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Abstract
The most expensivegeometricoperationin image synthesisis
visibility determination. Classically this is solved with hidden
surfaceremovalalgorithmsthat renderonly thepartsof thescene
visible from a point. Global illumination calculations,however,
may require information betweenany two points in the scene.
This paperdescribesglobal visibility algorithmsthat preprocess
polygon databasesin order to acceleratevisibility determination
during illumination calculations.Thesealgorithmsaresensitiveto
the outputcomplexityin visibility space;that is, how manypairs
of objectsare mutually visible. Furthermore,the algorithmsare
incrementalso that they work well with progressiverefinement
and hierarchicalmethodsof image synthesis. The algorithms
are conservative,but exact; that is, when they return visibility
predicatestheycanbeprovedtrue.Howeversometimestheydonot
returneithertotally visibleor totally invisible,butpartiallyvisible,
eventhoughin thesamesituationa betteralgorithmmight return
the exactanswer. In this paperwe describethe algorithmsand
their implementation,andshowthat, in a scenewith low average
visual complexity, they candramaticallyaccelerateconventional
radiosityprograms.
CR Categories and Subject Descriptors: I.3.5 [Computa-
tional Geometryand Object Modeling]: GeometricAlgorithms,
Languages,and Systems; I.3.7 [Computer Graphics]: Three-
DimensionalGraphics and Realism � Radiosity; J.2 [Physical
SciencesandEngineering]:Engineering.
Additional Key Words: Hiddensurfaceremoval,visibility space,
radiosity,globalillumination,algorithmictriage.

1 Introduction
In the early daysof imagesynthesisa centralgeometricproblem
was hidden surfaceremoval. With the advent of � -buffering,
modernworkstationscandisplaypicturesof 3D scenescontaining
millionsof polygonsin real-time.However,suchworkstationshave
limited shadingcapabilitiesbecausetheymaketheassumptionthat
all light sourcesilluminate every object. One major thrust of
current researchin image synthesisis to removethis restriction
sothattheshadingcorrectlyaccountsfor theillumination incident
on every object. To do this every surfaceelementmust assess
whatlight sources,or moregenerally,whatsurfacesreflectinglight
towardsit, arevisible to it. This typeof illumination calculationis
termedglobal, in contrastto local, becausethe entirescenemust
be analyzedto determineif there are any occludersinterfering
with thetransferof light betweenobjects.Collatingsuchvisibility
information is more difficult than determiningmerely what is
visible from a single vantagepoint, as is donein hiddensurface
removal. For example,the fastestalgorithm currentlyknown for
computinga completedescriptionof the interocclusiondue to a
polyhedralobjectof � verticescantake
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time[9].
Thispaperdescribesglobalvisibility algorithmsthatanalyzethe

entirevisibility space,andareapplicableto arangeof illumination
problems.Here,weapplythemtoahierarchicalradiosityalgorithm.
We haveimplementedseveralpracticalalgorithms,andshowthat
theyallow efficientglobalvisibility calculationsfor scenesof low
visualcomplexity.Thealgorithmsarebasedon threesimpleideas:

Visibility preprocessing. To computewhat is visible from all
pointson thesurfacesof the objectsbeingshaded,we preprocess
the sceneto speedfuture visibility tests. For the purposesof
globalilluminationwe needonly considerall pairwiseinteractions
betweenobjects. Preprocessingremovestotally invisible pairs
fromconsideration,andaccelerateslaterqueriesregardingvisibility
betweenpointson partially visiblepairs.

Incremental visibility maintenance.Themostefficient global
illumination algorithmsoperateiterativelybasedon error criteria.
Examplesarehierarchicalradiosity,wheresurfacesaresubdivided
with respectto eachother accordingto potential light transfers
betweenthem [11], and progressiverefinementmethodswhere
light is transferredamongsurfacesin orderof brightness[5]. Thus,
the visibility algorithmsshouldbe lazy and sensitiveto required
precision.Theyshouldalsoallow refinementso thatmoreprecise
determinationscanbemadeasneeded.

Conservativetriage. Both thepreprocessingandmaintenance
methodsuseconservativetriageto avoid the combinatorialcom-
plexity of exactvisibility determination.Weclassifyvisibility into
threecategories:totally 
���
�
���
������ , totally 
�
���
������ , and �������

�


���� (partially visible). The classificationis conservativein that
all interactionsclassifiedas 
���
�
���
������ or 
�
���
������ arecorrect;
however,it is acceptablefor theclassificationto return �����

�
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when the correct result is either 
�
���
�� �!� or 
���
�
���
������ . This
allows us to foregocomplexanalysisor ``punt'' if suchanalysis
will take too long to determinethe exactanswer.Of course,for
thisto work weneedeitheranothervisibility algorithmto complete
theanalysis,or we mustexpectthesituationto simplify eventually
(e.g.,throughsubdivision).

The visibility algorithms presentedhere generalizeprevious
work on preprocessingenvironmentsfor interactivewalkthroughs.
In [24], an algorithm wasgiven to preprocessa 2D environment
of axial line segments,suchas floorplans. This wasextendedto
3D axial rectanglesin [22]. This papertreatsthe caseof convex
polygonsin generalposition.

Theglobalvisibility algorithmsdescribedherehavebeenimple-
mentedwith a global illumination systemthat computesradiosity
valuesfor polygonalscenes[11]. Thealgorithmmaintainsahierar-
chyof interactionsbetweensubdividedpolygonsatdifferentlevels
of detail. A key featureof the algorithm is that only
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interactionsareeverexamined(with % the numberof input poly-
gons,and � thenumberof elementscreatedby subdividingthose
polygons).The hierarchicalradiosityalgorithm,asoriginally de-
signed,usedpairwisevisibility informationbetweenpolygons.In
the original implementation,however,this visibility information
wasinexact. Visibility statuswasdeterminedbyshootingaconstant
numberof raysbetweentwo polygons. If all of the raysreached
from onepolygonto theother,thepolygonswereconsideredtotally
visible, whereasif noneof the rays reached,the polygonswere
consideredtotally invisible.Theconservativealgorithmsdescribed
in this paper,in contrast,areprovablymoreprecise.

2 Overview
We presentnovel algorithms that subdividespace,constructa
conservativevisibility graph over the polygons in a geometric
model,thenmaintainthecorrectnessof thegraphunderrecursive
subdivisionof the polygons. In the context of the hierarchical
radiositycomputation,thisconservativevisibility graphguarantees
that throughout the computation,all polygons that potentially
interact(e.g.,exchangeenergy)will be known. The construction
andmaintenanceof thegraphoccursin four stages.



1. Spatial Subdivision. The geometricmodelis first spatially
subdividedinto convex polyhedral cells, linked acrossshared
boundariesonly when someportal, or transparentregion, exists
on the boundary. For a large classof models,and particularly
for architecturalmodels,the subdivisionprovesa naturalway of
hierarchicallycapturingthegeometricandocclusivecharacteristics
of themodel.

2. Visibility Propagation. Eachcell of thespatialsubdivision
enclosessome portion of the geometricmodel. Clearly, only
whentwo cellsaremutuallyvisible cantheir contents(i.e., model
polygons)interact.Consequently,we hierarchicallyenumerateall
visibility betweenportionsof themodelby first establishinginter-
cell visibility, thenestablishinginter-polygonvisibility only where
cells are mutually visible. This is accomplishedby propagating
incrementalvisibility informationthroughthe cells of the spatial
subdivision;aseachcell ``sees'' into increasinglydistantcells,the
visibility graph is augmentedto recordany previouslyunknown
interactions. (Portal enumerationis simply the first and crudest
recordof visibility propagation.)

Visibility propagationprovablydiscoversall partially or totally
visible cell (polygon)pairs,at the costof occasionallymisclassi-
fying an invisible cell (polygon)pair asvisible. The alternative,
misclassificationof somemutuallyvisible interactionasinvisible,
is plainly unacceptable,sinceit may omit from considerationan
interactionlaterto proveimportant.

3. Blocker Detection. In anexactingillumination computation
suchasglobalillumination, it is notsufficientto determinesimply
that two polygonsarepartially visible; someestimationmustbe
made of the extent to which they are visible, as well as how
mucherror might be incurredby the estimation.Therefore,once
potential visibility betweena pair of polygonsis established,a
set of interfering polygonsor blockers is determinedthat may
occlude part of one polygon as seenfrom some point on the
other.This interferencecomputationis againconservative; a non-
interfering polygon may occasionallybe classifiedas a blocker,
but a blocker will never be classified as non-interfering. In
the visibility graph,blocker lists augmentexisting links between
mutuallyvisible polygons;total visibility is establishedwhenever
theblockerlist is empty.Perhapssurprisingly,we showthatthese
conservativeoverestimatedblockerlists aregenerallysmallerthan
thosemaintainedby existingalgorithms.

4. Blocker Maintenance. In a hierarchicalradiosityalgorithm,
polygons(patches, in radiosityparlance)areallowedto exchange
radiantenergyonly whenthe interactionsatisfiessomespecified
globalerrorbound[11]. Otherwise,thepatchesaresubdivided,and
interactionis recommencedamongthechildpatches.It is naturalto
considerhow the conservativevisibility graphamongthepatches
can be incrementallymaintainedunder subdivision. Eachchild
patchmaybepartiallyor totally visible,or completelyinvisible,to
itschildcounterpartsontheotherpolygon.Weshowhow,giventhe
parentinteraction,conservativeblockerlists for thechildrencanbe
determinedincrementally.Wepresentanovelblockermaintenance
techniqueinvolving linespace, a five-dimensionalrepresentation
of 3D lines(i.e., light rays).

The algorithms we presentare of interest in severalways.
First, they comprisea practical treatmentof visibility issuesfor
unrestricted(i.e., non-axial) three-dimensionalenvironments,in
contrastto previouswork [1, 8, 24]. Second,the conservative
visibility descriptionwe compute� identificationof all mutually
visible pairs, and the blocker set for eachpair � is a natural,
output-sensitiveway of characterizingvisibility amongpolygons
or moregeneralobjects,for anyalgorithmsthatrequireinformation
about occlusionand/or illumination. Finally, we show that the
useof thesealgorithmsdramaticallyimprovesthe time andspace
efficiencyof anexistingradiositycomputation[11].

3 Spatial Subdivision
The geometricmodel is specifiedasa set � of convexpolygons
(Figure1).Thespaceembeddingthegeometricmodelissubdivided
into convex polyhedral cells, typically separatedby polygons
(Figure 2). The constructionis basedon BSP trees[7], but the
visibility algorithmswe subsequentlypresentareprovablycorrect

for anyspatialsubdivisionsatisfyinga few geometriccriteria[22].

Figure 1: A geometricmodelcomprisedof polygons.

First,a polyhedralroot volumeis constructedastheconvexhull
of � . While polygonsof sufficient sizearepresent,a polygonis
chosenwhosesupportplane is to partition the remainderof the
set. The choiceis madeusinga simpleheuristicthat determines
thepolygonwhosecross-sectionin thecurrentcell is largest,when
expressedas a fraction of the cell's areal intersectionwith the
polygon's supportplane; if any polygonsseparatethe cell into
mutuallyinvisibleparts,onesuchpolygonis chosen.Thisheuristic
tendsto yield effectivesplittingtreesin practice.

Figure 2: Subdivisionof themodelinto cellsandportals.

Next, theportals, or transparentportions,of eachcell boundary
areexplicitly constructed.Sincecell boundariesareinducedon the
supportplanesof polygons,theseboundariesaretypically partially
or completelyobscured.Eachboundarystoresa list of coaffineand
incidentpolygons.Theportalsoneachboundarycompriseaconvex
decompositionof thesetdifferenceof the cell boundarywith the
unionof thesepolygons.Eachportalstoresidentifiersfor thecells
which it connects.Thespatialsubdivisionthereforecomprisesan
adjacencygraphoverthecells,sincetwo cellsareadjacentin this
graphiff theysharea boundarythat is notcompletelyopaque.

4 Visibility Propagation
Oncea conformingspatial subdivisionis built, visibility propa-
gationcommences.The propagationalgorithmoperatesin object
space,andperformsaconstrainedtraversalof theadjacencygraph
outwardfrom eachsourcecell. Whenevera cell is reachedby this
traversal,its associatedpolygonsareexaminedpairwisewith those
in thesourcefor mutualvisibility; unreachedentitiesaredefinitely
invisible from thesource.

A givencell canseeinto its neighborsonly throughportals,and
into moredistantcellsonly throughportal sequences; i.e.,ordered
lists of portalssuchthateachconsecutivepair of portalsleadinto
andout of thesamecell. The cell adjacencygraphis searchedby



determiningcells betweenwhich anunobstructedsightlineexists.
A sightline must be disjoint from any occludersand thus must
intersect,or stab, a portalin orderto passfrom onecell to thenext.
To establishinter-cell visibility, it is sufficient to find a stabbing
line througha particularportal sequence;sinceif somepoint in
theinterior of onecell canseea point in the interior of another,a
sightlinemustexistbetweentheboundariesof thesourcecell and
thereachedcell.

Thus, the problemof finding sightlinesbetweencell interiors
reducesto finding sightlinesthroughportalsequencesof increasing
length. Consequently,the primitive visibility operationin a con-
forming spatialsubdivisionis thedeterminationof a stabbingline,
givena portalsequence,or thedeterminationthatnosuchstabbing
line exists.Theportalsequencesaregeneratedincrementallyby a
depth-firstsearch(DFS)emanatingfrom aparticularcell boundary;
whena sequenceno longeradmitsa sightline,theactivebranchof
theDFSterminates.

4.1 Inter-Cell Visibility

Sightlinedeterminationis anexistencepredicate,in that it merely
establishesvisibility betweentwopointsondifferentcells.Suppose
two cellsaremutuallyvisible throughaportalsequence.In general,
only aportionof eachcell is visibleto theother,duetoocclusionby
opaquematerialabuttingtheedgesof interveningportals(Figures
3, 4). Wheneverinter-cellvisibility is established,mutuallyvisible
volumesare constructedfor the cell pair; thesevolumesand the
reachingportalsequencearethenusedto determineinter-polygon
visibility amongthecells' associatedpolygons.

Figure 3: Visibility propagationfrom a sourcecell � 1.

Figure 4: Visibility propagationfrom a sourcecell � 2.

The volumevisible to a polygon in the presenceof polygonal
occludersis, in general,boundedby quadraticsurfaces[18]. An
algorithm for computingthis volume was implementedand de-
scribedin [21], but is notyetsufficiently robustfor useoncomplex

models. Consequently,we havedevelopeda simpler algorithm
thatcomputesapolyhedralvolumeguaranteedto enclosetheexact
visible region. The algorithm is a straightforwardconstruction
that, usingseparatingtangentplanes,performsa kind of internal
pivoting over the edgesand verticesoccurring along the portal
sequence.Wetreatthealgorithmbriefly here;detailscanbefound
in [22].
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Figure 5: A pivotingstepon edge� , from � 1 to ��� .

Thealgorithmexploitsthefact thatfor eachportaledge,atmost
two separatingplanescancontributea faceto polyhedralbounds
on the illuminated volume (Figure 5), since at most one vertex
from eachhalfspaceof the associatedportal can spana relevant
planewith the edge. Considersomeedge � on a portal � 2, and
theportalsoccurringbefore � 2. Eachof theseportalshasat most
one extremalvertex that spansa separatingplanewith � (in the
figure, � 1 hasextremalvertex � 1 and � hasextremalvertex ��� ).
Togetherwith � , only oneof these(at most �3 ) extremalvertices
canspana planethatcontainsall theotherextremalverticesin the
samehalfspaceastheportal � 2. This singleplaneis theonly one
of the � candidateplanesthatcancontributefacesto theboundary
of theilluminatedvolume.Therefore,for any � portaledgesthere
areatmost2� boundaryplanes,eachof which canbeidentifiedin

� � �	�

time by pivoting over the verticesof the otherportals. The
total time to identify the 2� relevantplanesis therefore

����� 2 �

.
Moreover, the set of
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planescan be updatedincrementally
whenevera new portal is encountered,simply by updating the
existing halfspaceswith respectto the new portal vertices,and
introducingplanestight onthenewportaledges.The
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positive
halfspacesof theplanesareinspectedfor an intersectionwith the

� BSPhalfspacesboundingthereachedcell in time
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a linear programmingalgorithm[15, 19]. If no suchintersection
existsthenthereachedcell cannotbevisible to thesourcethrough
theactiveportalsequence.

4.2 Inter-Polygon Visibility

Whenevera cell is reachedby thegraphpropagation,anactiveset
of halfspacesboundsthevolumein the reachedcell visible to the
source.The orientationsof eachof thesehalfspacesare reversed
to boundthevolumeilluminatedby thereachedcell in thesource.
Only polygonsin theserespectivevolumescanbemutuallyvisible.
Eachincidentsourcepolygonis prefixedto thefront of theactive
portal sequence(Figure 6). The visible volume in the reached
cell due to the augmentedsequenceis then testedfor incidence
with theappropriatesubsetof polygonsstoredin thereachedcell.
(Thenotionof conservativeinter-polygonvisibility canbesimply
extendedto treatvisibility betweengeneralobjects[22].)

Figure6 depictsthis mechanismfor ananalogous2D situation,
in which ``polygons'' and``portals'' areline segments.A source
cell � (Figure 6-i) establishesinter-cell visibility to a cell � via
someportalsequence.Thepolygon � in � canhaveno interaction
with � 's interior, and it is not consideredfurther. Polygon 
 is
incidentontheinter-cellvisibility volume,andthereforepotentially
visible from somepoint in � . However,whentheportalsequence
is augmentedwith theconstraintsdueto � (Figure6-ii), polygon


 is foundto beinvisible from � . Finally, � is foundto intersect
� 's visibleregionin � , and� and � areestablishedtobemutually
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Figure 6: Establishingvisibility of 2D ``polygons'' � and � .

visible.
The convexityof spatialsubdivisioncells allows an important

optimization.Any two polygonsentirelyincidentontheboundaries
of the samecell canhaveblockersonly in the relativeinterior of
thatcell. Whenthecell interioris empty(asit typicallywill be),the
polygonscanbeimmediatelyclassifiedasentirelymutuallyvisible.
Thus,the spatialsubdivisionquickly identifiesmanyinstancesof
completemutualvisibility betweennearbypolygons.

Figures7 and8 depicttheoutputof theinter-polygonvisibility
computationin three dimensions,for two polygonsincident on
differentsourcecells. Display of thespatialsubdivisionhasbeen
suppressedfor clarity.

Figure 7: Visibility propagationfrom a polygonin cell � 1.

Figure 8: Visibility propagationfrom a polygonin cell � 2.

5 Blocker Detection
Whena pair � ��� ��� of polygonsis found to be mutually visible,
we recorda visibility interaction ��� ��� ��� , andproceedto identify
the blocker list ��� ��� ��� of the pair. One could simply compute
thesetof blockersasthosepolygonsincidenton a convexvolume
containing � and � (as in [10]). However, the visibility graph
andreachingportalsequencegenerallyyield abetter(i.e.,smaller)
blocker list. Denote the convex hull of all vertices of � and

� as �	�

��
�� ��� �
� . Clearly any blocker � must be incident on
���

��
�� ��� �
� to contributeto ��� ��� ��� . Moreover,observethatonly
polygonsvisibleto � alonga sequencereaching � , or to � along
a sequencereaching � needbeconsideredasblockersof � and � .
For, if somepolygon 
 is not visible to � , theneveryray leaving

� (includingthoseraysto anypointon � ) muststabsomepolygon
otherthan 
 beforestabbing
 .

The polygons � and � do not generallyseethe sameset of
blockers (Figures7 and 8). Therefore, ��� ��� ��� is augmented
whenevera searchfrom � ( � ) to � ( � ) discoversa previously
unknown blocker. Figure 9 depicts the result of the blocker
computation,whereall polygonsexcept � , � , and ��� ��� ��� have
beenremoved.Note that, of the polygonsfrom the largecentral
room, neitherthe largeblue interior wall panelsnor the thin blue
doorjambs(cf. Figure 1) are classifiedas blockers. Thus the
purelyspatial(shaft)cull producesablockerlist of size12or more,
whereasthe blockerdetectionalgorithmpresentedherecomputes
a list of 6 blockers.

Figure 9: Thefinal blockerlist of � and � .

Finally, the blocker criterion presentedaboveis conservative,
since ��� ��� ��� may includepolygonsthatarevisible to � or to �

butdonotaffectocclusionbetweenthem.Theexactdetermination
of the blocker list is computationallyinvolved; a polygon � is a
blockerof � and � only if somerayfrom � to � existswhoseonly
front-facingpolygonintersection,asidefrom that with � , is with

� . (Theasymmetryof thedefinition arisesfrom thefact that, in a
manifoldpolyhedralenvironmentof orientedpolygons,only front
facescanbevisible to front faces.)

6 Blocker Maintenance
Given a set of polygons � , the visibility preprocessingscheme
produces,for everypolygon��� � , asetof visiblepolygons��� ��� .
Foreachpolygon ������� ��� , theblockerlist ��� ��� �
� enumerates
all polygons ��� ����� ��� ��� that potentially impedevisibility
between� and � . ��� ��� ��� pointsonly to top-levelpatches;this
makessense,sinceblockersshouldbeaslargeaspossibleto cause
maximalocclusion.For eachinteraction��� ��� ��� , we storea tube
datastructure,which associatesaninteractingpatchpair,ablocker
list, the visibility status ��� ��� �
� of the interaction(i.e., 
�
���
������

or �����

�


���� ), andsomeadditionalgeometricinformationusedfor
incrementalvisibility tests.

In the hierarchicalradiosityalgorithm, when the energeticin-
teractionbetweentwo patchescannot be characterizedto within
the global error bound, one of the patchesof the interactionis
symmetricallysubdivided, andits childrenareallowedto interact
with the other patch [11]. Clearly, interactionsbetweeneither



patchandthechildrenof its counterpartarehighly coherent.The
tubedatastructureexploitsthis coherenceto performefficientand
accuratevisibility reclassificationaftersubdivision.

Eachchild interaction'sblocker list is necessarilya subsetof
theparent'sblockerlist; we wish to efficiently, andincrementally,
determinethe child tube's blockers. We say that a blocker �

impingeson ��� ��� ��� if it occludes � from � , and that � is
disjoint from ��� ��� �
� if � cannot causeocclusion. Whenevera
blockerlist is discoveredto beempty(i.e., to containno impinging
blockers),completevisibility betweenthe interactingpatcheswill
be established,and no further visibility computationsneed be
donefor anychildrenof this interaction.Conversely,wheneverthe
blockerlist isdiscoveredtobecompletelyoccluding,therecanbeno
energytransportbetween� and � , andtheinteractionis discarded
(alternatively,the culprit blocker(s)can be retainedas ``proof''
that the patchescannotinteract). Finally, whenneithercomplete
visibility nor completeocclusioncanbe quickly determined,the
statusof thechild interactionremainspartially visible.

6.1 Linespace
The tubestructureefficiently encodesthe setof all lines between

� and � , using a five-dimensionalline representationknown as
Plucker coordinates[20], or simply linespace. Lines in three
dimensionscorrespondto hyperplanesandpointsin linespace.Any
two 3D rays � and

�

canbeorientedby consideringtheir linespace
counterparts��� , a 5D hyperplane,and ��� , a 5D point (detailsof
themappingcanbefoundin [21]).

side(a, b) < 0 side(a, b) = 0 side(a, b) > 0

a a a

b b b
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The signeddistanceof ��� from ��� determinesthe sensein
which the lines ``go around'' eachother in 3D; if ��� lies on ���

the lines � and
�

arecoplanar.This ``sidedness''propertycanbe
usedto representthe set of lines througha collectionof convex
polygons. In practice,thereis one caveatto using the linespace
representation[23]. The only portion of linespacecorresponding
to 3D lines with real coefficientsarethoselinespacepointslying
on a 4D manifold known as the Pluckerquadric [20]; all other
linespacepointscorrespondto 3D lineswith complexcoefficients.
Fortunately,thealgorithmsusedin this paperneedneverconsider
the Plucker quadric, since they manipulateonly lines known a
priori to haverealcoefficients.

Considertwo convexpolygons � and � , comprisedof setsof
orientededges�
	 and ��	 , respectively.Forthereto existsomeline

�

thatstabstheinteriorsof � and � , �

� mustlie in theappropriate
signedhalfspaces�

	
of thehyperplanes�
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Thus, the set of all lines through � and � correspondsto the
interior of a five-dimensionalconvexpolytope �

	���	

[21]. Rather
thanattemptto computethis polytopedirectly,we canmanipulate
theverticesof its intersectionwith thePluckerquadric,which are
comparativelyeasyto generate.Eachsuchvertexcorrespondsto

a collection of four supportlines from � and � , sincefour 5D
hyperplanesmust intersectwith the Plucker quadric to generate
eachsuchvertex.Theseverticesmustcorrespondto stabbinglines
tight on four edgesof � and � in 3D; i.e., linesthrougha vertexof

� anda vertexof � (notethattheselinesnecessarilyhavereal3D
coefficients).In our implementation,thereareatmostsixteensuch
lines,sinceall patchesarequadrilaterals.

Thereareseveraladvantagesto performingblockeranalysisin
linespace.Thedatastructurefor a singleblockeris constantsize,
andfor asinglepatchinteractionis linearin thenumberof blockers.
The linespaceanalysisobviatescomplicated3D topologicaland
numerical computations. The only operationsrequired by the
linespacerepresentationaremappingfrom 3D lines to 5D points
andhyperplanes,andcomputinginnerproductsbetweenpointsand
hyperplanes.

6.2 Incremental Blocker Maintenance

The tube data structure,and incrementalvisibility maintenance,
cannowbefully described.Supposepatch � is subdividedagainst
patch � into child elements
�� ����� � . The tubefor � andeach


���� 
�� �
� stores � , 
�� , and a constantnumberof linespace
points ��� ��� �
� whoseconvexhull ������� ����� ��� ��� � includesthe
setof all linesthrough� and 
�� . Finally, eachblockerin ��� ��� �
�

is reclassifiedwith respectto thechild tubeto produce��� ��� 
�� � ,
and the visibility status ��� ��� 


�
� of eachinteraction ��� ��� 


�
�

is determined. As before, many instancesof total invisibility,
partialvisibility, andtotal visibility arediscoveredquickly. Other
situationsareconsideredtoo complexto analyzecompletely,and
we``punt'' andclassifytheinteractionaspartiallyvisible (perhaps
causingfurthersubdivision[11]).

B
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Figure 10: Performing3D triagein 5D linespace.

Consideran interaction � ��� �
� anda singlepotentialblocker �

(Figure 10). We wish to determine,without extensiveanalysis,
whetherall, none,or someof the lines through � and � stabthe
blocker � . Respectively,this is equivalentto determiningwhether
conv����� ��� �
� � lies entirely inside, is disjoint from, or hassome
intersectionwith �

	�� 	

�"!��

, the set of lines through the blocker
(Figure11).Weexploit thefact that,in linespace,bothsetsof lines
areconvex.

The points in ��� ��� ��� are first classifiedwith respectto the
blocker hyperplanes�

	
� ��� . If all of the points lie inside the

��	 � � � , then ���#��������� ��� �
� �$�%�

	���	

�&!��

, by convexity. � is
thereforecompletelyoccluding and ��� ��� �
� is 
���
�
���
�� �!� . If
someof thepointslie insidethe �'	 � ��� , andsomelie outside,some
lines through � and � stab � , and ��� ��� �
� is �����

�


���� . If all
of thepointslie outsidesomesingle �

	
� � � , ��� ��� �
� is 
�
���
�� �!� .

Finally, thecomplexcaseoccurswhenall of thepointslie outside
all of the �

	
� � � . This doesnot guaranteetotal visibility, since

���#��������� ��� �
� � may still havesomeintersectionwith �

	
�

	

�&!��

(this caseis labeled ��(��

� in Figures10 and 11); accordingly,
��� ��� ��� is classifiedas �����

�


���� .
The logic for multiple blockersis straightforward;any single

blockercancause��� ��� �
� to be 
���
�
���
�� �!� , butall blockersmust
be disjoint in order for ��� ��� ��� to be 
�
���
�� �!� . Otherwise,any
impingingblockercauses��� ��� �
� to become�����

�


���� .

6.3 Evolution

Figure12 depictsan exampleof blockerlist evolutionandincre-
mentalreclassificationof child interactions.Whitelinesconnecting
quadrilateralcentroidsrepresent
�
���
�� �!� interactions;greenlines
represent�����

�


���� interactions,andred lines representthe tube




���
�
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�� �!� �����
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�
���
������ ��(��

�

Figure 11: Thefour possibleoutcomesof a blockerclassification.

betweentwo interactingpolygons. ( 
���
�
���
�� �!� interactionsare
notshown.)In Figure12-i, two redpolygonsinteractvia a blocker
list containingthe orangepolygon. In Figure12-ii, the large red
polygon is subdividedinto quadrants,and its child interactions
with the small red polygonareshown. Oneof theseinteractions
is 
���
�
���
������ . The other threeare �����

�


���� ; the tube for one
of themis shown. Finally, in Figure12-iii, the child polygon is
subdivided;threeof its childrenbecome
�
���
������ to the polygon
at right, butone(shown)remains�����

�


���� .

(i) Parentinteraction. (ii) �����

�


���� interaction.

(iii) 
�
���
������ interaction.

Figure 12: Reclassificationof child interactionsaftersubdivision.

The linespacealgorithmsguaranteeconservativevisibility, in
thatblockersareonly discardedfrom interactionsif theyaredefi-
nitely knownto bedisjoint.Existingalgorithmsusepoint-sampling
[2, 6, 11, 16] or point-to-areavisibility [3, 4] techniquesand
thereforedo not guaranteecorrectinter-areavisibility determina-
tion. In contrast,we establishexactvisibility informationwhere
possible,andadaptivelysubdivideuntil theuncertaintyof visibility
estimationin theremainingcasesis sosmallasto beunimportant.

The linespaceblocker maintenancealgorithmsare simpleand
fast,althoughtheysometimesoverestimateocclusionbyclassifying
disjoint blockersas impinging, andmay not identify 
���
�
���
������

interactionsas early as might a more sophisticatedalgorithm.
Establishmentof improved algorithmsfor the determinationof

inter-polygonvisibility in the presenceof multiple blockersis an
active areaof research[17, 21, 25]. An exact algorithm was
presentedin [21], but is not yet sufficiently robustfor application
here.

The work and storageexpendedfor the incrementalvisibility
maintenancealsoservestoacceleratethesamplingdonetoestablish
inter-patchenergytransfer (i.e., to estimateform factors). The
ray/blockermachineryis simplyappliedto randomsamplerays(as
usedin [11]). The costof eachray/blockertest is four 5D inner
products.

7 Results
7.1 Spatial Subdivision

Weimplementedthespatialsubdivision,propagation,interference,
and maintenancealgorithms described,and instrumentedtheir
executionfor thedatasetshownin Figure1. All executionwason
a lightly loaded50-MIP Silicon GraphicsVGX. The input model
comprised403patches.ConstructingtheBSPtreerequiredabout
thirty CPUseconds;theresultingtreecontained220leafcells.Each
cell had5.99boundaryfaces,and5.87patchescoaffinewith some
boundaryface,on average(thusthe spatialsubdivisionheuristics
producedfairly local partitioningbehavior). AnothersevenCPU
secondswereabsorbedby cell neighbor-findingandenumeration
of the525portalsbetweenleafcellsof thesubdivision.

7.2 Visibility Propagation

Computinginter-cell and inter-patchvisibility for the modelab-
sorbedfive CPU minutes. Of the 81003 � � 403 � 402�

�

2 patch
pairs in the model, 4,391, or 5.4%, were classifiedas mutually
visible. (Thuspreprocessingobviatednearly95%of thepotential
patch-patchinteractions).Of these4,391patchpairs,2,814(64.1%)
werepartiallyvisible,and1,577(35.9%)weretotally visible.Each
patchsaw,on average,22 otherpatches.

The inter-cell traversalsperformed10,128 stabbing tests of
portal sequences, or about 46 testsper cell. The inter-polygon
traversalsperformed16,055furtherincrementalstabbingtests,one
for eachsuccessfullyreachedcell andpotentiallyvisiblepatchpair.
Thus,about40testsperpatchwererequiredto establishinter-patch
visibility for all patches.The averagelengthof a testedinter-cell
portalsequencewasjust over5 portals.This is consistentwith our
experienceusinga ten-thousandpolygon,five-thousandcell axial
model,in which theaverageportalsequencelengthwaslessthan
ten [8, 22]. A histogramof observedportal sequencelengthsand
stabbingpercentagesis shownin Figure13.

portal sequence length
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Figure 13: Stabbingsuccessesandfailures,by sequencelength.

The inter-cell visibility determinationusesa depth-first-search
throughthecell adjacencygraph,applyinganincrementalstabbing
predicateand visible volume computationat each step. The
incrementaloperationexpendslineartime in thenumberof portals
currentlyin thesequence,assumingaconstantnumberof edgesper
portal,andsorequires

����� 2 �

time to staba sequenceof � portals.
In practice,this seemsnot to prohibit useof the algorithmson
realdatasets,sincemostportal sequencesareshort(lessthanten
portals),andthealgorithmicconstantsarethereforemoreimportant
thantheasymptoticcomplexitymeasure.
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���� links.
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�
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�� �!� links. Resulting�����
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���� links.

Secondrefinement. Resulting
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Figure 14: Refinementof theinputpatches(left), 
�
���
�� �!� links (middle),and �����

�


���� links (right).

7.3 Blocker Detection

Therewere5blockersbetweenpartiallyvisiblepatches,onaverage,
reachedthrough portal sequencesof averagelength five. The
subdivisionheuristicwaseffective;theBSPtreedidnotsufferfrom
excessivè`free-space''splitting, or regionsin which subdivision
planeswereinduceddueto far awaypolygons.

Thevisibility analysiscommunicatedits resultsto the radiosity
computationvia an � ����
�
 file. Eachfile linerecordedaninteraction

��� ��� �
� betweentwo polygons,thelengthof theassociatedblocker
list ��� ��� �
� , andtheblockersthemselves.A zero-lengthblockerlist
impliedtotalvisibility between� and � , i.e., ��� ��� �
� � 
�
���
������ ;
otherwisethevisibility statuswas �����

�


���� .

7.4 Blocker Maintenance

The model input to the radiosity computationis shown at the
upper left of Figure 14. The input patchesform the radiosity
program'sinitial mesh.The4,391initial 
�
���
������ and �����

�


����

links areshown,respectively,in white (middlecolumn)andgreen
(right column). Two iterationsof patch-patchrefinementwere
performed. The resultingmodel mesh, �����

�


���� and 
�
���
�� �!�

interactionsaredisplayedin thesecondandthird rowsof Figure14.
The numberof 
�
���
������ links drasticallyincreasesafter the first
iteration. Their increaseddensitynaturally indicatesunoccluded
regionsof themodel.Similarly, thegreen�����

�


���� links indicate
occlusion.
���
�
���
�� �!� links arenotshown,astheywerediscarded
by theradiosityprogramupondetection.

Usingtheresultsof thevisibility preprocessing,theinitial refine
tookonly 11seconds,performing145,846interactions.Thesecond
refinementstagerequired 50 seconds,and performed186,703

interactions.About90%of therefinedinteractionswere 
�
���
������ ,
thus requiring no samplingfor form-factor estimation. Table 1
chartstheevolutionof eachlink type,thenumberof elements,and
thenumberof interactionsat eachrefine.

V

P
V
P
I

V

P
V
P
I

V

P

4,391

1,577 (35.9%)

2,814 (64.1%)

170,440 (87.6%)
6,034 ( 3.1%)

16,889 ( 8.7%)
1,096 ( 0.6%)

176,474

16,889

218,420 (87.6%)
7,343 ( 2.9%)

1,339 ( 0.5%)
22,157 ( 8.9%)

194,459 249,259

225,763

22,157

193,363 247,920

Input Links Refine RefineLinks Links

403 patches 15,039 patches
4,391 interactions 145,846 interactions

17,347 patches
186,703 interactions

Table 1: Link evolutionby type,with patchandinteractioncounts.

Sincethe time complexityof the radiosityalgorithmis propor-
tional to the numberof interactions,the visibility preprocessing
significantly decreasedthe computationdoneby the radiosityal-
gorithm. Moreover, the modified radiosity algorithm was more
accurate,sinceno partially visible interactionsweremisseddueto
samplingerrors(asin [11]).

7.5 Blocker Visualization
All of the algorithmsdescribedin this paperwere implemented
using visualization tools that allowed interactive inspectionof
complexdatastructures.Figures15through17depicttheuseof this
tool to investigatesomeinteresting�����

�


���� interactions.Again,
thewhiteandgreenlinesegmentsrepresent 
�
���
������ and �����

�


����

interactions,respectively;for aparticularpartialinteractionin each
figure,thetubeisshown(in red),andtheblockersfor theinteraction



Figure 15: Thetubedatastructure(red,or-
ange)for anordinary �����

�


���� interaction.
Figure 16: Spatiallyincidentpolygonsthat
havenotbeenclassifiedasblockers.

Figure 17: A �����

�


���� interaction that
couldbeclassifiedas 
���
�
���
������ .

arehighlightedin orange.Figure15 depictsanordinary �����

�


����

interaction. Figure 16 depicts spatially incident polygons that
(correctly)havenot beenclassifiedasblockers.Figure17 depicts
a �����

�


���� interactionfor which no single blockeroccludesthe
sourceandreceiver;a moresophisticatedalgorithmcouldclassify
this interactionas 
���
�
���
�� �!� .
8 Summary and Conclusion
We have presentedseveralnovel algorithms that representan
effectiveapplicationof globalvisibility analysisto radiositycom-
putations,an importantproblem in image synthesis. Given the
complexity of both the visibility and radiosity approachesused,
it was surprisinglyeasyto couplethe two processes.We did so
usinganabstractionin which interactionsbetweenpolygonswere
maintainedalongwith all potentiallyblockingpolygons.Weargue
that,for aninterestingclassof largemodels,inter-polygonvisibil-
ity hasroughlyconstantcomplexitythroughoutthe interior of the
model.After constructionof aspatialsubdivisionfor themodel,the
visibility algorithmswe presentareoutputsensitive;they expend
work proportionalto theamountof inter-polygonvisibility present.

Noneof thevisibility algorithmsattemptto computeexactvis-
ibility information.However,theyachieveprecisionin a different
sense,byreportingall visibilitiesconservatively;potentiallyvisible
interactionsarealwaysreported.

Only blockerscanoccludea specifiedsourcefrom a specified
emitter. Thus, the blocker list formulation is applicableto the
problem of discontinuity meshingin the presenceof area light
sources[12,13,14,21],aswell astotheconstructionof an``oracle''
todecidewhich,if any,amongacollectionof discontinuitiesshould
bemesheduponearliest.

We showedthat thevisibility analysissignificantlyaccelerated
a radiositycomputationin a polygonalenvironment.Finally, we
demonstratedthesuccessfulapplicationof someelegantconcepts
suchaslinespaceandalgorithmictriageto theconcreteproblemof
constructionandincrementalmaintenanceof blockerlists.
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