
Lecture 7

Max cut :

randomized algorithm
derandomizing via pairwise independence

Generating pairwise independent bits



Pairwise Independence & Derandomization

Lets start with a simple algorithm for Maxcut :

Max cut:

given : 6=14 E)

output : partition V into S
,
-1 }NTard

to maximize / { lqv) / uts,vtT} /
-
size of S-T cut

Randomized Algorithm :

Flip coins r
,
' - ' rn

Put node i on side ri to get 5, -1
← if ri

add itos

else ri=l add i to-1



Analysis : yup
on opposite
sides of cut

Let Lu
, :{

1 if ritrv

0 0 .
W

.

Cut size = E Iup
(up)tE

E- [cut size] = ELE Imu)
(up)EE

= E E[Iup] =3 Pr[ In
,
-
- I]

1441 EE Caylee

= E Pr [Kitaro :o) or lru=orrr=D]
& ,4tE

=/ El . [4+4] - E
2

So expect ¥ the edges to cross cut!

Note i E- [cut size] = 11¥ ⇒ F cut of size ¥2
-

¥Fwt must be one

size produced that is at least

by algorithm as big as the

average



why.is/LIgconsideredasuccess2jhhf
¥0
"

thebestyoucandoi!
:

'

*

ohpright.i.MY

Gives multiplicative approximation
to within a factor of 2



Last time:

Derandomization via Enumeration

Given : probabilistic algorithm d- + input ✗

Algorithm :
Run d- on every possible random

string of length rln)

Output majority answer



Randomized Max Cut Algorithm :

Flip coins r
,
' - ' rn

Put node i on side ri to get 5,7

Derundomization : first attempt

use
"
derandomization via enumeration "

Run d- on every possible random

string of length rln)

Output majority answer

here rlntn
,

so need 2
"

runs of d-

Hope : reduce rln) ?

still use
"

derandomization via enumeration
"

Mn)

find subset 5- {QB of random strings that " works
"

* only enumerate over 5



Pairwise Independent Random Variables

Given domain T s.t.IT/--t

Pick n values X
,
- . -✗ns.t. each ✗it -1

def-xi.tn independent if Fbi"bneT
"

Pr[ X
,
"Xn=b , . . - bn]=¥n

pairwise independent
if Fi #j bi ,bjE -12

Pr[X;Xj= bibj]=¥z

K- wise independent it t distinct ii. "ik

b. " bkttk
Pr[✗
ii. Xi,

=b
,
- " bk]=¥k



Example :

total independence { 0,133 pairwise independence5<-30,133

bits r
, ra Ts bits r

, Tais
151=4
< 8

O O O O O O

it
if pick 0 0 I pick { O l l

uniform uniform f o 1

setting
0 I 0 setting

"
row
"

"

row
"

I 1 0

or
° ' ' orris

,{ µ ,,the 1 O O

ri's are are pairwise independent
I 0 I

4Totally
uniform 1 I 0 pick from these 4 rows

using only 2
1 I 1 random bits

S is not independent:

Pr [ rirzr, --1101=18 =\ Prp,w[ r.br,-1103=4
row

Sis pairwise independent:

Prrow[ rirz-it-prrowcrif-ot-ty-prroufr.rj-iD.pro/tiB--1oJ=ty
works for any rirj-b.ba for i=jt{ 42,33 tb,bzE{ 0,132



Main points :

• picking from fewer rows requires fewer random bits} fasterto
so need to do fewer calls to d- when doing

" de randomization via enumeration
" dethndomie

• picking from smaller
"

subset " of rows has some of

}goodenoughsame properties as picking from all rows

only need pairwise independence in maxcut algorithm
⇒ analysis of expectation still same if

only use pairwise indep random bits

let's check this :

E- [cut size] = I E[Iuµ]=SPr[In,v=1]
1441ft lay)EE

=EPr[Hilario)orlru=orrr=D]
pairwise indep enough for Kirke

→
= µ . [4+4] - EPr[ru=ltrv=o]=PrCr①&rv=D 2

= 1/4

⇒ can do
" derandomization via enumeration

"

on pairwise independent bits

how much •{fwÑ°°°° ,£-41



Example using our Max cut :
to § §

3 pairwise to !
' 02

Max value __ 2

indep bits : 1El=2
so I

,

so looking for i

Maxcutofsize 11=1-2--1

All cuts :
r

' r,=0
value-0: Iq ! Value -_ 1: 10 : '

2
q=r,= ,

ri-rj-rj.co 20 '

r,=rz=o 20oz "
! 103

soli
rz=i :

'
01 2¥01 F- I

ri-ri-B-ti.ba
r,=rz= , I 4

'

z lo ! 1=5--0
1103 rio 3€02

: i
01 Average value __I

value --2 : 10¥02 201€03
30

! ⇒ F cut of
r,=rz=0 : ti -- D= ' value 21
rz=1 rz=o

Pairwise indep cuts: r,=B=l rio r,=rz=l

A- 0 rjr,= ,
b=0

ri-rj-rj.co 14
,

! :

01
201 20€03 10

2

: Y
'

Soi ! ! 1oz 30

2

:

valve -0 value __ 2
value __ i value -_ 1

Average value = I ⇒ F cut of value >_ I



Another picture :

binbm >
" randomness > r, rar,

. . . rn

generator
"

totally output n

independent T
picks random pairwise independent

in row ins random bits
enumerate

using bi'sall 2m

choices of bi's

pick output
in our b.ba r

, Tais

3-bit 00 0 0 0

example : o , o 1 1

10 I 0 I

11 I 1 0

Table lookup ! e.g. if pick b.bill output r,raB= 011

Question : what do you do when you need > 3 pi . random bits?

( to be answered soon)



Derandomize Max cut only

pairwise
indep

totalh.fr?eependentdoin

µ
but
n>>

M

frosts
Originalbiibm randomness→ri . . rn→ Max cut →Answer

generator Algorithm
graph G >

New Max Cut algorithm Mc
'

Using man random bits }d0 de randomization
via enumeration

on this in

¥1s. 012m) calls to

Mc
'

I. Construct MC
'
: given m random bits binbm +

One for

graph
G

each setting
of bibm

procedure :

generates rinrnn (pairwise indept from b."bm

use ri's to run Max cut & evaluate outsize

2. Derandomize Mc
'

:

for all choices of binbm
run MC '

on binbmt G devaluate cut size

pick best outsize



try all
Originalbiibm ran¥→riÑM×t> AnswerG >
Algorithm p

pi¥+→

derandomiad MC '

runtime : 2M ✗ (time for generator + time for Md

will show m= Olloyn) & time for generator polyln)
so total time is polyln)

Comenius :

if derandomize Mc by enumeration
, you end up

trying all cuts ⇒ get OPT

here
,

we are trying very few cuts

so no guarantee of getting OPT. just



Generating Pairwise Independent Random Variables :

1. Bits

• choose K truly random bits bi.br

Fs c- [K] sit
. s -1-0

set Cs ⑦ bi
its

• output all Cs

K truly random bits → 2×-1 pi . bits

logn n - l

proof of correctness :

upcoming homework



2. Integers in [ 0, . . .iq -1] of prime

1st idea : if q< 2h can be represented vial bits

repeat
"

bits" construction independently
for each position qi

in 1-I

uses Ollogn - log g) bits of true randomness

T T
#

bits
construction

repetitions

slightly better idea: 011cg g) bits of randomness

• Pick a,bEIq
•

ri-a.itbmodq.fi c- { 0, " ,q-B
• output ri - ' rq



Useful to think of construction as

input /output description of a

function :

hap :{ 0, " ,q-B→Zq
t family of fetus 9t={ hap / a ,btIq }

Family of fetus H={ h , ha " }

for hi :[A) → IM] is

"

pairwise independent
" if

any
locnx

when heft is mapped

(1) b- ✗ c- IN]
,
htx.cn [my

← uniformly

any pair
of

/ loans 4=1×2
mapped

(2) FX
, _tXat[N]

,
4,1×1 ,hW)Eu[MR uniformly

&

independently



equivalently :
FX

,
-1-112 c- [N]

b- y , ,yaE[M]

Pr[ hlx,)=y , ahhh)=yi=¥
htH

Comments :

• no single fctn is pie . on its own -

need to pick a random fan from

a collection of fctns
.

•

given h + ✗ c- IN]
,

hat should be
}

don't have
to compute

computable in time poly INN,1ogM) all had
at once

• also called
"

strongly 2- universal hash fctns
"



Why is our example pi . ?

Our family :
9t={ ha, / Iq → Iq} recall

q is prime

haplx)= axtbmodq
proof of pi . :

V-x-tw.gdpraf.ae/tb--cAawtb--dT--tqahTWh~aw,

* ii. 1:14 :)
in

WFX

so detail -to ⇒ unique sun
Ñ

so nonsingular

how many truly random bits ?

pick his uniformly , needs 2logq
random bits



Morecomments :

can construct for all finite fields
,

even when domain & range
have

different sizes

Original motivation : hashing
choose hash films from pi .

family instead of totally

random fetus
.

why?
how to store random fctn ?

need /domain . log / rangel
bits to write down input-output
table

how to store pi , hash fctn?

write down at b


