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Ab stract

Documents scanned by sheet-fed scanners often exhibit

distortions due to the feeding and scanning mechanism.

T his p ap er p resents a new model, motiv ated by the distor-

tions observ ed in such documents. N umerical p roblems af-

fecting the use of this model are addressed using an ap -

p roximated model w hich is easier to estimate correctly. W e

demonstrate results show ing the robustness and accuracy

of this model on sheet-fed scanners outp ut, and relate to ex-

isting techniq ues for reg istration and drop -out of structured

forms.

1 . I ntroduction

A sig nifi c ant p ortion of th e b usine ss data p roc e sse d to-

day c ome s from forms sc anne d b y sh e e t-fe d sc anne rs. P a-

p e r in th e se sc anne rs is fe d into a line sc anne r using tw o

fe e d-rolle rs. Th e rate of adv anc e of th e p ap e r at e ac h p oint

is de te rmine d b y th e fric tion of th e p ap e r and th e rolle rs.

Th is forc e may c h ang e in v arious p arts of th e p ap e r. M ore -

ov e r, th e re sulting une v e n v e loc ity of th e p ap e r at b oth its

side s may add a rotation c omp one nt to th e motion of th e

p ap e r.

Th e re sulting distortions make form drop -out [ 2 2 ] and

analysis more diffi c ult. Th e se distortions c an b e h andle d b y

re g iste ring th e sc anne d form to a doc ume nt te mp late , and

de -w arp ing th e doc ume nt imag e . Imag e w arp ing and re g -

istration is a w e ll de v e lop e d fi e ld of imag e p roc e ssing and

c omp ute r g rap h ic s [ 2 , 4 , 1 6 ] . I t is re late d to surfac e re c on-

struc tion te c h niq ue s in c omp ute r v ision [4 ] and inte rp ola-

tion te c h niq ue s in c omp ute r g rap h ic s [ 1 7 ] . S p e c ifi c ally, w e

look at th e follow ing p rob le m, similar to th e p rob le m de -

fi ne d in [1 7 ] :

R egulariz ed I mage Deformation Prob lem: Giv e n a se t of

n p oint p airs, (pi,qi),pi ∈ R
2, qi ∈ R

2, i = 1 ..n, outp ut

a c ontinuous func tion f : R
2 → R

2 suc h th at ∀i = 1 ..n,

{f(pi)} best ap p roximate {qi} in some se nse , and th at f is

w ell behav ed in some se nse .

Th e e x ac t se nse in w h ic h f ap p rox imate s th e g iv e n c orr-

e sp onde nc e s, and th e me aning of w e ll b e h av ior, de te rmine

th e nature of th e op timal solution for th e p rob le m. N ote th at

e v e n if w e de mand th at f e x ac tly matc h e s th e g iv e n p oint

p airs, th e p rob le m is still ill- p ose d. F or a g e ne ral surv e y

of re g istration me th ods, re fe r to [2 3 ] . O fte n, pi are p oints

take n from an ide al te mp late re p re se nting th e doc ume nt.

In se v e ral ap p lic ativ e domains, one c an limit th e b e h av -

ior of th e matc h ing func tion f ac c ording to p h ysic al p rin-

c ip le s. Th e se domains inc lude me dic al imag ing [ 2 0 ] , fl ow

dynamic s [1 6 ] , and multip le v ie w g e ome try [8 ] . In doc u-

me nt p roc e ssing , se v e ral p h ysic ally motiv ate d me th ods for

imag e de - w arp ing h av e b e e n de v e lop e d [1 0 ] , b ut most re le -

v ant w orks do not addre ss doc ume nt fe e de r sc anning .

A larg e b ody of w orks disc usse s ske w de te c tion and c orr-

e c tion (se e for e x amp le [ 1 3 , 1 8 ] ) . M ost of th e se me th ods,

h ow e v e r, assume th e e x iste nc e of te x t line s or similar v i-

sual c ue s. In addition, th e ir sup p orte d mode l of transfor-

mation is limite d, and is mostly use ful for p re p roc e ssing

te x t imag e s b e fore re c og nition. I t is not ade q uate for full

re g istration aime d at furth e r p roc e ssing of struc ture d doc -

ume nts. O fte n, th e se me th ods do not addre ss th e g lob al

distortions c ause d b y sh e e t-fe d sc anne rs, b ut rath e r c om-

p e nsate for small v ib rations [2 1 ] , or de al w ith th e c ase of

sc anning th ic k b ound v olume s [2 4 ] . F urth e rmore , many of

th e se assume th e sc anne d doc ume nts c onsist of larg e te x -

tual are as [1 8 , 1 9 ] . Th is is due to th e assump tion th at th e

doc ume nt h as distinc t statistic al p rop e rtie s w h ic h fav or th e

h orizontal dire c tion. Th e se c an b e h orizontally alig ne d in-

te re st p oints, or long line s of te x t affe c ting th e distrib ution

of th e p ix e ls. In g e ne ral, th e se assump tions may b e inc or-

re c t.

In th is p ap e r w e p re se nt a ne w mode l for re g iste ring a

sc anne d doc ume nt unto a doc ume nt te mp late , for use in

form drop -out [ 2 2 ] and struc ture d doc ume nts layout unde r-

standing . In S e c tion 2 w e disc uss th e p rob le m of re g istra-

tion and w arp ing , and de tail se v e ral alg orith ms th at c an b e

use d to doc ume nt imag e re g istration. S e c tion 3 de v e lop s a

ne w mode l ap p rox imating th e distortions introduc e d b y th e

fe e ding me c h anism. S e c tion 4 de sc rib e s one sp e c ifi c w ay in

w h ic h th e ide as and alg orith ms c an b e imp le me nte d. S e c -

tion 5 de tails th e re sulting b e ne fi ts of using th e se me th ods in



an actual form processing application. Section 6 concludes

the paper and points at possible future work.

2. Registration and Warping

As mentioned earlier, the general problem of image de-

warping is ill-posed. W e experimented with several defi-

nitions for the penalty imposed on the function due to the

matching error and the regularization required of the solu-

tion.

After the registration phase, a de-warping phase is tak-

ing place. The alignment of a sensed image and a reference

image is common in many fields (such as satellite imagery

understanding [2], medical imaging [11] and particle image

velocimetry [16]). In our target application of form drop-

out, the removal of template data from the scanned form

is the motivation. The type of warping function should be

chosen according to several requirements: computational

complexity, density and regularity of the correspondences,

accuracy of the correspondences, and a priori knowledge

about the acquisition process and expected image degrada-

tions (e.g., scanner dependent distortion).

Given a match between two sets of image features, meth-

ods warping one image into another can be divided into two

categories. Global methods use all of the correspondences

to estimate the warping function at each location. L ocal

methods treat the image as a composition of patches, re-

sulting in a warping that depends only on local correspond-

ences. Another possible classification is according to the

warping of the corresponding points themselves. Some of

the warping methods guarantee that the known points are

wrapped exactly (i.e., f(pi) = qi), whilst approximation

methods try to find the best trade-off between the accuracy

of this matching and other requirements made of the warp-

ing function.

2 .1 . T ria n g u la tio n B a se d W a rpin g

Triangulation [15] is often used in computer graphics to

approximate a surface based on sampled points. The re-

sulting function matches the given points exactly, and it is

continuous, but it is not continuously differentiable. This

method suffers from two major drawbacks. The first is fold-

over of the image. Another drawback is the lack of a natural

extension of the warping outside the correspondences’ con-

vex hull. W e address these two issues in Section 4. On the

other hand, due to the local and piecewise linear nature of

the transformation, the warping can be done very fast.

Triangulation in itself is merely a member of the larger

family of local deformation models. Other local methods

can be applied to the problem of image deformations. These

include spline-based deformations [12], local quadratic de-

formations (such as [7]), RBF-based deformations [17] and

others.

2 .2 . P o ly n o m ia l-B a se d W a rpin g

A serious limitation of warping using triangulation and

other local methods is the small support set for each local

model. This limitation tends to make the algorithm vulner-

able to outliers. In addition, the registration may be noisy

and global fitting of the points may improve accuracy. W e

therefore turn to methods that use the entire data set to pro-

duce a model of the deformation.

One of these methods is a regularized version of the

polynomial interpolation algorithm. Polynomial interpola-

tion has long been used for image registration [2]. W e ap-

proximate by a polynomial the displacement functions be-

tween each of the coordinates of pi and qi, in both the x

and y axes.

The basic method of polynomial approximation consists

of solving for the polynomial coefficients c

Vc = f

in the least-square sense, where f is the vector of displace-

ment values between registered point pairs along one of the

coordinate axes, and V is the V andermonde matrix with el-

ements (V)i,j+N k = x
j
iy

k
i , where xi, yi denote the x and y

coordinates of point pi, respectively, and N is the degree of

the polynomial.

In practice, we limit ourselves to polynomials of a low

degree. This makes the effect of the Runge phenomenon

[3] less significant. In addition we add regularization to the

interpolation problem: Over a set of points (xj , yj), j =
1, 2, . . . , M we add a regularization term for the derivatives

of the approximated function, in the least-squares sense.

Assuming the set (xj , yj) is dense enough in the image area,

we obtain a regularization approximating a Tikhonov regu-

larization.

The regularization is performed by computing the ex-

pressions for the second derivatives at the set of points

(xj , yj) in terms of the elements of c, adding them as ad-

ditional rows to the V andermonde matrix V to form an ex-

tended V andermonde matrix. Since the set of regularization

equations is a homogeneous system, it can be multiplied by

a positive scalar to establish the weighting of the regulariza-

tion term in the functional.

This regularization can be related to the thin-plate model

of the surface reconstruction problem in computer vision

[6]. A slightly different approach of a Tikhonov regulariza-

tion has been attempted, under different conditions, in [5].

Other possible extensions to this idea can be done, includ-

ing regularization based on the high pass response energy,

matching points to lines and reweighting the various con-

straints.



3. A Physically Motivated Model For Image

Warping

We now describe a transformation model approximating

the deformations caused by the feeding and scanning pro-

cess. We assume that the template document is available in

an undistorted manner. This can be done by careful scan-

ning of the template document using a flatbed scanner or by

processing the template document before using its image.

We assume that over the scanning of the deformed re-

gion, the distance along the paper between both tractors re-

mains the same. This stems from the assumption that the

paper is inserted while stressed between the two tractors,

and remains so without slipping in a direction orthogonal to

the scanning direction.

Based on these assumptions, it is natural to consider a

model similar to the transformation from polar to Cartesian

coordinates around some center point. U sually the center

point is far from the document area (i.e., the document is

only slightly distorted because of the large radius)

(
x̃(r, θ)
ỹ(r, θ)

)
=

(
xc

yc

)
+ αr(r − rc)

(
co s (αθ(θ − θc))
s in(αθ(θ − θc))

)

The parameters of this model are the center of the po-

lar transformation xc, the scales αr, αθ of the polar coordi-

nates, and the displacement of the polar coordinates rc, θc.

An example of such a transformation was shown in the con-

text of computer graphics and solid deformations [1].

In the asymptotic case where rc → ∞ , αθ = −1

rc

, αr =
1, xc = rc, yc = 0 , θc = 0 we obtain

(
x̃

ỹ

)
=

(
xc

yc

)
+ αr(r − rc)

(
1

αθ(θ − θc)

)
=

(
r

θ

)
(1)

Therefore, as private cases of this model, we have the

identity transformation, and in fact, all E uclidean transfor-

mations. The results of the deformations created by this

model, exaggerated to be visible, are shown in Figure 1.

Given this transformation model, we can try to estimate its

parameters in the least squares sense. The search for the

optimal parameters of this deformation model, however is

not so simple. Since typical documents have a small dis-

tortion, we require a large radius rc. For an image without

any warping, we have rc → ± ∞ , which is ambiguous. In

addition, the problem is ill-conditioned by nature, as can be

seen by the condition number of the Hessian matrix of the

error function, which reaches 10 6.

Looking for a model that converges faster, we use the

following approximation of the polar model:

Tp

(
x

y

)
= RθSPα ,β

(
x

y

)
+

(
∆xc

∆yc

)
(2)

Figure 1. An exaggerated example of a polar

dis tortion

where Rθ is the rotation matrix at an angle of θ, S is a ma-

trix scaling both coordinates separately,and Pα ,β operates

on (x, y) such that

Pα ,β

(
x

y

)
=

(
x(1 + α(y − K)2)

y(1 + β x)

)
(3)

where K is the center of the parabolic distortion and α, β

are scale factors for the distortions introduced.

Thus, this model consists of a E uclidean transformation

and scaling, but also allows a trapezoid deformation of the

original y axis, and a parabolic deformation of the original

x axis. The steps involved in transforming the template are

illustrated in Figure 2.

Figure 2 . From left to righ t: th e trunc ated po-

lar model c an b e v iew as a s h ift, a s c ale and

a rotation operations , along a trapez oid and

parab olic dis tortion

To see the relation between this model and the polar

model of E quation 1, we look at the case of a small distor-

tion due to a large radius rc and small angular proportional

factor αr = 1

rc

. U sing the Taylor series expansion for the

trigonometric functions, we obtain a model which is, up to

redefinition of constants, the same as the model shown in

E quation 2. This model resembles the one given by K a-

nungo et. al. [9], but also handles some of the distortions

introduced by the feeding mechanism of the scanner.



Using this new model, we get a faster rate of conver-

gence. Using a reasonable initial solution, we need only a

few conjugate gradients [14] iterations to converge.

Next, we note that in practice, the speed with which the

paper advances with respect to the feeder can change dur-

ing the scan, due to paper elasticity, folds and wrinkles that

affect friction, and stains. It is only natural to extend the

model into a compound model, consisting of a handful of

regions, where each region is modeled separately according

to Equation 2. We refer to this model as a piecewise polar

model. Even when using an arbitrary partition of the page,

this model achieves a low error similar to the one exhibited

by the triangulation model, while still using several points

to approximate the transformation at each region.

4. Implementation Considerations

Even though the physical model performs rather well,

our application requires faster de-warping for each im-

age. De-warping of the complete image is computation-

ally costly if done on a per pixel basis. In order to avoid

this, we use triangulation based warping using the corres-

pondence points, while using the physical model to make

sure we have a correct displacement value at each of these

points. In addition, in order to make sure the triangulation is

defined on the whole image domain, we create virtual points

at the page boundary, using the physical model to establish

the displacement values.

As for detecting the correspondences, we do so in a

coarse to fine manner. In the first stage, a feature detector

matches a consensus set of correspondences. The physical

model is then used for a constrained matching of more fea-

tures, namely the refinement stage.

The combined usage of triangulation and the physical

model mitigates the disadvantages of each method. We take

advantage of the exact nature of triangulation, as well as its

low computational cost. By using the physical model we

obtain three benefits. First, we increase the robustness to

outliers. Second, the risk of fold-overs is reduced. Finally,

our extrapolation can be naturally extended beyond the con-

vex hull of the interpolation points.

5 . Results

We now show the results of the registration of the doc-

ument template using each of these models. The results of

the algorithms are shown in Figure 3, on portions from a

scanned Italian tax form. White and black pixels denote

pixels in which the template and the de-warped form agree.

Blue and red areas denote areas that are black in the form

only and in the template only, respectively.

Deformation models differ in the number of points

needed to robustly estimate the model parameters, and the

Figure 3. From left to right: the resulting

image de-warping using the scale and shift,

triangulation and poly nomial (fi rst row) and

truncated polar and piecewise polar models

(second row)

error achieved on the rest of the domain (the generalization

error). These characteristics can be observed by using dif-

ferent subsets of the known points to learn the model, and

testing the error on the remaining points.

In Figure 4, around 80 point correspondences were avail-

able, of which we use between 20 − 5 5 points to train the

model. The RMS values of the error when estimating the

rest of the points are displayed. This shows that the trun-

cated polar model, if used in a piecewise manner, models

the deformation as well as triangulation does. This is while

still allowing a robust estimation using all the point corr-

espondences available in the region, even in cases where

correspondences were not highly accurate. At the bottom

of Figure 4 we show the model accuracy when Gaussian

noise is added to the coordinates of the point matches.

6 . Conclusions and Future Work

We have presented a new algorithm for the registration

of structured forms, using physical motivation regarding the

visual distortions caused by the sheet-feeding mechanism to

document images. Since this model is tailored to the prob-

lem at hand, it can be made more accurate and more ro-

bust than existing methods. The results shown support this

claim.

However, to achieve its full potential, the variations in

the feeding speed and friction should be addressed. This can

be done through the use of a piecewise polar model, as we
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sian noise, σ2 = 4 (bottom)

have shown, and we intend to further study this extension,

estimating the parameters in an optimal manner.

Other future directions include a fast interpolation

method based on the models shown, and statistically robust

approximation of model parameters. We also intend to in-

vestigate weighting schemes for these models.
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