
Lecture

Approximate Counting
- connection to uniform generation

Randomized Complexity Classes

Begin Pairwise Independence:

exampleMax Cutt randomized algorithm
- only uses pairwise independence !



Fully polynomial randomized approximation scheme LFPRAS)
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" of D.NF

Downward self- reducibility :(dsr)

can compute problem by solving
smaller subproblems & putting
together answers via poly time

computation .
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Downward Self - Reducibility Tree
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Approximate Counting Algorithm for #DNF
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main insight : for DNF
,
we can estimate S

,
via

sampling !
how to

• uniformly generate K sat assignments
←
" ""

do this
• § ←#T for DNF!!

But how do we compute F, ?

recursively !

F
,

= E- ← recurse
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Chaim if always pick

when both have lots

bi ¥ Fbi .br. > Fb
,
.bg

of SAT assignments
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larger child choice of path gives:
small additive error ⇒ small multiplicative error

Ideas estimate each sbi.bn.to within §n
additive"PP%%#% (using Chernoff buds

,
need only

poly lane , log 'm) samples⇒ if lzr > 1/3 ← hopefully 's
but might pick wrong path to get¥%%p < In)
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Recursive Algorithm
• estimate So

,
S
,
from unit generated
SAT assignments

- let b. ← argmax { So , 5,3

• recourse on Fb
,

runtime ?

e- n - #samples to get ¥n additive error . runtime of
uniform generatorT T T

#recursions

poly 1%5.1*5 poly inn
in W

approx confidence
error error

total : poly In , E)
n

Pr [algorithm fails] ← E. Prlestmwk bad] e- n.iq c-¥
.

recursion level

in



Works for
any

d.Sir. problem !

poly time @most)- uniform -generation of
solutions

1ywhatabovtt①direction ?

poly time approximate counting of # solns

Thm_ [Jerrum Valiant Vnzirani] for
any problem inNP

⑨that is d.Sir. •

ptime approx counting ⇒ ptime almost uniform

of # solutions generation



(easier case)

(Perfect) counting for # DNF ⇒

(perfect) uniform generation

F Recursive algorithm:
Fo•X•F, at b

,
.
. . bi ,
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Claim (1) always reach SAT assignment
since never take branch with 0 SAT assignments

underneath

(2) Pr [ output binbn ] = 1T¥ . F¥;÷ • Fbibbs
.

. ..fi#..bnsIFaTsignmentFb.bz

= ¥ ← game for every
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Question what if only have
approx counter ?

ltnswer RHS a- ¥ (1,1¥.)
"

← ¥ - Fe
if uchoose E'< E

In

⇒ close to uniform generation
of sat assignments



Last time

• poly time algorithm to uniformly

generate sat assignments to

DNF formula

• def of # p

#P- complete

FPRAS



Randomized Complexity Classes

det
. language L is subset of { 0,13

't

e.g. { ✗ / ✗ is graph with Hamilton path}

{ ✗ I ✗ is collection of sets with
proper

2- coloring}

det P is class of languages L with

polythene deterministic algorithm A

St
. ✗ c- L ⇒ Atx) accepts

✗ d- L ⇒ AN rejects



DEIRP is class of languages L with

polythene probabilistic algorithm A

st
. ✗el ⇒ PLAIN accepts] ? 's }t¥¥

✗ d- L ⇒ Pr[AN accepts )=o

DEIBPP is class of languages L with

polythene probabilistic algorithm A

St
. ✗ c- L ⇒ Pr[Atx) accepts] ?% }

- sided
error

✗ 4- L ⇒ Pr[AN accepts )EYz

Comments

• constant: arbitrary
with multiplicative overhead of 0110g Yp)
can get error c- B

OPEN :
• Clearly PERP C- Bpp

is F- BPP?



Derandomization via Enumeration

Given : probabilistic algorithm d- + input ✗

Algorithm :
Run d- on every possible random

string of length rln)
in

at most time

Output majority answer bound of d-
.

It
is there a better

bound?

Behavior :

if ✗EL
,
2213 of random strings cause A to accept

⇒ majority answer is accept

if ✗4L , 2213 of random strings cause A to reject

⇒ majority answer is reject



Runtime : 012*1" .tw) a- 012
""
.tn)

in

time bound
d- d-

not rln) Etln) but it could get a better
bound on Mn)

,
would improve

runtime. e.g. rlnl
-

- Olloynl
tank polylnl

⇒ total time is

poly In)
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'

)


