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Abstract

We describe an algorithm for generating spherical mosaicsfrom
a collection of imagesacquired from a common optical center. The
algorithm takesas input an arbitrary number of partially overlapping
images,an adjacencymap relating the images,initial estimatesof the
rotations relating each image to a speci�ed baseimage, and approxi-
mate internal calibration information for the camera. The algorithm's
output is a rotation relating each imageto the baseimage,and revised
estimatesof the camera'sinternal parameters.

Our algorithm is novel in the following respects. First, it requires
no user input. (Our image capture instrumentation provides both an
adjacencymap for the mosaic,and an initial rotation estimate for each
image.) Second,it optimizes an objective function basedon a global
correlation of overlapping image regions. Third, our representation of
rotations signi�cantly increasesthe accuracyof the optimization. Fi-
nally, our representation and useof adjacencyinformation guarantees
globally consistent rotation estimates.

The algorithm has proved e�ectiv e on a collection of nearly four
thousand imagesacquired from more than eighty distinct optical cen-
ters. The experimental results demonstrate that the described global
optimization strategy is superior to non-global aggregation of pair-
wise correlation terms, and that it successfullygenerateshigh-quality
mosaicsdespite signi�cant error in initial rotation estimates.
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1 Automatic Spherical Mosaicing

This paper gives an algorithm for robust estimation of the rotations relat-
ing imagestaken from a commonoptical center1. We call this a \spherical
mosaicing" algorithm becauseit allows any number of imagesto be merged
into a singleseamlessview, simulating the imagethat would beacquiredby a
camerawith a spherical�eld of view. Our data represents a �eld of view that
is somewhatmore than a hemisphere,but our technique extendsstraightfor-
wardly to full sphericalarrangements of images. The resulting mosaicsare
useful as \�rst-class" data objects for 3-D reconstruction, and asa compact
meansfor visualizing spatially extendedimagedatasets.

This work is motivated by a system under development for automatic
reconstructionof textured 3D CAD modelsrepresenting urban environments
[Tel97,CMT98, CT99]. The systemrequiresacquisition and processingof a
suitable dataset, in this casea large number of digital imagesof the region
of interest. Our instrumentation annotates each acquired image with an
estimate of absolute6-DOF pose(also called exterior orientation) { 3 DOF
of position, and 3 DOF of orientation for the acquiring camera. Thus our
acquisition systemprovidesboth an adjacencymap for imagesin the mosaic,
and an initial estimate of the rotations relating each imageto its neighbors.

Figure 1: The roughly hemisphericaltiling for a node of the dataset.

Our datasetconsistsof photographsacquiredby a Kodak DCS420digital
cameramounted with �xed optical center on an indexedpan-tilt head, itself
attached to a trip od base.The trip od wasmanually positionedat eighty-one
locations among the buildings of an o�ce complex. At each position, the
camerawas rotated through a predetermined\tiling" of 50-70orientations,

1An earlier version of this paper was presented in CVPR 1998[CMT98].
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yielding a roughly hemispherical�eld of view (Figure 1). We call each set of
imagesobtained from a commonoptical center a \no de". The tiling de�nes
an adjacencymap over the images,in which two imagesare adjacent if they
have signi�cant overlap along a sharedvertical or horizontal edge.

Physical instrumentation alone does not produce pose estimates su�-
ciently accuratefor direct incorporation into 3-D reconstructionalgorithms.
For example,our actuatedpan/tilt headproducesorientation estimatesaccu-
rate to about onedegree.This is oneto two ordersof magnitudelessaccurate
than the pixel or sub-pixelalignment requiredfor typical reconstructionalgo-
rithms. It is thusnecessaryto designposere�nement algorithms that recover
accuratecameraposefrom (approximate) initial estimates.

This paper describesour method for re�ning estimatesof cameraorien-
tation for imagestaken around a single optical center. Recovering relative
translations and orientations between mosaicsacquired at di�erent optical
centers is addressedelsewhere[Coo98, ATar, ATon].

Related Work

Of fundamental interest in mosaiccomputations is the warp relating a pair
of overlapping images. The simplest method to compute this warp uses
four point correspondencesbetweenthe two images[Hec89,Fau93]. Several
algorithms (e.g., [ZFD97]) use this approach. However, identifying suitable
featuresand correspondencesis a di�cult problem,and known methodsyield
good results only for imageswith signi�cant overlap and minimal projective
distortion.

An alternative method would use correlation of color or luminance in-
formation present in imagesto compute the warp by nonlinear optimization
(e.g., [Sze96]).Although such techniquesavoid the needfor featuredetection
and correspondence,they do not guarantee that a seriesof pairwise warps
will produce a globally consistent set of relative orientations. We show an
exampleof this problem in Section4.

The choiceof representation for rotations is an important practical issue
in the development of algorithms for mosaicgeneration. For estimation of
small rotations, the axis-anglerepresentation has beenused [Sze96]. How-
ever, that algorithm also usesmatrices to avoid instabilit y due to the non-
uniquenessof the axis-anglerepresentation. Wehave adoptedthe quaternion
representation becauseof its convenienceand compactness[Hor87, WI95].

Cylindrical panoramashave been computed by McMillan [MB95], who
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solves for rotation anglesfor imagestaken under rotation around a single
(vertical) axis. His algorithm enforcesthe constraint that anglescomputed
for a cylindrical panoramashouldsumto 2� . A similar constraint is employed
by Szeliski and Shum [SS97]to \close the gap" between the �rst and last
images.Thesemethods do not generalizeto arbitrary (e.g., spherical) image
adjacencymaps.

Shum and Szeliski in their recent paper [SS98]also compute full-view
spherical panoramas. However, their global alignment algorithm requires
a combination of both correlation-basedand feature-basedoptimization. In
contrast, we optimize correlation directly to perform global alignment, avoid-
ing both the needto identify and correspond suitable features.

In a di�erent application domain, robust algorithms have beendescribed
for generating mosaicsof video frames taken from a slowly rotating cam-
era [SHK98, HS98]. These algorithms assumea single continuous image
sequence,and exploit similarity betweensuccessive imagesdue to the small
camerarotation between video frames. In contrast, our technique handles
generalarrangements of imageson the sphere.

1.1 Overview

(a) (b) (c)

Figure 2: Part (a) shows oneimageof a hemisphericaltiling blendedwith its
adjacent images.Part (b) illustrates blurring dueto incorrect poseestimates.
Part (c) shows the sameview after optimization.

Figure 2 illustrates the basicidea behind the optimization technique. As
depth and parallax e�ects do not occur acrossimagestaken from a singleop-
tical center [Har97], the apparent pixel motion betweensuch imagescan be
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explainedby a 2-D projective transformation that dependson cameraorienta-
tions and internal parameters(described below). As shown in Figure 2-(a),
this transformation maps pixels from adjacent imagesinto a common 2-D
space.Incorrect transformationsarising from inaccurateestimatesof camera
poseresult in mismatchesbetweenpixels, causingthe blurring and ghosting
shown in Figure 2-(b). The optimization techniquesdescribedhereusesthese
pixel di�erences to re�ne poseestimatesand eliminate the blurring artifacts,
as shown in Figure 2-(c).

The rest of the paper is organizedas follows. Section2 brie
y describes
the processof imageformation via perspective projection, and our represen-
tation of rotations by quaternions. Section 3 reviews2-D projective trans-
formations and methods to compute them. Section4 presents a closed-form
method to decoupleprojective transformationsinto two parts, onedescribing
the intrinsic parametersof the camera,and another describingthe pure ro-
tations to which the camerahasbeensubjected. While theoretically elegant,
this technique is sensitive to errors in image formation and generally yields
poor results for real imagery. We addressthis problem in Section5 with a
global optimization technique that computesrevised rotations and camera
internal parametersdirectly from correlations among images. Constraining
the optimization to manipulate pure rotations producessigni�cantly more
accuratemosaics,as shown in Section6.

2 Perspectiv e Pro jection

X

Z

X'

Y'

Z'

f

c=[cx, cy]Y

p=[px, py, pz]

R

s=[x, y, z] (world)

s'=[x',y' ]

s=[xC, yC, zC] (camera)

Figure 3: Overview of perspective projection.
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Figure 3 shows the processof imageformation by perspective projection,
illustrated for a point s = [x; y; z] as viewed by a camera at world-space
position p = [px ; py; pz]. The rotation from the global coordinate system
XYZ to the cameracoordinate systemX 0Y 0Z0 is speci�ed by a 3� 3 rotation
matrix R.

The �rst step is to computesC = [xC ; yC ; zC ], the coordinatesof s in the
camera'scoordinate system:

sC = R(s � p)

Next, perspective projection scalesthe x and y coordinatesby depth to yield
normalizedimagecoordinates [x I ; yI ]:

xI = xC
zC

yI = yC
zC

The normalizedimagecoordinatesare converted to pixel valuesbasedon
the focal length f (expressedin pixels) and the coordinates (cx ; cy) of the
principal point:

x0 = f xI + cx y0 = f yI + cy

Note that it is not necessarythat the principal point coincidewith the image
center; in practice, it is usually o�set by a few pixels. It is convenient to
represent the entire transformation as a chain of matrix transformations.
This is doneusing projective geometry[Fau93]:
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whereK is the 3 � 3 (upper-triangular) internal cameraparametermatrix:
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and M is the 3 � 4 canonicalperspective projection matrix:
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The projective equality (�= ) is valid up to scaling.
Note that this discussionrestricts the camerato be described by a three

parameter model (instead of the standard �v e parameter model [Fau93])
by assumingthat the pixels are square(i.e., the focal lengths are equal) and
non-lineardistortion is negligible. Theseassumptionsarevalid for the digital
cameraused in our system; radial distortion is lessthan a pixel even near
the edgeof the image. It is straightforward to incorporate non-squarepixels
in the algorithms by using di�erent focal lengths. However, any non-linear
distortion must bemeasuredand corrected(e.g.,with Stein'smethod [Ste95])
beforeusing the imagesasinput to the algorithms. Alternativ ely, estimation
and correction for non-lineardistortion can be incorporated directly into the
mosaicalgorithm [SK99].

2.1 Rotations as Quaternions

There are several choicesfor expressingcamerarotations: 3� 3 orthonormal
matrices, Euler angles,quaternionsetc. Horn [Hor87, Hor91] demonstrates
that quaternions are a convenient representation, especially for problems
involving numerical optimization. Quaternions represent rotations as four-
dimensionalunit vectorsq = [q0; qx ; qy; qz] whereq2

0 + q2
x + q2

y + q2
z = 1.

The quaternion representation is compactin comparisonto the orthonor-
mal representation (only four parametersinstead of nine). Unlike the even
more compact Euler angle representation (three anglesexpressingrotations
about the X ; Y ; andZ axes),quaternionsare stable while representing large
rotations, and exhibit no singularities.

Di�eren tiating a Rotation Matrix

The derivative of the rotation matrix with respect to the quaternion param-
etersis an important quantit y usedby our algorithm to update the estimate
of each camera'sassociated rotation.

The following expressionrepresents a quaternion as a 3 � 3 orthonormal
matrix:
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The derivative of a rotation matrix R � 1 with respect to a quaternion
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q = [q0; qx ; qy; qz]T is a tensor of dimension3 � 4 � 3. Here, the derivative
is typically multiplied by a vector v = [vx ; vy; vz]T ; only its value at v is
required:

(
@R � 1

@q
)v =

2

6
4

a d � c b
b c d � a
c � b a d

3

7
5

where: a = + q0vx + qzvy � qyvz

b = � qzvx + q0vy + qx vz

c = + qyvx � qxvy + q0vz

d = + qxvx + qyvy + qzvz

For representing rotations, quaternionshold a signi�cant computational ad-
vantage over other representations (Euler angles,axis-angle). In theseother
representations, derivativeexpressionscontain sineand cosineterms, increas-
ing the computational cost of estimating derivatives.

3 2-D Pro jectiv e Transformations

Image 1Image 2

P

Figure 4: Transformingpixels from image1 to the spaceof image2.

Figure 4 illustrates the relationshipbetweentwo imagestakenfrom a �xed
optical center, but with di�ering orientations. In such cases,pixels in one
imagecan be mapped to the other imageby a 2-D projective transformation
[Har97]. Unlike simpler 2-D transformations (translation, rotation, a�ne),
the projective transformation doesnot preserve parallel lines. This is evident
in Figure 4, wherethe lines bounding image1 intersectafter transformation.
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As depth e�ects do not occur acrosstwo imagestaken from the same
optical center [Har97, Sze96],the generalperspective projection (Equation 1)
simpli�es to: 2
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Inverting Equation 2 yields:
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Equation 3 provides a method to convert pixel positions in one image (say,
image 1) to 3-D rays. Thus pixel coordinates in another image (say, image
2) can be obtainedby projecting back into image2's spaceusingEquation 2:
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Thus the 2-D projective transformation that maps pixel (x1; y1) of image 1
to pixel (x2; y2) of image2 is:

P = KR 2R � 1
1 K � 1 (5)

Note that, as �= denotesprojective equality, Equation 4 is valid only up
to a linear scalingof [x2; y2; 1]T . As a consequence,only eight parametersare
neededto describe the matrix P. Thus 2-D projective transformations are
alsoknown as8-parameterwarps. Typically, the unknown scalefactor of the
transformation is determinedby �xing either detP = 1 or P 33 = 1.

3.1 Computing Warps

Below, we brie
y review an optimization due to Szeliski [Sze96]that com-
putes 8-parameter warps using this technique. This discussionalso intro-
ducesthe Levenberg-Marquardt (LM) optimization [PTVF92], which is used
in several placeshere.

The idea is to computea warp that (locally) minimizesimage-spaceerror
by using nonlinear optimization. The error function for this optimization
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simply measuresthe di�erence in brightnessbetweentwo images1 and 2 (in
the overlap region), after pixels in image 1 are mapped to image 2's space.
The di�erence in brightnessis measuredby a sum-of-squareddi�erence (SSD)
error metric using the luminancesL 1 and L2 of images1 and 2, respectively:

E12 =
X

x1 ;y1

(L1(x1; y1) � L2(P(x1; y1))) 2 (6)

This error term is \one-way", in the sensethat image1 is usedasa sampling
referencefor collection of pixel di�erences. However, we collect error sym-
metrically, by evaluating both E ij and E j i for every adjacent image pair i
and j (Section5.1). The SSDform is well suited for numerical optimization,
as only �rst order derivativesare required to computeupdate valuesfor the
iteration [PTVF92].

The optimization consistsof analytically determining derivativesof a sin-
gle error term of the form:

e2
x1 ;y1

= (L1(x1; y1) � L2(x2; y2))2

with respect to P. The derivative @ex 1 ;y 1
@P is expressedas an 8-component

vector consistingof derivativeswith respect to each entry of P.
In LM optimization, the overall gradient term G is computed by accu-

mulating over all error terms [PTVF92]:

G = �
X

x1 ;y1

ex1 ;y1

@ex1 ;y1

@P

Similarly, the (linearized)Hessianterm corresponding to two adjacent images
1 and 2 is:

H = �
X

x1 ;y1

@ex1 ;y1

@P
(
@ex1 ;y1

@P
)T

wherewe sum over all pixels (x1; y1) in the overlap region of the images.
The optimization proceedsby incrementing the value of P by

�P = � (H + � I ) � 1G

whereI is the identit y matrix, and � is a stabilization parameterset initially
to a high value, and reducedto 0 as the optimization converges[PTVF92].
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Initialization

As in any nonlinear optimization, it is important to initialize the warp with
a value that is closeto the optimum. Several techniqueshave beenproposed
for this step. McMillan [McM97] computesa 2-D translation with minimum
error, and usesit to initialize the optimization. However, good initial trans-
lations are di�cult to determine, or may not exist at all, if the e�ects of
perspective are large. Szeliski and Shum [SS97]perform the initialization
interactively, with the help of a human operator.

In our application, initial rotation estimates are provided by our ac-
quisition instrumentation, and approximate cameracalibration. It is thus
straightforward to compute a good initial estimate using Equation 5 with
the internal parameter matrix determined by cameracalibration and rota-
tions supplied by physical instrumentation.

Warp Example

Figure 5 shows the resultsof this optimization for two images(sized762� 506
pixels). Note that the blurring, initially present, disappearsafter optimiza-
tion. The projective matrix P computed(normalized such that its determi-
nant is 1) is:

P =

2

6
4

0:7423 0:0162 584:7688
� 0:0994 0:9983 14:2725
� 0:0003 0:0000 1:0463

3

7
5 (7)

We next describe a technique to recover camera internal parametersand
relative rotations from such warps.

4 Orien tation Estimates from Warps

It is straightforward to recover rotation from warps using Equation 5 if the
camera calibration is known accurately. If not, the following closed-form
solution can be usedto derive cameracalibration from the warp itself.

4.1 Closed-F orm Solution for In ternal Parameters

The technique proposed in this section is similar in spirit to closed-form
solutions presented by Hartley [Har97] and McMillan [McM97], but much
simpler to express. The basic idea is the use of Equation 5 to enforcethe
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Figure 5: The projective warp between two images,before and after opti-
mization.

orthonormality constraint for valid 3 � 3 rotational matrices,and the useof
eigen-vectorsof the warp matrix to de�ne the solution.

Rewriting Equation 5 in terms of R = R 2R � 1
1 , the relative rotation be-

tweenthe two images,and solving for R, we have:

R = K � 1PK (8)

SinceR = R � T (the orthonormality condition for rotations), we have

K � 1PK = K T P � T K � T

Rearrangingterms yields:
PC = CP � T (9)
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whereC = KK T . The matrix C is a symmetric 3 � 3 matrix whosecompo-
nents are formed from the focal length f and imageprincipal point [cx ; cy ]:

C =

2

6
4

f 2 + c2
x cxcy cx

cxcy f 2 + c2
y cy

cx cy 1

3

7
5 (10)

The solution for C in Equation 9 can be expressedin terms of eigen-
vectors of the projective matrix P. The eigen-valuesof P are the sameas
that of R, sincethey are related by a similarity transform [Str88], i.e., left
and right multiplication by a matrix and its inverse(Equation 8). The eigen-
valuesof the rotation R are 1, ei� , and e� i� , where� is the angleof rotation
e�ected by R. Let e0, e1 and e2 be the eigen-vectorsof P corresponding to
thesethree eigen-values,respectively.

Note that C = e0eT
0 is a solution to Equation 9:

PC = Pe0eT
0 = e0eT

0 = e0eT
0 P � T = CP � T

This derivation usesthe fact that if e is a right eigen-vector of P, then eT is
a left eigen-vector of P � T .

Similarly, as the eigen-valuescorresponding to e1 and e2 are reciprocals
of each other, it can be shown that e1eT

2 and e2eT
1 are alsopossiblesolutions

of C. The most generalsymmetric solution to C is therefore a linear com-
bination of the three solutions,wherethe secondtwo solutionsare weighted
equally:

C = c0e0eT
0 + c1(e1eT

2 + e2eT
1 )

The coe�cien ts c0 and c1 are solved by enforcing the constraints that the
C33 = 1 and C12 = C13C23 (again usingthe three-parametercameramodel).
The matrix K can be recoveredby CholeskyDecomposition of C [PTVF92].

Using this technique for the warp described in Equation 7 givesvaluesof
f = 1141,cx = 397, cy = 249 (all in pixels). The rotation R corresponding
to theseparametersis:

2

6
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0:8897 0:0090 0:4603
� 0:0004 0:9961 0:0010
� 0:4599 0:0080 0:8901

3

7
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The rotation determinedappearsqualitativ ely reasonable,i.e., it is (closeto)
a rotation about the image'sy axis; this agreeswith Figure 5. However, as
described in the next section, there is a signi�cant quantitativ e di�erence
betweenthis and the physically correct rotation.
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4.2 Warps and Rotations

The rotation computed in the previous section is approximately 27� (=
cos� 1 0:89). However, the physical rotation was nearly 30� (= 360

12 as twelve
imagesformed a full circle). Using a 27� rotation for this image sequence
would thereforeleave a gap betweenthe last and the �rst image.

At �rst glance, it might appear that the problem is due to incorrectly
recoveredinternal parameters.The computedfocal length di�ers signi�cantly
from the focal length determinedby Tsai's calibration algorithm (by about
150pixels). However, eventhough a di�erent setof internal parametersmight
yield other rotations, the angleof rotation is completely determined by the
eigen-valuesof the projective warp P. As this is una�ected by the method
by which internal parametersare computed, this problem is inherent in the
warp solution itself.

Figure 6: The projective warp betweentwo images,after direct optimization.

Figure 6 illustrates the problem by showing the warp computedby direct
optimization with respect to the internal parametersK and the relative ro-
tation R (using the method described below). The internal parameterswere
computedto be f = 1016,cx = 393,cy = 253(all in pixels), and the relative
rotation and warp betweenthe two imagesare:

R =

2

6
4

0:8637 0:0047 0:5040
� 0:0054 1:0001 � 0:0000
� 0:5043 � 0:0031 0:8638

3

7
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0:669371 0:003488 592:614624
� 0:114616 0:999421 15:121033
� 0:000492 � 0:000003 1:058760

3

7
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The rotation (of cos� 10:8637= 30:27� ) and internal parametersagreewell
with initial estimates.Also, visually, the overall warp computeddi�ers from
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that described in Equation 7. This can be observed in the large \gap" be-
tweenthe right edgeof the imageand the border in Figure 5 (which is smaller
in Figure 6). However, within the region of overlap, the two warps appear
identical; there are no blurring artifacts visible in either case. Thus, there
are several possiblewarps that yield low SSDerror, but not all of them cor-
respond to physically correct rotations. It is thereforeessential to imposethe
rotational constraint during the optimization to obtain quantitativ ely correct
results.

Similar e�ects werealsoobserved for warps corresponding to other image
pairs. Thus, while 8-parameterwarps generatevisually consistent blending
betweenadjacent images,they appearto be inadequatefor recovering quanti-
tativ e 3-D parameters,such asrelative rotations. Also, more fundamentally,
relying on local pairwise warps to compute global quantities can lead to in-
consistenciesin the computed internal parametersand rotations. The next
sectionpresents a global optimization method that addressestheseproblems.

5 Spherical Mosaicing

The optimization described in this sectiondirectly producesthe \b est" pos-
sible rotations for each image, given initial estimates. The advantage of
this approach is that global consistencyis guaranteedby computing a unique
rotation for each image. That is, the pairwiserotations inferred from our rep-
resentation have the property that the aggregaterotation along any cycle in
the imageadjacencymap is the identit y. In this manner,our representation
avoids the possibility of \gaps" arising from inconsistent pairwiseestimates.

The approach followed is to optimize a global correlation function de-
�ned for adjacent imageswith respect to all orientations (represented as
quaternions). As a by-product, the algorithm computesa spherical mosaic,
a composite of all imagescorresponding to a singlenode.

5.1 Optimization

The algorithm minimizesa global error function:

E =
X

i;j are adjacent
E ij + E j i
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whereE ij is the SSDerror betweenluminancevaluesof imagesi and j :

E ij =
X

x i ;y i

(L i (x i ; yi ) � L j (P ij (x i ; yi ))) 2

and P ij maps coordinates of image i to those of image j . This correlation
function is computedonly for pairs of adjacent imagesin the sphericaltiling,
and only for pixels of image i that map to a valid pixel of image j . Even
though the SSDerror function could be minimized by forcing all imagesto
becomenon-overlapping, in practice this doesnot happen, for two reasons.
First, the initial estimatesare su�cien tly good that gradient descent moves
toward the true optimum. Second,there is not enough\ro om" on the sphere
for so many rigid quadranglesto becomenon-overlapping. In practice, our
algorithm convergesto a value closeto the initial estimates,with signi�cant
overlap betweenadjacent images.

As in the pairwise warp estimation, this function is minimized by com-
puting derivativeswith respect to each orientation and using LM nonlinear
optimization starting from the initial orientations. The various stepsin the
computation are described in detail below.

For a singleerror term for imagesi and j of the form:

e2
x;y = (L i (x; y) � L j (x00; y00))2
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x00= x0
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the derivativesare computedasfollows (using the rotation-matrix derivative
given in Section2.1):

@v 0

@q
= KR 0(

@R � 1

@q
)v

wherev = K � 1[x; y; 1]T . Then, the derivative of the term ex;y with respect
to the quaternion q is given by:

@x00

@q =
@x 0

@q � x00@z 0

@q

z0
@y00

@q =
@y 0

@q � y00@z 0

@q

z0
(12)
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@ex;y

@q
=

@L j

@x00

@x00

@q
+

@L j

@y00

@y00

@q
(13)

Equation 13 involvesimagederivatives @L j

@x00 and @L j

@y00; theseare approximated
using the following convolution matrices applied at (x00; y00) [Hor86]:
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� 2 0 2
� 1 0 1
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8
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1 2 1
0 0 0

� 1 � 2 � 1

3

7
5

8

The gradient term corresponding to the quaternion q i is computed by
accumulating over all terms that depend on q i :

G i =
X

x i ;y i

ex i ;y i

@ex i ;y i

@qi

The gradient is computed in the coordinates of imagei , with respect to the
quaternion qi associated with image i . Similarly, the Hessianterm corre-
sponding to two adjacent imagesi and j is:

H ij =
X

x i ;y i

@ex i ;y i

@qi
(
@ex i ;y i

@qj
)T

The Hessianis computed in the coordinates of image i , with respect to the
quaternions associated with imagesi and j , respectively. For a spherical
tiling consistingof n images,the n valuesof G i and the n2 valuesof H ij are
concatenatedto yield the global 1 � 4n gradient G and the global 4n � 4n
HessianH , respectively.

In an unconstrained optimization, the increments would be computed
as � H � 1G. Applying these increments directly to the q i , however, would
producenon-unit quaternionswhich do not correspond to pure rotations. To
constrainthe updatedquaternionsto beunit vectors,weenforcethe following
additional constraints on the increments � q i :

8i : qi � � qi = 0

Applying these � qi moves the qi tangentially to the unit four-sphere. Us-
ing Lagrange multipliers � i to enforce these constraints, the equation for
computing the increments becomes:

"
H Q
QT 0

# "
� Q
�

#

= �

"
G
0

#

(14)
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where
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The optimization proceedsby solving Equation 14 for � Q and � (both
of dimension1 � 4n), then normalizing q i :

q0
i =

qi + � qi

kqi + � qi k

To avoid matrix inversion,which is ill-conditioned whenH is nearly singular,
i.e. when the error surfaceis nearly 
at along one or more dimensions,we
usethe SVD and pseudo-inverseinstead[PTVF92]. Convergenceis detected
whenthe valueof the objective function changesby lessthan somethreshold
(e.g., 0.1%) over one iteration.

5.2 In ternal Camera Parameters

In addition to estimating orientations, the algorithm also performs an opti-
mization on the internal cameraparameters. Even though the camerawas
calibrated o�ine, in practice, there could be small variations while actually
collecting images.Thesevariations would result in incorrect warps between
adjacent images,yielding misalignment artifacts similar to thosearising from
errors in rotation measurements.

The overall optimization alternatesbetweena step that updatesall rota-
tions, and a step that updatesinternal parameters.The new parametersare
computedusing derivativesof v 0 in Equation 11 with respect to the camera
focal length f and imageprincipal point (cx ; cy):
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The derivative with respect to cy is similarly determined. Theseare usedto
generatederivativesof the error term ex;y as in Equations 12 and 13.

18



5.2.1 Relativ e Imp ortance of Camera Parameters

Are all the internal parametersequally important for this optimization? The
following simpli�ed analysis shows that determining the focal length accu-
rately is moreimportant than determining the coordinatesof the imageprin-
cipal point. This result is also con�rmed empirically in Section6. This en-
ablesthe simpler calibration technique of Tsai [Tsa87](which assumesthat
the imagecenter is the sameas the principal point) to be usedinstead of a
more complextechnique (e.g., [LT87]).

cx cx
x

x'

f f

a
q

Image 1

Image 2

Figure 7: Rotation and cameraparametersin 2-D.

Figure 7 showstwo 1-D imagesrotated formedby rotating a \line" camera
by an angle� . In this �gure, the transformation betweenpixel x (with o�set
angle� from the center) in image2 to pixel x0 in image1 is given by:

x0 = cx + f tan(� + � ) = cx + f
tan � + tan �

1 � tan � tan �

For small anglesof rotation and small �elds of view, tan � tan � � 1. Thus:

x0 � cx + f tan � + f tan � = cx + f tan � + x � cx = f tan � + x

To �rst order, the mapping is insensitive to the principal point. Thus the
imagecenter can be usedas an initial value for optimization.

5.3 Implemen tation

Our implementation contains several elements that improve its performance
in practice. In this section,we brie
y describe them: 1) the useof both low-
and high-pass�ltering; 2) a modi�cation to account for texturelessimages;
and 3) e�cien t computation of the correlation and derivative terms required
for the optimization.
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Band-P ass Filtering

Figure 8: An imageand its �ltered values.

Straightforward implementation of our algorithm will fail where there
are large texturelessregions. High-pass�ltering alone introducesmany dis-
continuities into previously smooth imageregions,corrupting the derivative
computations and preventing convergence.Thus our implementation �lters
the imagesto remove textureless regions, while simultaneously preserving
smoothness. We generate\band-pass" luminance valuesby convolving im-
ageluminancevalueswith the derivative of a Gaussian(of 5 pixel radius).

We maintain all imagesat several resolutions,and optimize each resolu-
tion to completion before processingthe next higher resolution image set.
Each optimization phaseis initialized with the rotation estimatesproduced
by the previousphase. In practice, the chosen�lter radius is comparableto
the error in the initial rotation estimates,which come either from our ac-
quisition instrumentation or from the previous (lower-resolution) optimiza-
tion phase. (An alternative strategy might use the entire image pyramid
simultaneously, with a �lter radius proportional to the corresponding image
resolution.)

Our implementation actually optimizes twice for each resolution, each
time until convergence:�rst, on the �ltered luminancevalues(seeFigure 8),
and secondon the original luminancevalues. The �rst stageproducesgood
estimatesof rotation, which areusedasinitial estimatesfor the secondstage,
making it converge reliably. Note that the secondphase is necessaryfor
two reasons. First, since the �ltered valuesare not invariant under planar
projective transformation, the secondoptimization phasemust usethe orig-
inal image values to avoid geometric bias when computing the correlation
scores. Second,the secondphase incorporates a correlation term, arising
from matching of the texturelessregions,which was suppressedin the �rst
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phase. Section6 demonstratesthat useof band-passvaluesresults in both
faster convergenceand increasedavoidanceof falseminima.

Textureless Images

Several imagesin our data lack su�cien t texture to determine their orien-
tation accurately (e.g., those corresponding to camerasoriented toward the
sky). As the optimization is global, such texturelessimagesmay \corrupt"
the orientation estimatesof other images.We avoid this problem by exclud-
ing from the optimization any imageswith less than a threshold fraction
(80%) of textured pixels. For these images, the initial rotation estimates
su�ce for incorporation into subsequent processing.

Correlation and Deriv ativ e Terms

The dominant computational costsin our optimization arisefrom traversing
(and mapping) pixels in each image, and accumulating global derivatives.
Our implementation mitigates thesecostswith several techniques. First, only
pixels that actually map to a valid pixel in the adjacent imageare traversed.
This is achieved by computing a boundary for the overlap region from the
warp, and traversingpixels only inside the boundary. Second,warped image
coordinatesand their derivativesare computed incrementally as each image
is traversed.

6 Mosaicing Results

This section presents both quantitativ e and qualitativ e results obtained on
the datasetusing the sphericaloptimization technique. Section6.1 explores,
usingpairsof images,the sensitivity of the techniqueto initial valuessupplied
to the optimization procedure. Section6.2 presents results for full nodesin
the form of sphericalmosaicsproducedby the algorithm.

6.1 Image Pairs

In these experiments, optimal calibration parametersand the rotation be-
tween two imageswere obtained by optimizing initial values provided by
cameracalibration and physical instrumentation. Then, each of these pa-
rameters was perturbed by someamount and the optimization was rerun.
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The metric used to measurethe sensitivity is the number of iterations re-
quired to convergeto the optimal (unperturbed) values. Optimizations that
convergedto a di�erent minimum werenot considered.The resultstabulated
below are for data obtained from two di�erent adjacent image pairs in our
dataset.
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Figure 9: Convergencefor di�erent rotation errors.

Figure 9 shows results obtained by perturbing the rotation angle (about
the rotation axis) by a few degrees. Note that the optimization converges
within a few iterations if the perturbation is on the order of a degree(the
optimization fails to convergefor larger angleswith imagepair B). In addi-
tion, using band-passimagesreducesthe number of iterations required for
convergence.

Figure 10 shows results obtained by perturbing the focal length. The
perturbation is expressedin terms of the fraction of the correct value. Note
that the algorithm is robust up to a few percent of error in the focal length.
However, it fails to convergefor larger errors; fairly good cameracalibration
is thus required to provide initial focal length estimates. Note that a focal
length estimatecanalsobeprovided by enforcingthe 2� constraint [McM97].

Figure 11showsconvergencebehavior under perturbation of the principal
point (only results for cx are shown here). The optimization is quite robust,
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Figure 10: Convergencefor di�erent focal length errors.

converging to the optimal values even with initial errors of ten or twenty
percent. This con�rms the validit y of the simple theoretical model in Sec-
tion 5.2.1. Also, note that the convergencebehavior neednot be symmetric
betweenpositive and negative errors: imagesare asymmetric in general,and
shifts in the transformation by a few pixels to the \righ t" can yield very
di�erent results than shifts to the \left".

6.2 No de Optimization

Figure 12 shows convergencerates for imagesfrom two nodes. The graph
plots total pixel luminance SSD error acrossall images in a node as the
optimization proceeds. Note that the error decreasesfaster away from the
optimum; this is consistent with the quadratic convergencerates guaranteed
by LM optimization near the minimum [Sca85].Also, due to slight errors in
imageformation and useof discretesamplingto estimate the error function,
the optimization convergesto a non-zerovalue. Despite this, the mosaics
generatedusing the optimal valuesdo not exhibit any visible misalignment
artifacts (seebelow), providing evidencethat the imagesare registeredaccu-
rately with respect to each other.
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Figure 11: Convergencerates under perturbation of the principal point.

In a batch process,the algorithm successfullyprocessedall (closeto four
thousand) input images2 from eighty-onenodes,requiring about twenty min-
utes of processingper node for 381� 253pixel imagesand about two hours
of processingper node for 762� 506pixel images(both on a 150MHzR10000
SGI O2 workstation). Internal cameraparametersconvergedto valuesthat
di�ered by lessthan onepercent acrossall nodes3.

The relative rotations and cameraparameterscan be used to blend all
node imagesinto a singleseamlessimage,without \blurring" or \ghosting"
artifacts. Each pixel is blended with a weight inversely proportional to its
distancefrom the imagecenter. Two mosaicsresulting from this procedure
are shown in Figure 13.

To illustrate the advantage of global optimization, we modi�ed the opti-
mization to usepair-wisecorrelation on an adjacencytree, i.e., an adjacency
map containing no cycles. (This is a generalizationof omitting the correla-
tion term betweenimagen � 1 and image0 in a cylindrical panoramaof n
images.)The resulting mosaichasseveral evident defects(Figure 14).

2A few input imageswere unusabledue to sun 
are and/or CCD oversaturation.
3For 762� 506 images,focal length f = 1015pixels; principal point cx ; cy = 397; 261.
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6.3 Mosaic Represen tations

We usethree alternative visual representations for mosaicsin practice. Each
resamplesthe sourceimageryonto a three-dimensionalshape for purposesof
direct display, texture mapping, etc. The �rst representation is the familiar
sphere. The secondrepresentation (Figure 13) projects the sphereonto a
cylindrical surfaceby projecting each point (�; � ) on the sphereto (�; sin� ).
This cylinder is then unrolled onto a plane for display. This projection pre-
serves area on the sphere[Pae90], so exhibits lessdistortion than the more
commonly used (�; � ) projection. However, it does distort straight edges
from the sourceimagesinto curvesin the projected image.

Our third representation, the cubical environment map usedin computer
graphics(Figure 15) amelioratesthis problem. Here, the mosaicconsistsof
six imagescorresponding to each face of the cube. The drawback of this
representation, of course,is that edgesspanningtwo cube facesare discon-
tinuous. However, sincemost edgesare small relative to the 90� �eld-of-view
provided by each cube face,this is not a problem in practice.
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Figure 13: Two typical mosaics,shown as spheresand cylinders.

7 Conclusion

We described two methods to recover relative rotations and internal camera
parametersfor the setof imagesacquiredfrom a commonoptical center. The
�rst is a closed-formsolution usingeigen-vectorsof 8-parameterwarps. This
method is theoretically elegant, but yields quantitativ ely inaccurateresults.
The secondmethod solvesthis problem by computing rotations and internal
parametersdirectly from image-spacecorrelation usinga global optimization
technique. The results,demonstratedfor over eighty nodes,demonstratethat
this method accurately recovers relative rotations about a commonoptical
center.

There are several bene�ts in performing the spherical mosaicing opti-
mization. First, it provides robust automatic estimation of internal camera
parametersasa by-product. Second,it producesan imagewith an e�ectively
super-hemispherical�eld of view, eliminating the ambiguity betweencamera
translation and camerarotation found in narrow �eld-of-view images. This
imagecanbeof any desirede�ective resolution,subject to the choiceof optics
and number of raw imagesthat are composited. Third, sphericalmosaicing
allows the resulting mosaicto be treated as a rigid, composite image. Thus
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Figure 14: This mosaic,computedwith pair-wiseoptimization over an adja-
cencytree, exhibits numerousdefects.The mosaiccomputedby our method,
using the sameimagedata, is shown at the bottom of Figure 13.

Figure 15: Four facesof a cubical projection for two nodes.
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it reduces,by a factor linear in the number of imagesper node (here, about
�ft y), the number of degreesof freedom when determining global position
and orientation by subsequent optimization.

Ac kno wledgmen ts

Wearegrateful to the anonymousreviewersfor their suggestions,and to Neel
Master for his help in preparing the �gures.

References
[ATar] Matthew Antone and Seth Teller. Automatic recovery of relative cam-

era rotations for urban scenes.In CVPR, 2000(to appear).

[ATon] Matthew Antone and Seth Teller. Automatic recovery of relative cam-
era translations in urban scenes. In Workshop on 3D Structure from
Multiple Images, 2000(in submission).

[CMT98] Satyan Coorg, Neel Master, and Seth Teller. Acquisition of a large
pose-mosaicdataset. In CVPR '98, pages872{878, 1998.

[Coo98] Satyan Coorg. PoseImagery and Automated Three-Dimensional Mod-
eling of Urban Environments. PhD thesis, MIT, 1998.

[CT99] Satyan Coorg and Seth Teller. Extracting textured vertical facades
from controlled close-rangeimagery. In Proceedings CVPR '99, pages
625{632, June 1999.

[Fau93] Olivier Faugeras. Three-Dimensional Computer Vision. MIT Press,
1993.

[Har97] Richard Hartley. Self-calibration of stationary cameras.IJCV , 22(1):5{
23, 1997.

[Hec89] Paul Heckbert. Fundamentals of texture mapping and image warping.
Technical Report UCB/CSD 89/516, CS Division, UC Berkeley, 1989.

[Hor86] Berthold Klaus Paul Horn. Robot Vision. MIT Press,Cambridge, MA,
1986.

28



[Hor87] Berthold K. P. Horn. Closed-formsolution of absoluteorientation using
unit quaternions. Journal of the Optical Society of America A, 4(4),
April 1987.

[Hor91] Berthold K. P. Horn. Relative orientation revisited. Journal of the
Optical Society of America A, 8(10):1630{1638,October 1991.

[HS98] S. Hsu and H. Sawhney. In
uence of global constraints and lensdistor-
tion on poseand appearancerecovery from a purely rotating camera.
In Workshop on Applications of Computer Vision, pages154{159, Oc-
tober 1998.

[LT87] R. Lenz and R. Tsai. Techniques for calibration of the scalefactor and
image center for high accuracy3D machine vision metrology. In Proc.
IEEE International Conf. on Robotics and Automation, 1987.

[MB95] Leonard McMillan and Gary Bishop. Plenoptic modeling: An image-
basedrendering system. In SIGGRAPH '95 Conference Proceedings,
pages39{46, August 1995.

[McM97] Leonard McMillan. An Image-Based Approach to Three-Dimensional
Computer Graphics. PhD thesis, Dept. of Computer Science,Univ. of
North Carolina (Chapel Hill), 1997.

[Pae90] Alan Paeth. Digital cartography for computer graphics. In Andrew
Glassner, editor, Graphics Gems, pages 307{320. AP Professional,
1990.

[PTVF92] William H. Press, Saul A. Teukolsky, William T. Vetterling, and
Brian P. Flannery. Numerical Recipes in C: The Art of Scienti�c Com-
puting (2nd ed.). Cambridge University Press,Cambridge, 1992.

[Sca85] L.E. Scales.Intr oduction to Non-Linear Optimization. Springer-Verlag,
1985.

[SHK98] H. Sawhney, S. Hsu, and R. Kumar. Robust video mosaicing through
topology inferenceand local to global alignment. In European Confer-
ence on Computer Vision, pages103{119, 1998.

[SK99] H.S. Sawhney and R. Kumar. True multi-image alignment and its appli-
cation to mosaicingand lens distortion correction. IEEE Transactions
on Pattern Analysis and Machine Intel ligence, 21(3):235{243, March
1999.

29



[SS97] Richard Szeliski and Harry Shum. Creating full-view panoramic mo-
saicsand texture-mapped 3D models. In SIGGRAPH '97 Conference
Proceedings, pages251{258, August 1997.

[SS98] H.-Y. Shum and R. Szeliski. Construction and re�nement of panoramic
mosaicswith global and local alignment. In Proceedings of Sixth ICCV ,
pages953{958, January 1998.

[Ste95] G.P. Stein. Accurate internal camera calibration using rotation, with
analysis of sourcesof error. In ICCV95, pages230{236, 1995.

[Str88] G. Strang. Linear algebra and its applications. Harcourt Brace Jo-
vanovich, 1988.

[Sze96] Richard Szeliski. Video mosaicsfor virtual environments. IEEE Com-
puter Graphics and Applications, 16(2):22{30, March 1996.

[Tel97] Seth Teller. Automatic acquisition of hierarchical, textured 3D geo-
metric models of urban environments: Project plan. In Proceedings of
the Image Understanding Workshop, 1997.

[Tsa87] R. Tsai. A versatile cameracalibration technique for high accuracy3D
machine vision metrology using o�-the-shelf TV camerasand lenses.
IEEE Journal of Robotics and Automation, RA-3(4), August 1987.

[WI95] M. Wheelerand K. Ikeuchi. Iterativ eestimation of rotation and transla-
tion using the quaternion. Technical Report CMU-CS-95-215,Carnegie
Mellon University, 1995.

[ZFD97] I. Zoghiami, O.P. Faugeras,and R. Deriche. Using geometric corners
to build a 2D mosaicfrom a set of images.In CVPR97, pages420{425,
1997.

30


