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Abstract—In order to use a wrist-mounted sensor (such as a camera)
for a robot task, the position and orientation of the sensor with respect to
the robot wrist frame must be known. We can find the sensor mounting
position by moving the robot and observing the resulting motion of the
sensor. This yields a homogeneous transform equation of the form AX =
XB, where A is the change in the robot wrist position, 3 is the resulting
sensor displacement, and X is the sensor position relative to the robot
wrist. The solution to an equation of this form has one degree of
rotational freedom and one degree of translation freedom if the angle of
rotation of A is neither 0 nor = radians. To solve for X uniquely, it is
necessary to make two arm movements and form a system of two
equations of the form: 4, X = XB, and A, X = XB,. A closed-form
solution to this system of equations is developed and the necessary
conditions for uniqueness are stated.

1. INnTRODUCTION

HE INVESTIGATION into the solution of the
homogeneous transform equation of the form AX = XB,
where A are B are known and X is unknown, is motivated by a
need to solve for the position between a wrist-mounted sensor
and the manipulator wrist center (7). Throughout this paper,
the homogeneous transform 75 is used in the same manner as
in Paul’s text [28]; it is used to represent the position and
orientation of the robot wrist frame with respect to the robot
base frame. In some literature, %7 is used instead of Tg.
We want to find the sensor position relative to the robot
wrist instead of to other robot links, because of the following
reasons: 1) The sensor is usually mounted to the wrist (last link
of the robot), to allow itself all 6 degrees of freedom. If, for
example, the sensor is mounted on the fifth link of the robot,
its motion will be limited to 5 degrees of freedom. 2) Robot
motions are conventionally specified in terms of the position of
the last robot link (the wrist); it is therefore natural to find the
sensor position relative to this link. 3) Once the sensor position
relative to the last link is found, it is straightforward to find the
sensor position relative to other links, using encoder readings
and link specifications.
Much research has been done on using a sensor to locate an
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object. The three-dimensional position and orientation of an
object can be found by monocular vision, stereo vision, dense/
sparse range sensing, or tactile sensing. Monocular vision
locates an object using a single view, and the object
dimensions are assumed to be known a priori [2], [6], [8],
[101, [131, [22], [29]. [31], [32]. Stereo vision uses two views
instead of one so that the range information of feature points
can be found [1], [6], [12], [14], [20], [24], [32}. A dense
range sensor scans a region of the world and there are as many
sensed points as its resolution allows [3], {7], [17], [25]. A
sparse range sensor scans only a few points, and if the sensed
points are not sufficient to locate the object, additional points
will be sensed [5], [15], [16]. Tactile sensing is similar to
sparse range sensing in that it obtains the same information:
range and surface normal of the sensed points (4], [15], [16].

A sensing system refers to object positions with respect to a
coordinate frame attached to the sensor, but robot motions are
specified by the wrist positions (7). In order to use the sensor
information for a robot task, the relative position between the
sensor and the wrist must be known.

Direct measurements are difficult because there may be
obstacles to obstruct the measurement path, the points of
interests may be inside a solid and be unreachable, and the
coordinate frames may differ in their orientations. The
measurement path can be obstructed by the geometry of the
sensor or the robot, the sensor mount, wires, etc. The
unreachable coordinate frames include 7¢ and the camera
frame: Ty is unreachable because it is the intersection of
various link axes, the camera frame is unreachable because its
origin is at the focal point, inside the camera. Instead of direct
measurement, we can compute the camera position by
displacing the robot and observing the changes in the sensor
frame. This method works for any sensors capable of finding
the three-dimensional position and orientation of an object.
Figs. 1 and 2 show the cases of a monocular vision system and
a robot hand with tactile sensors.

In order to formulate a homogeneous transform equation,
Fig. 1 is re-drawn in Fig. 3. If the robot is moved from
position Tg, to Ty, and the position of the fixed object relative
to the camera frame is found to be OBJ, and OBIJ,,
respectively, then the following equation is obtained:

T, X OBJ, = T, X OB, (1)

where X is the unknown transform representing the camera
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Fig. 1. Finding the mounting position of a camera by solving a homogene-
ous transform equation of the form AX = XB, where A is the robot
motion, B is the resulting camera motion, and X is the camera mounting
position.
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Fig. 2. Finding the mounting position of a robot hand equipped with tactile
sensors, by solving a homogeneous transform equation of the form AX =
XB, where A is the robot motion, B is the resulting motion of the hand
coordinate frame, and X is the mounting position of the hand.
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Fig. 3. If the robot is moved from position 7, to 7, and the position of the
fixed object relative to the camera frame is found to be OBJ; and OBJ,,
respectively, then the following equation is obtained: 75 X OBJ, = T, X
OBI,, where X is the unknown transform representing the camera mounting
position relative to the robot wrist frame.

mounting position relative to the robot V\iI‘iSI frame. Premulti-
plying both sides of the equation by Ty, and postmultiplying
them by OBJT"', we have

T, T, X=X OB, OB, .. V)

Tﬁ;l Ty, can be interpreted as the relative motion made by the
robot and we denote it by A; thus

A=Tg Ty, 3)

Similarly, we denote OBJ,OBJ;! by B and it can be
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interpreted as the relative motion of the camera frame.

B=0BJ, OB . “4)
The transform matrices 4 and B are known since T, and Ty,
can be calculated by the robot controller from the joint
measurements, and OBJ, and OBJ, can be found by the vision
system. The case of the tactile sensor shown in Fig. 2 is
similar to that of the vision system, where a homogeneous
transform equation of the form AX = XB results.

Matrix equations of the form AX = XB have been
discussed in linear algebra [11]; however, the results are not
specific enough to be useful for our application. In order to
solve for a unique solution, we must have a geometric
understanding of the equation and use properties specific to
homogeneous transforms. Using Gantmacher’s results [11],
the solution to the 3 X 3 rotational part of X (Ry) is any linear
combination of » linearly independent matrices: Ry = kM,
+ -+ + k,M,, where n is determined by properties of
e.genvalues of R4 and Rp (rotational parts of A and B), k),
-+, k, are arbitrary constants, and My, - - -, M, are linearly
independent matrices. Gantmacher’s solution is for general
matrices; the given solution may not be a homogeneous
transform. To restrict the solution to homogeneous trans-
forms, we must impose the conditions that the 3 X 3 rotational
part of the solution be orthonormal and that the right-handed
screw rule is satisfied. These restrictions will result in
nonlinear equations in terms of &y, * - -, k,. Formulating the
problem in the above manner does not solve the problem
because of the following reasons: 1) There is an infinite
number of solutions to an equation of the form AX = XB. In
order to find a way to solve for a unique answer, we must have
a geometric understanding of the equation; however, the
above formulation does not enable us to do so. 2) Only
iterative solutions are possible, since nonlinear equations are
involved. 3) The solution cannot be expressed symbolically
and in closed form.

The approach in this paper is based on the geometric
interpretations of the eigenvalues and eigenvectors of a
rotational matrix. The solution is discussed in the context of
finding the sensor position with respect to T, however, the
results are general and can possibly be useful for other
applications which require the solutions to homogeneous
transform equations of the form 4X = XB.

Since this paper investigates the solution to the homogene-
ous transform equation of the form AX = XB in the context
of finding a sensor’s mounting position, we will relate the
mathematics to this problem throughout the paper. Section II is
a review on expressing a homogeneous transform in terms of
rotation about an axis of rotation and translations in the x, y,
and z directions. Some properties of the eigenvalues and
eigenvectors of rotational matrices are also explored. Section
IIT discusses the general solution to the equation and its
geometric interpretation. Section IV deals with the solution to
a system of two such equations and the conditions for
uniqueness. Section V contains an example showing how we
can solve for a sensor position using the proposed method.
Section VI addresses the issues of noise sensitivity.
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I1. HoMOGENEOUS TRANSFORMS AND ROTATION ABOUT AN
ARBITRARY AXIS

Homogeneous transforms [28] can be viewed as the relative
position and orientation of a coordinate frame with respect to
another coordinate frame. The elements of a homogeneous
transform 7 is usually denoted as follows:

n.x OX aX p X
ny 0y & Py
nz 02 az p z
0 0 0 1

®

We also denote [n,, n,, n;]7 as a, [0y, 0,, 0,17 as 0, and [a,,
a,, a;]" as a. n, o, and a can be interpretated as unit vectors
which indicate the x, y, and z directions of coordinate frame
T, p can be viewed as the origin of 7. The vectors n, 0, a, and
p are referenced with respect to a frame represented by a
transform to which 7 is post-multiplied. If there is no
transform to the left of 7, then n, 0, a, and p will be vectors
relative to the world or absolute frame.

We will refer to the upper-left 3 X 3 submatrix of 7 as the
rotational submatrix since it contains information about the
orientation of the coordinate frame. A rotational submatrix can
be expressed as a rotation around an arbitrary axis. From [28],
the matrix representing a right-hand-rule rotation of 8 around

positive. From Paul’s text, if n, is most positive

k.=sgn (0.—a,) LM (10a)
N versd
n,+0,
= {10b)
T 2k, vers f
ac+n;
= (10¢)
2k, vers B
where sgn{¢) = +1ife = Oandsgn(e) = —1ife < 0.

(Note that our definition of sgn (e) is different from that in
Paul’s text. We will discuss this later on.) If o, is the most
positive

k,=sgn (a.—n;) \/ 0y~ 05

vers #

(t1a)

7, + 0,

xE T (11b)
2k, vers

0.+a,
T2k, vers 8

an axis [Ky, &y, k17 is Finally, if a. is the most positive
k. .k, vers 6 +cos 6 kyk,vers 0 —k sin k. k. versf+%,siné
Rot (k, 0)=| k.k, vers 8 +k;sin 0 kyk, vers 8 +cos § k.k, vers —k. sin 9 (6)
kyk,vers 0 —k,sinf  k,k_ vers §+k_ sin 0 k.k. vers 8+ cos 6

where vers § = (1 — cos 8). 2 — cos B

Given the rotational part of a homogeneous transform in the k,=sgn (n,—0,) \[ = (12a)
form of (5), the angle of rotation and the axis of rotation can be vers §
solved for symbolically, provided the rotational submatrix is ac+n.
not an identity matrix. If we are given an identity matrix "’:m (12b)
(which is equivalent to zero rotation), it will not be possible to :
determine &, since zero rotation about any vector will yield an o.+a,
identity matrix. In this paper, we will follow the convention .vzm : (12¢)

that 0 < @ = «. From Paul’s text [28], we have the following
two equations:

M

1
cos 0=§ (n,+oy,+a,—1)

and

sin = -_i-% V0.~ a) +(a,—n2)+(n,—0?).  (8)

Since 0 = 0 =< =, we only take the positive sign of (8). Thus
we have only one solution for §

6=atan 2(V(0, - @)+ (a,—n?)+(n,—02), ne+o,+a,—1).
&)

We can now find k using 6 computed by (9). The set of
equations used depends on whether n,, 0,, or a; is most

From a geometric point of view, when § = =, there are two
solutions to k, one opposite to the other. Also, when § = .
we can see from (6) thato, — ¢. = 0,2, — n. = 0, and n, -
0, = 0. In this case, we can use either sgn (0) = +1 or
sgn (0) = —1 for (10a), (1la). and (l2a); we have two
solutions for k. However, it is desirable to use some
convention so that we can solve for & uniquely even when § =
«. To do this, we define sgn (0) = + I, so that we have unique
# and k for each rotational matrix.

In order to provide some background for later proofs, we
will present the exponential representation of a general
rotational matrix which was discussed in [23], [26}. Further-
more, we will express k and § in terms of the eigenvectors and
eigenvalues of a rotational matrix. A general rotational matrix
can be represented as the exponent of a skew-symmetric
matrix {26]

Rot (k, §)=e** (13)
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where
0 -k Kk
K= kz 0 - kx
—k, k. O

Lemma I: The eigenvalues of a general rotation matrix not
equal to identity are 1, e, and e . Let e/ and e # be
denoted by A and . Then 6 can be calculated by

f=atan 2(|[Re (A=X)|, A+ X). (14)

Proof: Fisher [9] has shown that the eigenvalues of K are

0./, and —j. Since these eigenvalues are distinct, K from (13)

can be diagonalized [26]. Let E be the diagonalizing matrix

whose columns contain linearly independent eigenvectors, we
have

0 0 0
K=E|O0O j 0 |E! (15)
00 —j
By definition
= (Ke):
ekt = .
2% i!
Using this definition and after simplification, we obtain
1 0 0
eK=FE |0 e 0 |E! (16)
0 0 e

This diagonalized form shows that the eigenvalues of eX? or
Rot (k, 8) are 1, e/, and e /. Since A = e and A = e/, or
A =cos® + jsinfand A = cos § — jsiné,

1 -
cos == (A+N)
2
and
. 1. -
sin ¢ = —Ej()\~)\).

Since we cannot distinguish between A and A from the
cigenvalues of a rotational matrix, we should rewrite the
equation for sin § in a way that we do not need to distinguish
between X and A. Knowing that 0 = 6 < 7, we have

1 -
Re <E ()x—)x))l .
O

Lemma 2: For a general rotation matrix not equal to
identity, the eigenvector corresponding to the eigenvalue 1 can
be expressed as a vector with real components and is either
parallel or antiparallel to the axis of rotation. Furthermore, if
the angle of rotation of the matrix is not equal to =, the

sin =

Thus we have Lemma 1.
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remaining two eigenvectors cannot be expressed as real
vectors.

Proof: Fisher [9] has shown that the eigenvectors of K
are as follows: ¢, [k, k,, k;}7 corresponding to an eigenvalue
of 0,

¢ [sin 8—jk; cos B, —cos §—jk_sin §, jV1-k217
corresponding to an eigenvalue of jf#, and
c; [sin B+jk; cos B, —cos B+jk; sin B, —jv1-k2]7T

corresponding to an eigenvalue of —j#, where ¢, ¢;, and ¢
are arbitrary complex constants and 8 = tan~' (k,/k,). From
the proof of Lemma 1, we have

1 0 0
eM=E| 0 ef 0 |E a7
0 0 e #

where E is the eigenvector matrix of K. Thus the eigenvectors
of eX? corresponding to eigenvalues of 1, e/, and e~/ will be
the same as the eigenvectors of K corresponding to 0, jf#, and
—Jb, except that they may differ by a constant multiplier. We
can see that the eigenvector of a rotation matrix can be
expressed as a real vector (when ¢ is real), and that it is either
parallel or antiparallel to the axis of rotation k.

If the angle of rotation is not equal to 0 or =, the three
eigenvalues are distinct and the eigenvectors associated with
each eigenvalues are unique (ignoring the scaling factors) and
can be written symbolically as shown earlier in this proof. The
eigenvectors associated with e/ and e~/ cannot be expressed
in terms of real vectors because this will require that both sin 3
and cos f be zero simultaneously, contradicting the identity
sin? 8 + cos? 8 = 1. (Notice that this lemma does not hold
when 8 = =. In this case, we will have —1 as an eigenvalue
with multiplicity 2, and the eigenvectors associated with e/,
and e~ will no longer be unique.)

0

Lemma 3: If R is a rotation matrix and R Rot (k, ) =
Rot (k, )R and § # 0 or 7, then R = Rot (k, 8), where § is
arbitrary.

Proof: We will first prove that R and Rot (k, §) have the
same set of eigenvectors (up to a scaling factor). Since Rot (k,
6) is a rotation matrix, it can be diagonalized and Rot (k, ) =
EAE-1, Substituting this into R Rot (k, 8) = Rot (k, §)R and
rearranging, we have AE~'RE = E~'RFA. Denoting
E-'RE by R’, we have AR’ = R’A. From Lemma 1, the
eigenvectors of Rot (k, 9) are 1, e, and e=. Rewritting R’
in terms of its 9 elements (7, to ry), we have

1 0 0 ry o n

0 ef 0 ryors re

0 0 e/ rnorg T
7 Iy To

rorn o 1 0 0
=1 Ts Ts T
o Iy Iy 0 0

(18)
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Expanding the above, we have

ry ry I3 r rzej" r;e’j"
rie®  rie®  ree?® | =1 r, rse® ree ¥ (19)
rie rge i roe r, rgel? rge

Equating elements of both sides and knowing 6 # 0 or 7, we
can conclude that all but the diagonal elements of R’ are zero.
Recalling that R = ER’E~!, we now have

r 0 0
R=E| 0 rs 0| EL (20)
0 0 £

Thus R must have the same set of eigenvectors as Rot (k, 9),
except the scaling constants.

If 3 is the angle of rotation of R, then the eigenvalues ry, rs,
and ry must be a certain permutation of 1, e/4, and e=/. In
fact, r; = 1, otherwise a contradiction will result when 8 # 0
or w. From Lemma 2, Rot (k, 6) has one eigenvector (first
column of E) corresponding to an eigenvalue of 1 and the
remaining two eigenvectors (second and third columns of E)
are complex. If r in (20) is not one, then either 75 or 79 equals
one and its associated eigenvectors (second or third column of
E) must be real. This contradicts that both the second and
third columns of E are complex.

From Lemma 2, the real eigenvector corresponding to an
eigenvalue of one is either parallel or antiparallel to the axis of
rotation. Since Rot (k, #) and R have the same eigenvector
associated with an eigenvalue of one, they must have their axes
of rotation parallel or antiparallel to one another and R can be
expressed as Rot (k, 8), where (8 is arbitrary.

0

III. SoLuTtioN To THE EqQuaTioN AX = XB

We will solve for the rotational and translational compo-
nents of X separately in order to make the geometric
interpretation easier. Dividing a homogeneous transform into
its rotational and translational components, AX = XB
becomes

Ry Pi|[Re Py _[Rx Py|[Rs P
[ L L ] e

where R is a3 X 3 rotational matrix, Pisa3 X 1 translation
vector, and 0 is a row of 3 zeros. Multiplying out and equating
the first row of (21), we have

R sRx=RxRp (22)

and

RAPX+PA:RXPB+PX' (23)

We will show that R4 and Rp have the same angle of rotation
and that the rotational matrix Ry has one degree of freedom.
Also, if Ry is fixed, Py has one degree of freedom.

Lemma 4: If R, and Rjp are rotation matrices such that
R4 R = RRp for any rotation matrix R, then R4 and Rp must
have the same angle of rotation.

Proof: From Lemma 1, the product of the eigenvalues of
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a rotational matrix is 1. Thus a rotational matrix has a
determinant of 1 and is always invertible. R4 and Ry are
similar, since Ry = RRzR~'. R, and R must have the same
eigenvalues since similar matrices have the same eigenvalues
[26]. From Lemma 1, R4 and R must have the same angle of
rotation.
)
Before we formally state and prove the solution to R4 Ry =
RyRp in Theorem 1, we first examine the geometry of
the problem. Let us rewrite R4 and Rjp as Rot (k,, §) and
Rot (kz, 8), respectively. We will show that &, referenced to
the base frame (**°k,) and kjp references to the frame Ry
(Rxkg) both point in the same direction if a common frame of
reference is used. Notice that, from Lemma 4, R4 and Rz have
the same angle of rotation. We can now rewrite (22) as

Rot (kA, O)RX: RX Rot (kB, 9) (24)

For the following discussion, we will think of Ry as a
coordinate frame relative to the base frame. Using the geo-
metrical interpretation of post-multiplication of homogene-
ous transforms [28], the left side of the equation can be
interpreted as rotation of Ry frame with respect to <k, by an
angle 6. Similarly, the right hand side of the equation is the
rotation of Ry frame with respect to Rxkg by 9. As a result,
(24) can be interpreted as follows: Ry is a coordinate frame
such that rotating Ry about a vector ®¢k, by any angle § is
equivalent to rotating Ry about ®xky by the same amount,
where "¢k, is referenced with respect to the base frame (the
world frame), and Rxkjp is referenced with respect to Rx. This
is shown in Fig. 4. In order that rotating R x about <% 4 being
the same as rotating it about xkp, <k 4 and #xkz must be the
same physical vector in three-dimensional space.

We will now show that the solution to (24) has one degree of
rotational freedom. A formal proof will be given in Theorem
1. If Ry is a solution to (24) and it is rotated about the axis of
rotation (Rxkg or "¢k ) by an angle, it will still satisfy (24).
Thus the solution to (24) has one degree of freedom. To show
this mathematically, rotation of a particular solution R xp about
the axis by any angle 3 can be written as Rxp Rot (kg, ) or
Rot (k4, B)Rxp. We will use the later form for the rest of the
paper. Since Ryp is a particular solution

Rot (kA, G)RXPZRXP Rot (kB) 0)
Also, since

Rot (k4, —f) Rot (ka, B)=1
Rot (k4, 6) Rot (k4, —B) Rot (k4, B)Rxp
= Rxp Rot (kg, 0).
Using the commutative properties of rotational matrices with a
common axis of rotation and that
Rot (k4, —B) '=Rot (k4, B)
we have

Rot (k4, 0) Rot (ka, B)Rxp=Rot (ka, B)Rxp Rot (kp, )
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base frame ~__

\ Z . R, frame with respect to
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\ I"_ R, frame rotated about
Mo basey g le 6
A Y an angle @/
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\ Z + Ry frame with respect to

the base frame
»

\‘f’I: I}ix frame rotated about
“kg by an angle

Fig. 4. Rotating Ry about "k, by 6 is equivalent to rotating R about ®xk by the same angle. k4 is the axis of rotation of A and kp
is the axis of rotation of B in the homogeneous transform equation AX = XB.

base
7 ks

base —

frame ~— rotational

freedom

-

translational —

freedom

solution to
AX = XB

-~

Fig. 5. The rotational and translational degrees of freedom of the solution to
AX = XB. The frame in the figure can rotate about ®*k 4 and slide along
the axis as shown.

from which we can sce that Rot (k4, B)Rxp is a solution. In
Fig. S, it is shown that a general solution has one degree of
rotational freedom; any particular solution rotated about ¥k ,
by any angle is also a solution.

Definition: A homogeneous transform equation of the form
AX = XB is solvable if there exists a homogeneous
transform U such that B = U~'AU.

Theorem 1: The general solution to the rotational part of a
solvable homogeneous transform equation of the form R4Rx
= RyxRjp, the angle of rotation of A being neither 0 nor =, is

Ry=Rot (k4, B)Rxp (25)

where k, is the axis of rotation of R4, Rxp is a particular
solution to the equation, and (3 is any arbitrary angle.
Proof: Assume Rot (k4, 3) Rxp is not a general solution.
Then, there must exist some rotation matrix R’ such that
R, R'=R'Rp (26)

and R’ # Rot (k4, 8)Rxp for any (8. Since Rxp is a particular
solution to (22), RARXP = RXPRBa or RB = R/_Y;RARXP-

Substituting this into (26) we have

R’'“'R4R’ =R 3pR4Rxp. @7
Rewriting R4 as Rot (k,, #) and rearranging, we have
Rot (k4, O)R'R 3p =R’R gp Rot (k4, 9). (28)

Thus Rot (k4, 8) and R’ R}, are commutative. Moreover, we
know that § # Oor w. If R’ R} # I, from Lemma 3, the axis
of rotation of R’R,; must be parallel or antiparallel to k.
Thus there must exist a v such that R'R ;{}, = Rot (k4, 7).
We have R’ = Rot (k4, v)Rxp, Which is a contradiction. If
R’R;G‘, = I, R” = Ryp Rot (k,, 0), which is also a
contradiction.
]
Next we will look at the translation part of the equation AX
= XB. It has one degree of freedom, as shown in Fig. 5.
From (23), we have

(RA_I)PA’:RXPB_PA- (29)

If R is already solved for, the only unknown in this equation
will be Pyx. We thus have a system of 3 linear equations having
the x, y, and z components of Py as unknown. Py has one
degree of freedom because (R4 — 1) has a rank of two, as will
be shown next in Theorem 2.

Theorem 2: The translational part (Py) of the solution to a
solvable homogeneous transform equation AX = XB, where
R4 # Iand Rp # I, has one degree of freedom.

Proof: We can see that R, — [ is similar to a matrix of
rank two if R4 # 1, since '

0 0 0
R,—I=EANME'-EIE-'=E [ 0 A—1 0 E-L
0 0 X-t1
(30)

Thus R4 — I must have a rank of two. Thus from (29), there
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may be no solution or there are infinite number of solutions to
Py. The first case is ruled out since the physical system
guarantees the existence of a solution. The solution must exist
and consist of all the vectors in the null space of Ry — [
translated by a particular solution to (29) [30]. The null space
of R4 — I has a dimension of 3 — rank (R4 — [I), thus the
solution to (29) has one degree of freedom.
U

Finally, we need to find a particular solution to the
rotational part of AX = XB. From the geometric interpreta-
tion of the general solution, we will show that any transforma-
tion that rotates kg into k4 is a solution.

Lemma 5:

Rot (Rk, 6)=R Rot (k, ))R~! @3n
for any axis of rotation k, any § C [0, 7], and any 3 X 3
rotation matrix R.

Proof: For the purpose of this proof, we will represent a
rotation matrix in a form used by [23]. Let [n 0 a] be a
homogeneous transform and [#” 0’ a’] be the former
transform rotated by Rot (k, §). Thus

Rot (k, 8)=[n’ 0o’ a’][n 0 a]~'. (32)
If we premultiply n, 0, @, n’, 0’, a’, and k by R, the angular
relationship between Rn, Ro, Ra, Rn’, Ro’, Ra’, and Rk
will be the same as before the premultiplication, because of the
angular preservation property of R as a rotational matrix.
Since n’ = Rot (k, §)n before the premultiplication, Rn’ =
Rot (Rk, 6) Rn. Similar relationships hold for other vectors as
well; therefore

[Rn’ Ro’ Ra’l=Rot (Rk, 0)[Rn Ro Ral

and
Rot (Rk, §)={Rn’ Ro’ Ra’l[Rn Ro Ra]~'. (33)
From (33)
Rot (Rk, 9)=R[n’ 0o’ a’l[no a] 'R~!
=R Rot (k, HR L.
O
Theorem 3: Any rotation matrix R that satisfies
k. =Rkg (34)
is a solution to
R4Rx=RxRp (35

where k, is the axis of rotation of R4 and kp is the axis of
rotation of Rp.
Proof: Let us rewrite (35) as
Rot (k4, ) Rx=Rx Rot (kg, 0). (36)

Substituting R into Ry and Rkp into k4, the left-hand
side becomes Rot (Rkg, 6)R. By Lemma 5, this becomes
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RRot (kg, )RR = RRot (kg, ), which is the same as the

right-hand side when Ry is replaced by R.
0

Since any rotational matrix R satisfying (34) is a particular
solution, one method to find a particular solution is a rotation
about an axis perpendicular to both kg and k. Thus

Ryp=Rot (v, w) (37)
where
v=kgxky (38)
and
w=atan 2(|kgx k4], kg * k). (39)

The above method will not work when k., and kg are
parallel or antiparallel to one another since it will produce a
zero vector. However, particular solutions for these two
special cases can be found easily by other methods. In the first
case, the identity matrix will be a valid particular solution. In
the second, case, any rotation matrix with its rotation axis
perpendicular to k4 and its angle of rotation equal to = will be
a particular solution.

IV. SoLvING FOR A UNIQUE SoLuTioN Using Two
SIMULTANEOUS EQUATIONS

We have seen that the solution to a homogeneous transform
equation of the form AX = XB has two degrees of freedom.
However, in our application, we need to find a unique solution
for T6 Tcam. We can find a unique solution to this equation if
we have two equations of the form

AIX:XBI (40)

and

A, X=XB,. (41
In order to obtain two such equations, we need to move the
robot twice and use the vision system to find the corresponding
changes in the camera frame. It is also desirable to know when
this method will not yield a unique solution and the physical
interpretation of this situation.

A unique solution to Ry (the rotational part of X) can be
found by associating the general solutions of the two equations
R4 \Rx = RxRp and Ry,Rx = RxRp,. Let Ryxp Rot (ky,.
B1) and Rxp, Rot (k4,, ;) be the general solutions to the
above two equations, we then have

Rot (ka,, B1)Rxp,=Rot (kay, B2)Rxp,. (42)
Let the particular solutions be written as follows:
nxi Ox,- Qy; px,‘
Rug=| ™ O @0 Pl s @y
nz; Oy 4y Dy
0 0 0 1
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Rearranging and writing it in more condensed form, we have
—_'7x1+k1‘1”1 “ka (ixka)e ng—kom -k,
— 0yt ko kg (01Xkg)  0y,— K050 Ky,
_a11+kxxal kg (@ X kg))x axz—k)qaZ sk,
—n.vl+ky[nl ) kA1 (nIXkAl)y nyz—kyznz . kAZ
=0, tky 00 - kg (01Xka)y  0,— k)0, " Ky,
Aa<vl+ky1al kg (@ Xkqp)y ayz—kyzaz < ka,
—ngtkan kg (mXka), Ny —kn o ka,
—0;+k, 00 kay (01Xka); 05— k00 0 Ky,
—agtkya ky (@ixka),  an—k,a c ka,

where the notation (4 X v),, denotes the w component of the
cross product # X wv. Equation (44) is a system of linear
equations involving cos 3y, sin (8, cos 3;, and sin (8. Once
these values are solved for, we can find 3, and 3, by 8, = atan
2(sin f3;, cos 3;) and 8, = atan 2(sin §3,, cos (3,). Since we
have more equations than unknowns, from the point of view of
linear algebra, we can have a system of inconsistent equations.
However, in an ideal environment where there is no noise, the
equations must be consistent because they originated from
physical situations. Since the linear equations are physically
constrained to be consistent, there are either a unique solution
or an infinite number or solutions; there are no other
possibilities. We will show in Theorem 4 that the solution is
unique when k4, and k., are neither parallel or antiparallel to
one another and the angles of rotation of A, and A, are neither
0 nor 7. Let us abbreviate (44) to CY = D, if rank (C) = 4,
we can find four linearly independent rows of C to solve for ¥
uniquely. However, in real applications where noise is
present, we can find a least square fit solution ¥ by

Y=(CTC)"'CTD. 45)

The translational part of X is constrained by (23); thus we
have
Ra Px+ P4 =RxPp + Py
and
R4, Py+ Py, =Ry Pg, + Pyx.

Combining these two equations, we can solve for Px by

[RAl—I:I [RXPBI—PAI]
Py= .
Ry,—1 RyPp,~ Py,
Like the uniqueness conditions for the rotational part, it will be
shown that the translational part will have a unique solution if
the rotation axes of A, and A, are neither parallel nor
antiparallel to one another and the angles of rotation are

neither O nor 7. Rewriting (46) as EPy = F, a least square fit
solution can be calculated by

(46)

Py=(ETE)-'ETF. @7)

Before we go into the necessary conditions for uniqueness, we
need to prove two more lemmas.

Lemma 6: If R is a3 X 3 rotational part of a homogeneous

(_
(_
(__
(_
(_
(_
(_
(__
(_
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X kay)y | [k, - kay kg kg
0, X K ay)x — k0t ko, vk 0 0 Ky,
a X Ku,)x cos B ke - kaytkear - ky,
mXKkay), sin B, —ky,ny - kaytkyny kg
0, Xk 4,), cos B, =| —ky,0;, - kay,+ky 00" ky
ay X ky,), sin B —ky,a - kay+ky a0 - kg
nyXka,), —kyny c kaythkn o ky
0y X k), —k;,0; . kg, thk00 " ky
a, % ka,), —kety - kayt ke ky
(44)

transform and its angle of rotation is neither O nor 7, any row
of (R — I') is a linear combination of the transposes of the two
eigenvectors corresponding to the two nonunity eigenvalues of
R.

Proof: From (30) we have

0 0 0 el
R—-I=[ejeyes] | O N—=1 0 el (48)
0 0 -1 el

where e, €,, and e; are the eigenvectors of R corresponding to
the eigenvalues 1, A, and . Writing e as (e, e, e;) and
rearranging (48), we have

e2keg‘ e3xe37v

R-I=(\=1) | eel | +(R-1) | ese] (49)
ee] ese]

0

Lemma 7: For two rotational matrices R; and R, whose
axes of rotation are neither parallel nor antiparallel to one
another and whose angles of rotation are neither 0 nor , it is
impossible that the sets of vectors {e,, e, f,} and {e;, e, f3}
are both linearly dependent, where e, and e; are the eigenvec-
tors of R, corresponding to the nonunity eigenvalues of R,
and £, and f; are the eigenvectors of R, corresponding to the
nonunity eigenvalues of R,.

Proof: For any rotational matrix R and its Hermitian R #,
RRH" = RHR = I; hence R is a normal matrix [27]. Given
that the angle of rotation of R is neither O nor #, R must have
distinct eigenvalues. From [27, Key Theorem 9.2] in Nobel’s
text, a matrix formed by 3 column eigenvectors of a normal
matrix with distinct eigenvalues is Hermitian. Hence any
eigenvector matrix of R is Hermitian. Let e, be the eigenvec-
tor of R, corresponding to the unity eigenvalue. Note that e, f;
and e, - f3 cannot be zero simultaneously. If they are simultane-
ously zero, we will have a system of two linearly independent
equations which will constrain e, except for a scaling factor.
Since the eigenvectors of R, are Hermitian, f,-f, and f - f; are
zero. Similarly, this will constrain f; up to a scaling factor.
Thus f; and e; must be scalar products of one another.
However, this contradicts the assumption that the axes of
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rotation (e, and f)) are neither parallel nor antiparallel to one
another. Therefore, the two dot products cannot be zero
simultaneously. To prove that {e,, e3, f>} is linearly indepen-
dent, we need to prove that k; = k, = k3 = 0 if

k182+kze3+k3f2:0. (50)

Taking the dot product of both sides of (50) with e, and using
the fact that eigenvectors of a normal matrix with distinct
eigenvalues are orthogonal to each other, we will have ke, f>
= 0. If e;-f, # 0, then k3 = 0. Equation (50) simplifies to

k1e2+k283:0. (51)

Since e, are e; are linearly independent, we have kK, = k, = 0.
Therefore, {e,, €3, f,} are linearly independent if e,-f, # O.
When e;-f; = 0, e,-f; must be nonzero, from a previous
argument in this proof. In this case, we can use a similar
method to prove that {e,, es, f3} is linearly independent.

O

Theorem 4: A consistent system of two solvable homogene-
ous transform equations of the form A, X = XB;and A, X =
XB, has a unique solution if the axes of rotation for A; and A,
are neither parallel nor antiparallel to one another and the
angles of rotations of 4, and A, are neither 0 nor =.

Proof for the Rotational Part: We have already seen
that the general solution to AX = XB has one degree of
rotational freedom when the angle of rotation of A is neither 0
nor 7; any solution revolving about k is still a solution. The
solution to the system of homogeneous transform equations
A X = XB, and A, X = XB, is found by equating the
solutions of the 2 individual equations, as shown in (42). Since
(42) is independent of the choices of the particular solutions,
we can simplify it by choosing a particular solution which is a
solution to both equations; i.e., Rxp, = Rxp; = Rxp,. After
replacing Rxp, and Rxp, in (44) by Rxpy, Rxp, cancels out and
we have

[1-k2 0 k-1 0
- kXIkyl - k21 kxzkyz kzz
- k—fikn k}’l kxzkzz - kyz cos B
kX1 ky1 kn kxzkyz - klz sin 8
1-k2 0 k-1 0 '
71 »2 cos 3,
ky1k21 - kX1 kyzkzz kxz sin 8,
kX1kz1 - kyl kxzkzz kyz
k.v1 kZl kxl Ky, ko, — kx2
1- k?ﬂ 0 k§2 -1 0 |
k2 — k2 ]
Xy X
kyy Ky, ki Ky,
Ky koy kxlkZl
kxzkyz - kXI k)’l
= kyy =Ky G2)
kyzkzz ky1k21
kyykz, ky Kz
ky2k12 - kylku
2 _p2
B k)(2 kZl
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Let us abbreviate (52) as C' Y’ = D’. With the assumption of
consistency, a unique solution exists if and only if the rank of
Y’ is 4, in which case we can pick 4 linearly rows to form 4
equations to solve for the same number of unknowns. Since
the rank of C’ is the same as the rank of C' 7C” and that the
later is a 4 X 4 matrix, C’ has a rank of 4 if and only if
C’TC’ has full rank. Thus we will have a unique solution iff
the determinant of C’ 7C” is not equal to zero. We have used
the SMP program [19] to express the determinant of C' 7C’ in
symbolic form and have simplified it by making the following
substitutions:

1) k§i+k§i+k§i=l, i=1, 2.
2) kgkgtkyky,tk ko=ka ok,
3) 1—k2 k2 —k? k2 k2 k? =2k, ke, ky ks,
e Ty Tnin e
=2k ko ko k- =2k, ki, ke ko, =sint B,

17782
The third substitution comes from the fact that [k, x k.,
equals ikAl kAz} oiin U12. Tu@ dotorminant is finally simplificd
to

det (C'TC’)=4 sin? 85 (sin? 01, — )k, - kasy+ 1)

C (kg kay— 1) (53)
The determinant is zero when sin 8, = =2, which is
impossible, when sin 6, = 0, and when k,,-k4, = + 1. Thus

we will have a nonunique solution only when k,; and k., are
parallel or antiparallel to one another.
]
Proof for the Translational Part: Since Eisa 6 x 3
matrix, we have 6 equations and 3 unknowns. We know that
these equations cannot be inconsistent since they originated
from physical conditions. Therefore, we have a unique
solution for Py if and only if matrix £ has a rank of 3, in which
case we can pick 3 linearly independent rows for £ to solve for
Py. From Lemma 6, any row of (Ry, — [) is a linear
combination of the transposes of the eigenvectors e] and e/
corresponding to the nonunity eigenvalues, and any row of
(R4, — I) is a linear combination of the transposes of the
eigenvectors f7 and fST corresponding to the nonunity eigen-
values. Since the rank of R4, is two (from the proof of
Theorem 2), we can pick two linear independent rows from it,
both are linear combinations of e, and ;. We can also pick a
row from R 4,, which is a linear combination of f, and f3, and
combine it with the two rows from R, . Since we know that if
k4, is not aligned with k4,, from Lemma 7, at least one of 1
and fT must be linearly independent from e and e]. Say a row
from Ry, is af] + bfT. We can always pick a row where @ #
0 or a row where b # 0 since rank (R4,) = 2. Thus we can
always find a row from R, and combine it with two rows
from R, to form three linearly independent rows. We can use
the corresponding three equations from (46) to solve for a
unique Py.

V. A~x ExaMpLE

We have written a program calling IMSL routines [18] to
test our method. A single-precision version is used on a VAX
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780 machine. We will solve for the sensor position relative to
the robot wrist by moving the robot twice and observing the
changes in the sensor positions. The two robot movements
must have distinct axes of rotation and their angles of rotation
must not be O or « in order to ensure a unique solution. Let A,
and B; be the first robot movement and B; be the resulting
motion of the sensor, and let A, be the second robot movement
and B, the resulting sensor motion. Two equations relating the
motions and the sensor-mounting position will result:

ALXZXBl
AZX:XBZ.

(54
(55)

B, and B, are determined by A, and A4, and the actual sensor
mounting position. Let X, be the actual sensor mounting
position, then

AIAIXac{

BI = Xac( (56)

B:=X | As Xt

act

(67

The above two equations are only used for simulations. In an
actual robot application, B; and B, are found by the sensor
system; however, A, and B, and A4, and B, are still related by
(56) and (57).

[ —~0.989992 —0.141120
A= | 0141120 -0.989992
e 0.000000 0.000000
0 0
[ —0.989992  —0.138307
B | 0138307 —0.911449
71 —0.028036 0.387470
0 0
[ 0.070737  0.000000
4. | 0.000000 1.000000
2710997495 0.000000
0 0
[ 0.070737  0.198172
B | —0.198172 0.963323
271 0977612 —0.180936
0 0
[ 1.000000  0.000000
| 0.000000 0.980067
“7 1 0.000000  0.198669
i 0 0

Assume the actual sensor mounting position and two robot
motions are as follows:

X, =Trans (10 mm, 50 mm, 100 mm)

-+ Rot ([1. 0, 0}7, 0.2 rad) (58)
A, =Trans (0 mm, 0 mm, 0 mm)
- Rot ([0, 0, 117, 3.0 rad) (59)

25
and

A,=Trans (—400 mm, 0 mm, 400 mm)

- Rot ([0, 1, 0]7, 1.5 rad). (60)
The above parameters are chosen to match the setup in our
laboratory. The camera coordinate frame (X,.) is nearly
parallel to the robot wrist frame but is angled slightly towards
the gripper. The first robot motion (A4,) is approximately a
rotation of 3 rad (172°) about the camera’s line of sight, so
that the upside-down camera is still pointing to the general
direction of the object. Notice that we did not choose 180°
because our theorems do not apply to that case. However, we
chose a value close to 180° because that minimizes the noise
sensitivities. How close to 180° we should choose depends on
how accurate our system (robot and vision system) is. For
example, if we know that the system has a maximum angular
error of 2°, we must choose the robot motion to be less than
178°. The second motion (A4,) is a rotation of 1.5 rad (86°)
about the y-axis of the robot wrist and the translation is chosen
such that the fixed object is still in the camera’s view.

We can find the numerical values of the 4,, B;, 4,, B,, and
X, using (6), (56), and (57).

0.000000 0
0.000000 0
1.000000 0 1)
0 1
0.028036  —26.9559 |
0.387470  —96.1332 )
0.921456 19.4872
0 i
0.997495  —400.000 |
0.000000 0.000000 )
0.070737  400.000
0 1
0.977612  —309.543
~0.180936 59.0244
0.107415  291.177 (64)
0 1
0.000000 10
—0.198669 50
0.980067 100 65
0 1

Now we can find the axes of rotations of A, By, A,, and B,
by (7), (10)-(12)

k4, =[0.000000, 0.000000, 1.000000]7  (66)
ky, =[0.000000, 0.198669, 0.980067]7  (67)
k4,=[0.000000, 1.000000, 0.000000]”  (68)
ks, =[0.000000, 0.980067, —0.198669]7. (69)
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Fig. 6. Translational noise sensitivities due to translational perturbations of robot motion measurements and sensor motion
measurements. Errors due to perturbations in x, y, and z directions are marked by I, O, and £, respectively.

From the above four axes of rotations and from (37)-(39) we
can find Ryp, and Ryp,, which are the particular solutions to
the rotational parts of (54) and (55), respectively. The
numerical values of these two rotational matrices are

1.000000  0.000000 0.000000
Rxp,=} 0.000000 0.980067 —0.198669 (70)
0.000000 0.198669 0.980067
and
1.000000 0.000000 0.000000
Ryp,=1 0.000000 0.980067 —0.198669 71
0.000000 0.198669 0.980067

Notice that the two particular solutions in this example are the
same and are both equal to the final solution. This is merely a
coincidence. When other X, A,, and A, are used, the
particular solutions are generally different from the final
solution.

From Theorem 1, the solution is either Rot (k4,, 81)Rxp, or
Rot (k4,, 8,)Rxp,. We can solve for §; and @, from (45) and
(46) and from (3, = atan 2(sin 3;, cos §;), = 1, 2. We found
8, to be 0. The rotational part of X{Ryx) can be found by
computing the numerical values of Rot (k4,, 81)Rxp,

1.000000 0.000000 0.000000
Rx= 0.000000 0.980067 - 0.198669 (72)
0.000000 0.198669 0.980067

This solution is correct because it is the same as the rotational
part of the actual sensor position (X, ).

To find the translational part of the solution, we use (47) and
(48); it is found to be [10.0000, 50.0000, 100.000]7, which
is the same as that of the actual sensor position.

VI. NoisE SENSITIVITIES

To measure the noise sensitivity of our calibration method,
it is necessary to compare true measurements of the sensor
mounting position with experimental results using the method
discussed. However, true measurements are difficult or
expensive to obtain. In this paper, we will simulate the noise
sensitivities by perturbing the robot motions (4, and A4;) and
the sensor motions (B, and B,), and observing the resulting
errors in the sensor mounting position (X ). In the rest of this
section, noise sensitivity will refer to error in the solution per
unit perturbation, e.g., 0.6-mm solution error per l-mm
perturbation.

Noise sensitivities are configuration-dependent. We will use
the set of values given in last section’s example, which are
chosen realistically for our laboratory setup. Noise sensitivi-
ties are also dependent on the direction of perturbation. Since a
homogeneous transform has six degrees of freedoms, we will
perturb the translations in x, y, and z directions and the
rotations about the x, y, and z axes.

Fig. 6 shows the translational noise sensitivities due to
translational perturbations of robot motion measurements and
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sensor motion measurements. The translational components of
Ay, By, A,, B, are perturbed by adding between 1 and 5 mm to
cach of the x, y, and z components. The resulting translational
errors are then calculated by taking the Euclidean distance
between the actual sensor mounting position (X,.) and the
calculated position (X '), where the distance is the magnitude
of the p vector (or translation vector) of the compound matrix
X ' X, Errors due to perturbations in x, y, and z directions
are marked by [1, O, and A, respectively. Rotational errors
due to translational perturbations are not plotted because they
are always zero.

Figs. 7 and 8 show the translational and rotational noise
sensitivities due to rotational perturbations. The rotational
parts of Ay, By, A,, and B, are perturbed by rotating them
around each of their x, y, and z axes by 0° to 5°. Rotational
errors are calculated by taking the minimum angle required to
align the perturbed solution X to the actual mounting position
X, (angle of rotation of the compound matrix X~ 'X,.).
Errors due to rotational perturbations about the x, y, and z
axes are marked by [, O, and A, respectively.

Notice that noise sensitivities vary greatly, depending on the
direction of perturbation. It may be useful to use this
information for planning sensor-mount calibration if the error
characteristics of the robot and the sensor are known.

VII. CoNCLUSIONS

We have described a method to find the position of a wrist-
mounted sensor relative to a robot wrist, without using direct
measurements. This will be useful for calibrating vision
systems, range sensing systems, and tactile sensing systems.
The process can be automated and does not require any
measuring equipment.

Our method requires the solution to a homogeneous
transform equation of the form AX = XB, where the angle of
rotation of A is neither O nor 7. We found that the solution is
not unique; it has one degree of rotational freedom and one
degree of translational freedom. We propose that we use two
simultaneous equations of the form A, X = XB; and A, X =
XB,. Physically, this means that we move the robot twice and
observe the changes in the sensor frame twice. The necessary
condition for a unique solution is that the axes of rotation of A,
and A, are neither parallel nor antiparallel to one another and
that the angles of rotation are neither 0 nor . A computer
program is written for the proposed method. We have
generated several test cases in which the conditions for
uniqueness are satisfied; all the computed solutions are found
to be correct. Another program is written to test the noise
sensitivity of the method. The matrices A, By, 4,, and B, are
perturbed and the errors in the resulting solutions are plotted.
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