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Abstract

Shared-memory multiprocessors, built out of the latest microprocessors, are becoming a
widely available class of computationally powerful machines. These affordable multipro-

cessors can potentially deliver supercomputer-like performance to the general public.

To effectively harness the power of these machines it is important to find all the available
parallelism in programs. The Stanford SUIF interprocedural parallelizer we have devel-
oped is capable of detecting coarser granularity of parallelism in sequential scientific appli-
cations than previously possible. Specifically, it can parallelize loops that span numerous
procedures and hundreds of lines of codes, frequently requiring modifications to array data
structures such as array privatization. Measurements from several standard benchmark
suites demonstrate that aggressive interprocedural analyses can substantially advance the

capability of automatic parallelization technology.

However, locating parallelism is not sufficient in achieving high performance. It is critical

to make effective use of the memory hierarchy. In parallel applications, false sharing and
cache conflicts between processors can significantly reduce performance. We have devel-
oped the first compiler that automatically performs a full suite of data transformations (a
combination of transposing, strip-mining and padding). The performance of many bench-

marks improves drastically after the data transformations.

We introduce a framework based on systems of linear inequalities for developing compiler
algorithms. Many of the whole program analyses and aggressive optimizations in our com-
piler employ this framework. Using this framework general solutions to many compiler

problems can be found systematically.
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1 Introduction

Shared-memory multiprocessors, built out of the latest microprocessors, are now becoming
widely used as medium- and high-powered servers. These affordable multiprocessors can
potentially deliver supercomputer-like performance to the general public. Today, these
machines are mainly used in a multi-programming mode, increasing system throughput by
running several independent applications in parallel. The multiple processors can also be
used together to accelerate the execution of single applications. Automatic parallelization
is a promising technique that allows ordinary sequential programs to take advantage of
multiprocessors [24,43,71,87].

Multiprocessors present more difficult challenges to parallelizing compilers than do vector
machines, their initial target. Effective use of a vector architecture involves parallelizing
repeated arithmetic operations on large data streamgsifinermost loops in array-ori-
ented programs). On a multiprocessor, however, parallelizing innermost loops typically
does not provide sufficiently largganularity of parallelism—not enough work is per-
formed in parallel to overcome the overhead of synchronization and communication among
processors. To utilize a multiprocessor effectively, the compiler must ezpéoie-grain

parallelism locating large computations that can execute independently in parallel.

Locating coarse-grain parallelism is not sufficient to obtain parallel performance. It is crit-
ical to make effective use of the memory hierarchy to achieve high performance. Over the
last decade, microprocessor speeds have been steadily improving at a rate of 50% to 100%
every year [82]. Meanwhile, memory access times have been improving at the rate of only
7% per year [82]. A common technique used to bridge this gap between processor and
memory speeds is to employ one or more levels of caches. However, it has been notoriously

difficult to use caches effectively for numeric applications. In fact, various past machines
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built for scientific computations—such as the Cray C90, Cydrome Cydra-5 [126] and the
Multiflow Trace [42]—were all built without caches. However, current multiprocessor
systems include complex memory hierarchies and multiple levels of caches. Given that the
processor-memory gap continues to widen, exploiting the memory hierarchy is critical to

achieving high performance on modern architectures.

1.1. Thesis Overview

1.1.1. Framework for Compiler Development

A successful parallelizing compiler needs to perform many whole program analyses and
aggressive optimizations. Creating a compiler that is capable of performing these analyses
and optimizations on an arbitrary program, written in one of many programming styles, is

a daunting task for compiler writers. One important method used by compiler writers to
tackle the complexity of the development process is to take advantage of proven frame-
works. We introduce one such framework for parallelizing compilers based on systems of
linear inequalities. Many of the problems in parallelizing compilers for scientific applica-
tions involve comprehensive analysis and aggressive optimizations on loop nests and data
arrays. The iteration space of the loop nests, the data space of the arrays, and the index
space of the processors are multi-dimensional integer spaces, and thus can be represented
using systems of linear inequalities. We show the usefulness of this framework by applying

it in developing many advanced analysis and optimization techniques.

1.1.2. Locating Coarse-Grain Parallelism

Finding coarse-grain parallelism requires major improvements over standard analysis for
parallelization. A loop is often not parallelizable unless the compiler modifies the data
structures it accesses. For example, it is very common for each iteration of a loop to define
and use the same variable. The compiler must give each processor a private copy of the
variable for the loop to be parallelizable. The compiler needs to perform array data-flow
analysis to determine if an array is privatizable [52,113]. We have developed a unified
array analysis algorithm using an array summary representation based on the linear ine-

gualities framework. Using this representation, we calculate data-flow information more



accurately than any other previous analysis, and we also perform the data-dependence anal-

ysis at the same precision as the exact data dependence test.

Furthermore, the existence of array reshapes in FORTRAN, where the same memory loca-
tions are accessed using different array shapes, further complicates interprocedural array
analysis. In order to perform the aggressive whole program analysis, required to find
coarse-grain parallelism, the compiler must analyze the programs in the presence of array
reshapes to determine their effect on the rest of the analysis. Previously, array reshapes
were handled only within a limited domain [137]. We have developed a linear inequalities-

based algorithm that can analyze a large class of array reshapes.

Using these advanced array analysis techniques we have developed a fully functional inter-
procedural parallelizer in the Stanford SUIF compiler system that is capable of detecting
coarse-grain parallelism. We show that automatic parallelization can succeed with many
existing sequential dense matrix scientific applications by applying our compiler to more

than 115,000 lines of FORTRAN code in 39 programs from four benchmark suites.

1.1.3. Optimizing for the Memory Hierarchy

The effective utilization of the memory hierarchy is critical to achieving high performance.
Recent work on code transformations to improve cache performance has been shown to
improve uniprocessor system performance significantly [33,147]. Making effective use of
the memory hierarchy on multiprocessors is even more important to performance but also

more difficult to achieve.

We have developed the first compiler that automatically performs a full suite of data trans-
formations on the original array layouts to improve memory system performance of cache-
coherent multiprocessors. Our algorithm restructures the layout of the data in the shared
address space such that each processor is assigned a contiguous segment of memory. We
ran our compiler on a set of application programs and measured their performance. Our
results show that the compiler can effectively optimize for parallelism and memory sub-

system performance.



1.1.4. Optimizing Communication

We have developed a systematic approach, based on the linear inequalities framework, for
code generation and optimization of communication for distributed memory machines.
This problem involves manipulation of all three spaces: iteration, data and processor. It
also demonstrates the flexibility and usefulness of the linear inequalities framework. This
framework can handle a large class of computation and data decompositions as well as
complex array access functions. We represent data decompositions, computation decom-
positions, and inter-processor communication as systems of linear inequalities. We have
also developed several communication optimizations within the same unified framework.
These optimizations include eliminating redundant messages, aggregating messages, and

hiding communication latency by overlapping communication with computation.

1.2. Organization of the Thesis

The organization of this thesis is as follows. In Chapter 2, we introduce our framework for
parallelizing compilers based on systems of linear inequalities. We discuss the need for
coarse-grain parallelism and the requirements for obtaining it in Chapter 3. We present our
array data-flow algorithm in Chapter 4 and the linear inequalities-based summary repre-
sentation in Chapter 5. In Chapter 6, we introduce a linear inequalities-based algorithm that
can analyze a large class of array reshapes. In Chapter 7, we show that automatic parallel-
ization can succeed with many existing sequential dense matrix scientific applications by
applying our compiler to more than 115,000 lines of FORTRAN code in 39 programs from
four benchmark suites. The unique problems posed by multiprocessor caches are discussed
in Chapter 8. We introduce a data transformation algorithm that changes the original array
layouts to improve memory system performance. A collection of communication code
generation and communication optimization algorithms for distributed address-space

machines is defined in Chapter 9. We conclude in Chapter 10.



2 The Linear Inequalities Framework

The first generation of compilers was capable only of a simple translation of programs writ-

ten in a high-level programming language into a low-level machine language. However,

modern compilers perform many complex transformations that are necessary to optimize
programs to obtain good performance from today’s complex computers. Creating a com-
piler that is capable of performing these complex transformations on an arbitrary program,
written in one of many programming styles, is a daunting task for the compiler writer. Com-

pilers have become very large and complex software systems that require highly skilled
compiler writers and many people-years of development. One important method used by
compiler writers to tackle the complexity of the development process is to take advantage
of proven frameworks. Use of tools such as parser generators [96] and data-flow frame-

works [90] can help create robust and powerful compilers with relative ease.

The next generation of compilers, aimed at parallel architectures, such as shared memory
multiprocessors, needs to perform even more complex whole program analysis techniques
and aggressive optimizations. A framework that can be used to develop many of the new
analyses and optimizations is essential to the success of these parallelizing compilers. The
framework should be robust and applicable to a wide class of input programs. Compiler

writers should be able to use this framework to create effective general solutions in a sys-
tematic manner. In this chapter, we introduce one such framework based on systems of

linear inequalities.

Many of the critical requirements of parallelizing compilers for scientific applications
involve comprehensive analyses and aggressive optimizations on loop nests and data
arrays. By representing the iteration space of the loop nests and the data space of the arrays

as multi-dimensional integer spaces, we can perform these novel analyses and optimiza-
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tions through a mathematical manipulation of the spaces. The compiler can analyze an
input program by creating index sets associated with the spaces and perform optimizations
by manipulating these index sets. Representing arbitrary sets of coordinates accurately is
not practical in a compiler. However, many of the iteration and data spaces found in prac-
tice are multi-dimensional convex regions. Thus, we focus on the domain of index sets that

can be represented using convex polyhedrons.

This chapter is organized as follows. In the next section we will define the linear inequality
representation used throughout this thesis. We introduce the use of this framework by
describing a code generation algorithm in Section 2.2. We have extended linear inequali-
ties, as described in Section 2.3, to handle simple non-linear systems with symbolic coef-
ficients. The data and processor spaces used in this thesis are introduced in Section 2.4. We

present related work in Section 2.5.

2.1. Systems of Linear Inequalities

We use a unified framework based on linear inequalities to handle multi-dimensional inte-
ger spaces such as iteration, data and processor spaces that are used in analyses and opti-
mization techniques for next-generation compilers [9]. We represent all possible values of

a set of integer variablegv,, ...,v,) 0Z"  asmdimensional discrete cartesian space,

where thek-th axis corresponds to variablg . Coordingte, ..., x ] 0 Z" corresponds

to the valuev1 =X e Vg =X,

A parameterized convex polyhedron in théimensional space of the variablgs..., v, ,
parameterized by symbolic constants...,u,  , is represented by a system of linear ine-

qualities with the variableg,, ..., v, and the symbolic constagts.., u, . All the solu-

n
tions satisfying the inequalities correspond to the integer points within the polyhedron.



Definition 2-1: A parameterized convex polyhedr8h: z . PHZ”H of n dimensions

and k parameters is represented by the system of inequalities

1.1 1 1 1
a +b1u1+ +bkuk+clv1 +..+Cc Vv, 20

0O

S'(uy, .uy) = 0O (vl,...,vn)

O
I

m m m m m
a +b1ul+... +bkuk+clvl+... +c v, 20

where all a’s, b’'s and c's are integers,, ..., u, ~ are integer symbolic constants and

Vy, ..., V,, are integer variables.

In our compiler algorithms, we use projection as one of the key transformations in manip-
ulating systems of linear inequalities [47]. Suppose we projetdamension polyhedron,

S, onto the i —1 )-dimensional subspace orthogonal to the axis representing wgiable
The resulting polyhedron inthe 1 )-dimensional subspgtel , Is derived by elimi-

nating the variable,  from the system of inequalitieSbf

Projection of ann-dimensional polyhedron onto am{1 )-dimensional space can be
achieved using a single step of Fourier-Motzkin elimination [48,127]. Fourier-Motzkin
elimination can produce a large number of superfluous constraints. We can determine if a
constraint is superfluous as follows. We replace the constraint in question with its negation,
and if the new system does not have an integer solution then the constraint is superfluous.
To check if a system has an integer solution, we again use Fourier-Motzkin elimination.
Since the Fourier-Motzkin elimination algorithm checks if a real solution exists for a sys-
tem, a branch-and-bound technique is needed to check for the existence of an integer solu-
tion [127].

Each integer point in the original polyhedron is mapped to an integer point in the polyhe-
dron created by the projection operation. However, the projected polyhedron may contain
integer points with no corresponding points in the original polyhedron. If
[Xg, ..y X,] DS then [xy, ..., x,_,] O0S"~1.But, given[x,, ...,x, ;] O0S'~1 , there

may or may not exist an,  such thiat;, ..., x ] 0S" . Consider the example Here

has a single constraint invoIvinq v; =2v, .We know thgt must be even. However,



this constraint is not captured in the projected polyhe@bnt vand can be an odd

number inS"-1 .

2.2. Code Generation

As a simple example of how linear inequalities framework can be used in compilers, we
present a code generation algorithm based on linear inequalities [9]. Ancourt and Irigoin
presented an algorithm for generation of loop nests after loop transformation by a series of
projections of the transformed iteration space [10,11]. In the following, we briefly describe

their algorithm, and our heuristics for finding tight and efficient loop bounds.

2.2.1. lteration Space

The iterations of an-deep loop nest are given by an iteration set where each element is an

iteration in the iteration spade [J z"

A parameterized convex polyhedron can be used to represent the iteration space of a loop
nest when the loop bounds of the nest are affine expressions of outer loop indices and sym-
bolic constants. Within this scope of a loop nest, the convex polyhedron representing the

iteration space is formally defined as follows:

Definition 2-2: For the n-deep loop nest

DOi; = 1,(vyovy) o hy(vyvy)

DOy = Iy(Vy ooy Vi i) o Ny (Vs o, Vi)

DOi =1 (V. .oy Vi eonig_q) s Do (Vg e, Vi g s i)

wherev,, ..., v, are symbolic constants (variables unchanged within the lgop), i

m "In

are the loop index variables andg, b, are affine functions, the iteration set,

" (Vq, ..., V) , is given by the parameterized convex polyhedron

2 g o Ve iy H
0
0

1" (v, oo V) = O (ig,o.yi ) OO

[ |

K=1,..n i : -
i < hk%’vl’ RV e



Figure 2-2 shows the system of inequalities describing the iteration space of the example
loop nest in Figure 2-1. Each integer point within the convex polyhedron corresponds to a
valid iteration of the loop nest. The graphical representation of the convex polyhedron of

the iteration space is illustrated in Figure 2-3.

DOI=1,N
DOJ=1, |
DO K = J, 2N-I
Figure 2-1. Example loop nest
. . I-120  N-120 [
I"(N) = %(I,J,K) J-120 1-J=0 E
il K-J=0 2N-I1-K=00O

Figure 2-2. System of inequalities describing the iteration space

2.2.2. Scanning a Polyhedron
The iteration space representation of a loop nest does not specify the order of execution of
the iterations. When generating a loop nest from an iteration space, we need to provide a

lexicographicalorder for execution of the iterations.



Figure 2-3. Convex polyhedron representing the iteration space

Definition 2-3:  Given iterations (i, ...,i.), (jy...,),) OZ", (i ...0i) s
lexicographically less than(j,, ..., ],)) iff there existk<n suchthatO<I|<k i, = j,

andi, <j, .

We generate a loop nest from a parameterized convex polyhaﬁr(m]_, ., U) , with

symbolic constantsl,, ...,u., and unknowss, ...,v, . The integer points within the
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polyhedron are converted to iterations of the loop nest. The order in which the points are
visited, the lexicographical ordering of the iterations, is given bgt¢haning orderThe
scanning order(v,, ...,Vv,) indicates that the index variable okitireoutermost loop is

v,.. The index of a loop is incremented by one every iteration, and has a finite lower and
upper bound. The loop bounds are expressions of symbolic consfantsu, . and outer
loop indices. The problem that remains is, what should the bounds of the loops be such that

the loop nest contains an iteration with indides, ..., X ] [oF, ..., %] IS a solution

toS'?

We find the bounds of the loop nest in the reverse scanning order. To find the bounds for
loop indexv,, , we rewrite the constraints in the form:(o}fn > I"(ul, e Uy Vi oy V_1)

k : " . .
andc,v, < hk(ul, e Uy Voo oo V,_1) - Any inequalities not involving, need not be

considered here. The integer lower and upper bounds for  are given simply by

k k
MIN I (ul,...,um,vl,...,vn_l) <y <MIN h (ul,...,um,vl,...,vn_l)
k ck "k ck
[ h
We next project the original polyhedron onto tige,, ..., v, _,) space to obtain an

(n—=1)-dimensional parameterized convex polyhedron represented by a set of constraints

involving the symbolic constants;, ..., u and the variahigs.., v, _, . We can then

m

repeat the process in the reverse scanning order for vangbles..., v,

The system of inequalities in Figure 2-2 represents a three-dimensional iteration space. For
this iteration space, six possible scanning orders can be used to generate a loop nest. The
projections necessary for generating loop nests for all the six scanning orders are illustrated
in Figure 2-4. The six loops nests generated are given in Figure 2-5. Each loop is marked
with the projection number that created the loop bounds. The three-dimensional polyhe-
dron of the original iteration space has three possible projections, resulting in three two-
dimensional polyhedrons(planes). The inequalities of the projected variable are the bounds
of the inner loops. Each of the three planes have two possible projections, creating six one-
dimensional polyhedrons(lines). These six lines provide the bounds for the outer loop. Note
that the lexicographical order of the original loop nest in Figure 2-1 is given by the scan-

ning order (1, J, K) . A loop nest with the same scanning order is generated by the projec-
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Third Second First
Projection Projection Projection

15 DOi=1,N

Number

DOj=1,i
DO K = j, 2N-i

13 | DOi=1,N
7 DOk = 1, 2N-i
DO j = 1, min(k, i)

14 | DOj=1,N
DOi=j, N
DO K = j, 2N-i

10 | DOj=1,N
4 DOk = j, 2N-j
DO i = j, min(N, 2N-k)

12 DO k=1, 2N-1
DO i =1, min(N, 2N-k)
DO j =1, min(k, i)

11 | DOk=1,2N-1
5 DOj = 1, min(k, 2N-k)
DO i = j, min(N,2N-k)

Figure 2-5. Loop nests generated by projecting the polyhedron

tions numbere® —» 9 - 15 , and the bounds of the loop nest generated by our algorithm
are identical to the original loop nest.
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While the algorithm described above is correct, the generated code can be inefficient.
Although the iteration space is dense, the presence of tight bounds may create gaps in the
iterations. We demonstrate this using the example loop, in Figure 2-6(a), with the iteration
space given in Figure 2-6(b). The iteration space is graphically represented in Figure 2-

6(c), where the valid iterations are the dark dots in the shaded region. Although the dimen-

DOJ=0,6
DO1=4%,4*3+1

(a) Example loop nest

J-0=0 6-J=0

2 0 0
=() = 03,9) O
O 1-4J20 4J+1-1200

(b) Iteration Space

oooooooooooooooooooooooooo

(c) Graphical representation of the iteration space

Figure 2-6. Example with tight bounds on the iteration space
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sionl has iterations between 0 and 25, not all of them are valid. An inefficient loop nest is
generated when we transpose the dimensions. In the new loop nest, given in Figure 2-7(a),
the outer loop contains iterations that do not have any useful computation; they simply

compute the bounds of the inrkloop just to find that the inner loop has no iterations.

DO1=0,25
DO J = (2+1)/4, 1/4

(&) Loop nest with empty iterations

DO Il =0, 25, 4
DO | = Il to MIN(II+1, 25)
J=1/4

(b) Optimized loop nest

Figure 2-7. Transposed loop nests

This form of inefficiency can be eliminated as follows. We need not create a loop nest for
v,,, when the bounds ov), can be expresseq a§<av, <v, -y ,whefie ,y and
are integers suchtht| >1  af&k B-y<a ,apd isaninduction variable of an outer
loop. Then, we can simply eliminate the loop¥gr  from the loop nest by replacing all ref-

erences tw, b%\uJ and replacing the logp  with:

a

Dka'zatl—VJ’—O‘—lJﬂ; h «o
o

DOv, = v, min(vy'+B-yh)
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wherel andh are the lower and upper bounds of the original gop  vghd is a new loop
index. Furthermore, whefi =y , the loag does not need strip-mining and can be

replaced with:
DO v, = a{"\“—a—lJﬂﬁ h a
a

Note that the floor functions can be eliminated using integer division. The example loop
nest in Figure 2-7(a) can be optimized, as given in Figure 2-7(b), since the bounds fit this
definition witha = 4,3 =1 andy = 0 .

2.2.3. Generating Efficient Loop Bounds

The Fourier-Motzkin elimination step used to generate the loop bounds produces a large
number of redundant constraints. We iterate over all the constraints created by the Fourier-
Motzkin elimination step, removing as many redundant constraints as possible. The order
in which the constraints are checked for elimination determines the constraints that will be
left at the end, which will constitute the bounds of the loop. We have developed a set of
heuristics to simplify the system of inequalities, and to pick the order for eliminating the
constraints so that the loop bounds generated are simple and efficient [9]. The outline of
the algorithm is given in Figure 2-8. First, we simplify the system of inequalities. Then we
attempt to eliminate the constraints in the given order. To check if a constraint is redundant,
we replace the constraint in question with its negation. If the new system does not have an

integer solution, then the constraint is redundant and can be eliminated.

2.2.3.1. Simplifying the inequalities

First, we simplify the inequalities by dividing all the coefficients by the greatest common
divisor and finding the smallest integer offset. It is valid to round off the offset since we
are interested only in integer solutions. The algorithm for normalizing the inequalities is

given in Figure 2-9.

16



EfficientBoundg S( 4i...,i,)) - S
whereS is a system of inequalities with index variallgs ..., i) , from outer to inner
loops respectively, an  is a system of inequalities containing the loop boumds for

for each inequality O S do
| = Simplify(I)
S = EliminateRedundarit)S
W = CalculateWeighI%1 g i i} E
for each inequality O S in the order of weight¢ do
Remove inequality frons
if Sn {-1} #0 then
S=Sn{}
for each inequality OS do
if the variable is not used in inequalltthen
Remove inequality frons

return S

Figure 2-8. Algorithm for creating efficient loop bounds

2.2.3.2. Eliminating simple redundant inequalities
Next, we eliminate some of the redundant inequalities using a simple algorithm such that
no two inequalities with identical coefficients exist in the system. Figure 2-10 contains the

algorithm.
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Simplify() - I'
wherel, |’ are inequalities such that {a,+a;i; +... +ai, = 0} ayl...,a,
are integers

g =gcd(q,....q)

a a. a,.
return {_OJ +—1'1+ +-§k|k2 0
g

Figure 2-9. Algorithm for simplifying an inequality

EliminateRedundart )S- S
whereS andS are systems of inequalities

for all pairs of inequalitie{ c, +a;i, +... +a,i, 20} 0S and
{c,+a)i; +... +ai, =0} OSwherec,c,a,,...,a, are
integer constantso

if C,2=¢C, then

Removec1 ta)i .. +al = 0 fromS
else

Removec, +a i, +... +a i, = 0 fromS

return S

Figure 2-10. Algorithm for eliminating simple redundant inequalities
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2.2.3.3. Determining the elimination order

Finally, we order the elimination of redundant inequalities, such that complex inequalities
that can generate expensive loop bounds are eliminated before the inequalities that generate
efficient loop bounds. The elimination order is determined by weights generated in the
algorithm in Figure 2-11. The inequalities with higher weights will become candidates for

elimination before the inequalities with lower weights.

CalculateWeight¢ S ;i...,i,)) - W
whereS is a system of inequalities with index variak(gs ..., i) from outer to inner
loops respectively, and/  is the set of weights for the elimination ordering

for all inequalities{ a,+a;v; + ... +ak +bji; +... +b i >0} OS
wherea,, ..., a andy, ..., b, are integer constants and
Vy, ..., V, are loop invariant variableto

c=n-1

while ¢>1 andb, = 0 do
c=c-1

if there exist{ —a—a,v,—...—a.k —b,i;—...—b,i =0} OSthen
cC=c-2n

if |b,| #1then
c=c+n

WH{ a,+a,v, +... +ak +bii +.. +bi 20 H=c

ReturnW

Figure 2-11. Algorithm for calculating the weights that order the elimination of
redundant inequalities
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The least expensive loop bounds are the pairs of inequalities that form an equality, because
the loop can be replaced by a single assignment statement. The inequalities that create loop
bounds with floor and ceiling calculations are the most expensive and are therefore
assigned highest weights. Otherwise, bound expressions with only outer or no loop index
variables receive higher weights since loop invariant bound expressions can be moved out

of the inner loops.

2.3. Linear Inequalities with Symbolic Coefficients

We have extended Fourier-Motzkin elimination to handle simple non-linear systems [9].

The variables of the linear inequalities can have a restricted form of symbolic coefficients.
Definition 2-4: A linear inequality with symbolic coefficients is of the form
0, 0 ) 01, 1 1 [ On, n n [
ta ta,u,...ta U +t/a +aju, ... +a u v, .t tagug .. tau v, =0

where v,, ...,v, are integer variablesy,,...,u >0  are symbolic constants and

n

Ox,y (0<x<n)yand(0<y<m), ayxzo are integers.

The scope of the systems that are allowed is limited to cases where the result of the Fourier-

Motzkin elimination also creates inequalities that conform to Definition 2-4.
Theorem 2-1: For the two inequalities with symbolic coefficients

0,0 0 01, 1 1.0 O.n, _n n [
ta ta,u,...ta U *ra +aju;... +a u v, ... —ma,tau, ... +a u v, =0 and

ibgibiul...ib%umigbi + biul... + binumgvl... + Ebg +bju,... + b”mumgvn >0 |

where v,, ...,v, are integer variablesy,,...,u_ >0  are symbolic constants and

n
Ox,y (0<x<n)jand(0<sy<m), a; b;(,zo are integers, the Fourier-Motzkin
elimination step to eliminate the variable  creates another inequality conforming to

Definition 2-4 iff either

1)  There exist integers p and g such that (0<y<m) payn = qb; or
i) (Oy (1sysm),a) = 0or
Ox,y (0O<x<n-1)and(l<sys<sm), b; = 0)and
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(Oy (1<y<m), by =0or
Oxy (0sx<n-1)and(l<ysm),a =0)

This class of systems is important because it enables the compiler to handle symbolic block
sizes in Single Program Multiple Data(SPMD) code generation as shown below. Other-
wise, the number of iterations attached to each processors has to be determined at compile

time.

2.3.1. SPMD Code Generation Example
We illustrate the use of linear inequalities with symbolic coefficients by an example, where
we generate an SPMD loop nest after parallelization. The loop nest, given in Figure 2-12,

has the inner loogd marked parallel. We need to generate an SPMD loop nest to execute

DOI1=0,U
DOALL J = 0, MIN(2*1, V)

Figure 2-12. Example DOALL loop nest

this loop in parallel. The Figure 2-13 shows the iteration space of the loop nest. The shaded
area represents the iterations that need to be executed. Iterations of the loop are distrib-
uted across processors such that each processor is assigned an equal size block of iterations.
We need to create a system of inequalities to represent the iteration space. Using this iter-
ation space, we can generate a single program that will assign blocks of iterations of the
loop J and execute the correct iterations in the corresponding processor. However, neither
the number of processors nor the number of iterations of theJloop is known at compile-
time. Therefore, we cannot create a linear system with integer coefficients to represent the

iteration space. However, a system of inequalities with symbolic coefficients can be cre-
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Figure 2-13. Iteration space

ated, as given by Figure 2-14, to represent the iteration space. The first five inequalities are
the loop bounds of the input program. The last two inequalities distitbute iterations of
the J loop across the processors. The processor identification number is the variable
Now, applying Fourier-Motzkin elimination with the scanning ordgrJ) , We generate
the SPMD loop nest given in Figure 2-15. Using the number of procefsors, , which is a

run-time constant, we generate code to calculate the appropriate block size at run-time.

2.4. Linear Inequality Representation for Data and Processor Spaces

The two other important multi-dimensional integer spaces used in our compiler are the

array data spack and the processor spdée
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E 120 U=1>0 E

2 J=0 21-3>0

(U, V,b, X = 3(1.J 0
D(' ) V-J=0 0
E J—bxz0 bx+b—1—JzoE

Figure 2-14. System of inequalities describing the iteration space

P = NumProcs()
X = MyProcID()
b = (min(V, 2*U)+P-1)/P
DO | = max((1+b*x)/2, 0), U
DO J = max(b*x, 0), min(2*l, V, -1+b+b*x)

Figure 2-15. Compiler generated SPMD loop nest

2.4.1. Data Space

Manipulating arrays is critical for analysis and optimizations when compiling dense matrix
scientific applications. Accesses to multi-dimensional arrays can be represented using sys-
tems of linear inequalities, providing a convenient framework for array analysis and opti-
mization. For example, the array summary representation defined in Chapter 5 is based on

systems of linear inequalities.
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Definition 2-5: The index set of an m-dimensional data array, with the declaration

(I;:uy, .., 1 ru) , is given by
: :
A=D(ay,....a ) OA k:g...,m l <a <up.
O O
O O

2.4.2. Processor Space

When generating code for multiprocessors as well as when performing communication
optimizations, compilers need to operate on the processor space. Again, it is convenient to
represent the processor space as a system of linear inequalities. The SPMD code generation
example in Section 2.3.1 introduced a simple one-dimensional processor space. Chapter 9
uses virtual and physical processor spaces extensively in communication code generation

and communication optimization algorithms.

Definition 2-6: For a g-dimensional processor space, where..., Mg are the number of
processors in each dimension, the index set of the processor space is

- O
p= N 0< <r,r.
E(pl, ey pq) op k=1, ...q Pi k%

2.5. Related Work

Researchers have used integer and linear programming techniques to solve many individ-
ual problems in parallelizing compilers. For example, compiler problems such as exact
data-dependence analysis [110,119], array analysis based on array summary information
[137], instruction scheduling for superscalars [5], automatic data layout for minimizing
communication [21], and code generation after loop transformations [10,11] have been
solved using linear and integer programming. In this thesis, we introduce a framework
based on linear inequalities that is used for many purposes, such as representing array sum-
maries in interprocedural data-flow analysis, solving for the array reshapes, identifying
modulo and division optimizations, and generating and optimizing communication code

for distributed address-space machines.

24



Ancourt and Irigoin used a series of projections to generate loop nests after loop transfor-
mation [10,11]. We have introduced a set of heuristics to simplify the loop bounds gener-
ated by their algorithm. We have also extended their algorithm to handle simple non-linear

systems.

2.6. Chapter Summary

In this chapter, we describe the linear inequalities framework used for developing advanced
compiler analyses and optimizations. The framework is used in compiler algorithms to rep-
resent and manipulate iteration, array and processor spaces. We introduce the use of this
framework by describing an algorithm for code generation. We have extended the linear

inequalities framework to handle simple non-linear systems with symbolic coefficients.

25



26



3 Coarse-Grain Parallelism

Shared-memory multiprocessors are now a widely available class of computationally pow-
erful machines. As hardware technology advances make pervasive parallel computing a
possibility, it is ever more important that tools be developed to simplify parallel program-
ming. Parallelizing compilers that automatically parallelize sequential applications are crit-
ical tools, because they free programmers from the difficult task of explicitly managing
parallelism. A large body of research and development effort has focused on developing
parallelizing compilers for scientific applications. In Section 3.1 we focus on the major

issues involved in detecting parallelism in sequential scientific applications.

Current parallelizing compilers have not succeeded in obtaining good parallel performance
on symmetric shared-memory multiprocessors. These parallelizers, based on vectorization
technology, are generally capable of finding only inner loop parallelism. The inability to
parallelize computation that occurs outside the inner loops reduces the effectiveness of
these compilers. Furthermore, multiprocessors need to perform an expensive synchroniza-
tion operation after executing each parallel region. Parallelizing the inner loops creates par-
allel regions with relatively small amounts of computation; thus the cost of synchronization
can easily overwhelm the benefits of the parallel execution. For parallelizing compilers to
target multiprocessors effectively, it is necessary to laxsese-grain parallelisnthat is,

to find outer loops with independent computations that can perform a significant amount of

work without any synchronization.

This chapter provides an overview of parallelizing sequential scientific applications for
shared-memory multiprocessors. In Section 3.2 we will introduce coarse-grain parallelism.
We focus on the advanced array analyses required for obtaining coarse-grain parallelism in
Section 3.3.
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3.1. Parallelism in Sequential Scientific Programs

Scientific applications are typically computationally intensive, and thus can benefit
immensely from parallelization. The domain of applications we are interested is dense
matrix scientific applications written in FORTRAN [150]. Within this domain, loop nests
dominate the computation and multi-dimensional arrays hold most of the data structures.
A parallelizing compiler determines loops that can be parallelized by analyzing accesses
to scalar and array variables within the loops. One of the most difficult parts of this paral-
lelization process is array analysis. For the references to each array data structure, array
analysis determines if executing the iterations of a loop in parallel does not violate the
semantics of the original serial ordering. Current parallelizers accomplish thisdasing

dependence analysis

3.1.1. Data Dependence Analysis

Current parallelizing compilers use data dependence analysis to check whether the parallel
execution of a loop violates serial ordering constraints between any write operation and
any other write or read operation to the same memory location [151]. Data dependence
analysis is performed on each pair of references to the same array, where two references
are said to bdependenif any of the locations accessed by one reference is also accessed
by the other [149]. A dependence is said tddop-carriedby a loop if the dependence
occurs between two iterations for the same instance of the loop. Thus, according to the data

dependence test, a loop can be parallelized if there doemaarried data dependences

Definition 3-1: For an m-deep loop nest with two array acces¥esX’ , to the same
array in the loop body, if there exist iteratior{s,, ..., i) afd,, ...,i" ) such that

i = 1...Dk—1 ij = i'j andi, <i', , and array access  at iteratiafi,, ..., 1) accesses the
same memory location &  &';,...,i',) ,and

)] X is a write access anK' is a read access, then there exists a true-

dependence carried at the k-th loop.

i) X is a read access anX’' is a write access, then there exists an anti-

dependence carried at the k-th loop.
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iii) both X and X' are write accesses, then there exists an output-dependence

carried at the k-th loop.

The compilers perform a data dependence test on each pair of accesses within the candidate
loop for parallelization. Determining the data dependences of loop nests where the loop
bounds and array indices are affine functions of the loop indices is equivalent to integer
programming [110]. Many practical algorithms have been devised to find the data depen-
dence information exactly [19,110,120,149,151].

3.1.2. Extracting Fine-Grain Parallelism

The first-generation parallelizers start the parallelization process by performing a series of
symbolic analyses such as constant propagation, induction variable identification and loop-
invariant code motion. These analyses increase the ability of finding parallel loops. Next,
each loop nest is analyzed to identify parallelizable loops. These analyses are performed
intraprocedurally; thus a procedure call within the loop will eliminate it as a candidate for
parallel execution. Since the presence of any scalar definition within the loop creates a
loop-carried dependence, the parallelizer attempts to eliminate this dependence by apply-
ing scalar privatizationor scalar reductior{149]. When the scalar value used in each iter-
ation is created within the same iteration, the loop-carried data dependence can be
eliminated by giving each processor a private copy of the variable. Further, a reduction
(e.g.,computation of a commutative and associative operation such as sum, product, or
maximum of the scalar) can be parallelized by having each processor compute a partial
reduction locally and update the global result at the end. Finally, the parallelizer performs
data dependence analysis on all pairs of accesses to the same array within the loop. After
these analyses and optimizations, if the compiler does not find any loop-carried array
dependences and can eliminate all the loop-carried scalar dependences, then the loop can

be parallelized.

3.2. Coarse-Grain Parallelism

The first generation of parallelizing compilers targeted for vector supercomputers focused
on finding inner-most parallel loops with only a few simple operations that can be con-

verted into vector operations [4,32,125].
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Multiprocessors are more powerful than vector machines in that they can execute different
threads of control simultaneously. The processors can execute different segments of code

in parallel, each of which can be arbitrarily complex.

The current parallelizing compilers, developed from vectorizing compiler technology, do
not effectively obtain good performance on multiprocessors [23,131]. Parallelizing just
inner loops is not adequate for multiprocessors for two reasons. First, inner loops may not
make up a significant portion of the computation, thus limiting the parallel speedup by lim-
iting the amount of parallelism. Second, multiprocessors need to perform an expensive
synchronization operation at the end of each parallel region. When parallelizing inner
loops, which normally contain only small amounts of computation, the cost of frequent
synchronization and load imbalance can potentially overwhelm the benefits of paralleliza-
tion. Thus, for a parallelizing compiler to target a multiprocessor effectively, it must iden-

tify outer parallelizable loops to extract coarse-grain parallelism.

However, detecting coarse-grain parallelism is much more complicated than finding inner
loop parallelism, requiring whole program analyses and aggressive optimizations. Inter-
procedural analysis is necessary for obtaining coarse-grain parallelism. If programs are
written in a modular style, it is natural that coarse-grain parallel loops will span multiple
procedures. For this reason, procedure boundaries must not pose a barrier to analysis [23].
This can be accomplished by applying data-flow analysis techniques across procedure
boundaries using an interprocedural framework. Although many interprocedural analyses
for parallelization have been proposed [70,80,81,86,108], they have rarely been adopted in
practice. The primary obstacle to progress in this area has been the fact that effective inter-
procedural compilers are substantially harder to build than their intraprocedural counter-
parts. Moreover, there is an inherent trade-off between performing analysis efficiently and
obtaining precise results. A successful interprocedural compiler must handle the complex-
ity of the compilation process, while maintaining reasonable efficiency without sacrificing

too much precision.

It is also critical to go beyond the restrictive data-dependence test in analyzing arrays when

detecting coarse-grain parallelism. We need to perform parallelism-enhancing optimiza-
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tions on arrays, such as array privatization, to expose the inherent parallelism in the algo-

rithms of the program.

3.3. Advanced Array Analyses

Much of the inherent parallelism that is available in an abstract algorithm can be hidden by
the implementation of the algorithm. We can expose some of these inherent parallelism by
using complex analyses such as array data-flow analysis and by performing aggressive

optimizations such as array privatization and array reductions.

3.3.1. Beyond Location-Based Dependences

Traditional data dependence analysis checks if two iterations of the loop access the same
memory locationHowever, the only dependence that requires data to be communicated
between iterations of a loop idlaw-dependenceyhere adata valueused by an iteration

is defined in a previous iteration.

Definition 3-2: For an m-deep loop nest with a write accéss and a read aéfess  to
the same array, there exists a loop-carried flow-dependence at the k-th loop iff there exist
iterations (i, ...,i,) and(i';,...,i" ) such thajt: 1...Dk—1 I =] ang <i’, , and
read X' atiteration(i’y, ..., 1" ) uses the data written ¥y  at iteratignp, ..., 1)

Thus, when there are no value-based flow-dependences between a write and a read access,
a loop can be parallelized even if there exist location-based dependences. However, this

requires us to assign a private copy of the array to each processor.

Array privatization is crucial for parallelizing ordinary scientific applications because pro-
grammers tend to reuse the same array space for multiple purposes. This creates memory-
based dependences while there are no value-based dependences requiring sequential exe-
cution. A simple example motivating the need for value-based dependences is shown in
Figure 3-1. It is a 160-line loop taken from thas sample benchmaikppbt. Figure 3-2

shows both location-based and value-based dependences for the read accesses to the array
TM in the 4-th iteration of the outermost loop. All iterations of the outermost loop write to

the samdocationsof the arrayTM that are read in the 4-th iteration. Thus, as shown in
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DO K=2,NzZ-1

DOM=1,5
DON=1,5
TM(L:5,M) = ...
DOM=1,5
DON=1,5
... = TM(N,M)

Figure 3-1. Example frorappbt

Figure 3-2(a), the location-based data dependence analysis will find a loop-carried true-
dependence at the outermost loop, suppressing parallelization of the loop. However, the
datavaluesread in the 4-th iteration are defined by the write instructions of the same iter-

ation, as shown in Figure 3-2(b). Consequently, we can parallelize the outermost loop by

allocating a private copy @M to each processor.

Finding privatizable arrays can be achievedalngy data-flow analysiswhich extends

scalar data-flow analysis to individual array elements [28,53,55,111,112,121,122]. Using
array data-flow analysis, if we can determine that an array in a loop, with loop-carried true-

, anti- or output-dependences, does not contain any loop-carried flow-dependences, we can
still parallelize the loop by allocating a private copy of the array to each processor. When
privatizing an array, we need to perforntialization at the beginning of the parallel
region andinalizationat the end of the parallel region. We need to initialize the array by
copying all values, that are used within the loop but are defined outside, from the original
array to each private copy. We finalize the array by copying those values that are defined

within the loop from the private copies to the original array.

An example of array privatization with initialization is shown in Figure 3-3. The figure

shows a portion of a 1002-line interprocedural loop inRbBgect benchmarkspec77.
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(a) Location-based dependences (b) Value-based dependences

O write Operation 3333 Two dimensional arrayM, where each

B Read Operation $33s| element location is high-lighted

Figure 3-2. Dependences for the elements read by the 4-th iteratiorkdbtpe

Here, part of arrayE, the second row, is modified before it is referenced; the remainder
of the array is not modified at all in the loop. Ariély is privatizable in the outer loop by

giving each processor a private copy with all but the second row initialized with the original
values.

3.3.2. Multiple Array Accesses

To locate coarse-grain parallelism successfully, we must analyze very large interprocedural
loops with numerous array accesses. 