properties :

F Uiuau} " ' Uk tf VI. " Ve R( U
,
" 4kV

,
. .ve) queries to

↓ adj

it
~

R defined via µ ,
-7 & neighbors

matrix

nodes

i.
.
V-ui.ua ,Uz 7 (uiua , hills ,454)

Fringe
more generally ,
H - freeness for all const sized H


