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Abstract

We introduce a novel method for estimating
the partition function and marginals of distri-
butions de ned using graphical models. The
method usesthe entropy chain rule to obtain
an upper bound on the erntropy of a distribu-
tion given marginal distributions of variable
subsets. The structure of the bound is deter-
mined by a permutation, or elimination or-
der, of the model variables. Optimizing this
bound results in an upper bound on the log
partition function, and alsoyields an approx-
imation to the model marginals. The opti-
mization problem is corvex, and is in fact
a dual of a geometric program. We evalu-
ate the method on a 2D Ising model with a
wide range of parameters, and show that it
comparesfavorably with previousmethodsin
terms of both partition function bound, and
accuracy of marginals.

Graphical models are a powerful tool for represering
multiv ariate distributions, and have been used with
considerablesuccessin numerous domains from cod-
ing algorithms to image processing. Although graph-
ical modelsyield compact represettations of distribu-
tions, it is often very ditcult to infer simple properties
of these distributions, sud asthe marginals over sin-
gle variables, or the MAP assignmen. This dixcult y
stems from the fact that these problems involve enu-
meration over an exponertial number of assignmetts,
and hasmotivated extensive researt into approximate
inference algorithms. Another problem, which turns
out to have a key role in deweloping inference algo-
rithms, is the calculation of the partition function. Re-
cent works (Wainwright & Jordan, 2003;Yedidia et al.,
2005) have illustrated that a variational view of parti-
tion function estimation can be usedto analyze most
of the previously intro duced approximate inferenceal-
gorithms, such as mean eld, belief propagation (BP)

and the tree re-weighting (TRW) framework (Wain-
wright et al., 2005).

The above analyzesemphasizethat a key ingredient
in most approximate inference algorithms is the es-
timation of the entropy of a graphical model given
marginals over subsetsof its variables. This approxi-
mation may be an upper bound on the true ertropy,
asin the TRW framework, or onewhich is not guaran-
teedto be a bound asin the Kikuchi entropies usedin
GeneralizedBelief Propagation (GBP) (Yedidia et al.,
2005). Another important property of entropy approx-
imation is corvexity. The TRW entropies are convex
whereasthose of GBP are not necessarilycornvex.

In the current work, we intro ducea novel upper bound
on graphical model entropy, which results in a corvex
upper bound on the partition function. The bound
is constructed by decomposing the full model entropy
into a sum of conditional entropies using the entropy
chain rule (Cover & Thomas, 1991), and then discard-
ing some of the conditioning variables, thus poten-
tially increasingthe ertropy. This entropy bound is
then pluggel into the variational formulation, result-
ing in a cornvex optimization problem that yields an
upper bound on the partition function. As with previ-
ous methods (Yedidia et al., 2005; Wainwright et al.,
2005), a byproduct of this optimization problem is a
set of pseudo-maginals which can be usedto approx-
imate the true model marginals.

We evaluate our Conditional Entropy Decomposition
(CED) method on a two dimensional Ising grid, and
show that it performswell for a wide range of parame-
ters, improving on both TRW and belief propagation.

1 Denitions and Notation

We shall be interested in multiv ariate distributions

assignmen to the variablesx; suc that i 2 C. A dis-



tribution over x will be parameterizedusing functions
H(Xc). We denote by p the vector of all parameters
for C 2 C. Thesecanbe usedto de ne an exponertial
distribution over x given by

1 P (xc)
X = e cac HXc :
pOGH) = 5 m)
\Igvher@Z(u) is the partition function de ned asZ (u) =

e cux H(Xc)

. When the setsC are pairs of nodes
connectedby edgesin a graph G, the model is referred

to as a pairwise Markov random "eld.

The marginals of the variables xc turn out to have
a key role in the theory of inference. Speci cally, we
shall be interested in the set of marginals that can be
achieved under somedistribution.
M(Q)=frj9p(9 st P(R) = *(xc) 8C;xcg
R:Rc =Xc

1)
The set M (C) is known to as the Marginal Polytope.
The notation ! indicates a vector comprised of the
marginals for all C 2 C.

The de nition of M (C) does not restrict the form of
the distribution p(¢. Howewer, it turns out that any
point * in the relative interior of M (C) can actually
be achieved using an exponertial distribution of the
form in Eq. 1 for someparameter vector pu(* ) (Wain-
wright & Jordan, 2003%. We shall be specically in-
terestedin the entropy of the exponertial distribution
corresponding to a given* . Following (Wainwright &
Jordan, 2003), we de ne the following function

a1y = CH(OGH)) T 2 1i(M (O)
AT)= it 2cM (@) @

whereri(M ) denotesthe relative interior of M , cl(M )
is its closure and H is the entropy functional. The
function A®(1) returns the negative entropy for points
in riltM (Q)) andisin nite otherwise. The next section
will discussits importance in approximate inference.

2 A Variational View of Inference

The goal of inference algorithms is to calculate
marginals of variables for a given distribution p(x;u).
The estimation of the partition function turns out to
have a key role in suc algorithms. In (Wainwright &
Jordan, 2003) the authors shov how most known in-
ferencealgorithms can be analyzedusing a variational
view of partition function estimation. We review their

lIn the general casethere will be innitely many pa-
rameter vectors that yield a given exponertial distribution
and therefore achieve a given . Thus the notation p(*)
should be understood as somey in this set.

formalism here, and later useit to introduce our new
inferencealgorithm.

The log partition function can be showvn to be the so-
lution of an optimization problem, asdescribed in the
following theorem, which results from the convex dual
of the partition function (seee.g., (Wainwright & Jor-
dan, 2003; Yedidia et al., 2005))

Theorem 1 For a given parameter vector |, the log
partition function is given by

logZ(p) = sup pe |
12M (Q)

A°(*) 3

Furthermore, the marginals * that achieve the opti-
mum are the marginals of the distribution p(x;p).

There aretwo key dixculties in solving the above prob-
lem. Oneis that the polytope M (C) doesnot typically
have an explicit description, e.g. in terms of a poly-
nomial number of linear constraints. Notable excep-
tions to this caseare when the set C corresponds to
edgesof a tree structured graph, and for restricted
classesof functions on planar graphs (see (Deza &
Laurent, 1997)page434). A common approac to ad-
dressingthis problem is to de ne a set M ° such that
M99 M (O), i.e., it is an outer bound on M (C). One
way of constructing this setis by considering proper-
ties that any point 1 2 M (C) must satisfy, such as
consistency between marginals on overlapping sets of
variables. Another approad is to usean inner bound
of M (O by considering a subset of the exponertial
distributions, for example those in the factored form,
asin naive mean eld approximations.

The seconddizcult y is the estimation of the function
A®(t). The mapping from* 2 M (C) to u(*) is usu-
ally hard to state explicitly (again, with the exception
of tree graphs). This seemsto be true even in cases
where the log-partition function can be calculated in
polynomial time, sud as planar graphs (with binary
variables and no eld). Also, even if pu(*) is known,
evaluating H (p(x; u(*))) is typically ashard as calcu-
lating the partition function. A common approac to
the problem of expressingA®°(* ) is to use approxima-
tions which becomeexact in the tree structured case.

Note that if onereplacesM (C) and-A"(* ) in Eq. 3 by
an outer bound and an upper bound respectively, the
resulting optimization problem yields an upper bound
onlogZ(y). This isthe casein the TRW method, and
alsoin the approach we present here.

3 The Conditional Entropy
Decomp osition Approac h

We are now ready to describe our new approximate
inferencealgorithm. Our approac builds on an upper



permutation by e and its i" elemert by e(i). By the
chain rule for entropy (Cover & Thomas, 1991) we
have

I
Sinceconditioning reducesentropy (Cover & Thomas,
1991) removing some of the conditioning variables
(e.g., removing Y in H(XjY)) cannot decrease
the entropy, thus vyielding an upper bound on
To construct such a bound that is
also excient to compute, we would like to restrict the
number of variables conditioned on. This can be done

restricting the conditioning variablesto be in this set.
Formally, for a given elimination order e de ne the re-
stricted elimination neighborhood of X; to be the set
of indices’

H (Xe(i)iXn (eii)) 4)
I
The key property of the above bound is that it only re-
quires the marginals of the sets? (Xg(j); Xn (e;i)). Since
the size of theseis exponertial in jCq()j the bound is
tractable when jCgjj is reasonably small. We intro-
duceanotation C; = fi; C;gfor the setwhich includes
both C; and i itself, sinceit is the marginals over this
set which are relevant for estimating the entropy

Next, we wish to incorporate the above entropy bound
in the variational problem in Theorem 1, for a given
i de ned over a set C. A simple way of doing so is
to dene the clusters C;" such that for every subset
€, 2 Cthere exists a C;" such that C 1 &;. The
parameter vector p can be rede ned over the clusters
C" to yield the samedistribution asthe original one
in Eq. 1. From now on, we thus considerdistributions
over the clustersC;" . A natural outer bound on M (C)
in this caseis the set of all marginals over C;" that
agree on the marginals of variablesin their intersection
n o]

M L(C) = 1 :1Ci+ (XCI+\ Cj+): 1Cj+ (XCi+\ Cj+) 8|,]

Clearly M L (©Q 1 M (O since ewery set of achiev-
able marginals must satisfy the above consistencycon-
straints. Since the bound in Eqg. 4 depends only on

2The useof C; do dene N (e;i) may appear redundant
for a single elimination order, since we can de ne N (e;i)
directly. However this will become useful in Section 3.1
where we consider multiple elimination orders.

marginals of the clusters C;" , we may interpret it asa
function of these marginals

X
g(e;t) =

H(* (Xe(1)iXn eii))) ®)

Note that this function is well de ned ewven for * 2
M | (O that do not correspond to any distribution. It
is easyto seethat the function g(e;*) is an upper
bound on jA “(*): for? 2 M (C) we have g(e;?) ,

iA °(*) dueto the entropy inequality in Eq. 4, and for
1 2 M (O the function jA °(*)is i1 sothe bound
trivially holds.

Sincewe have an outer bound on M (C) and an upper
bound on the entropy we can de ne an optimization
problem whoseoptimum is always an upper bound on
the partition function. De ne

f(;e)= sup pet +g(et) (6)
t2M | (O)
Then
logZ(p) =

sup pet i A°(t)
12M (C)

sup pet +g(et)
1 2M (C)

sup pet +g(et) = f(pe)
12M (O

Thus for all p and e we have f (4;e) , logZ(p). The
above optimization problem in fact maximizes a con-
cave function over a corvex set, and thus local optima
are global ones(Bertsekas, 1995). The constraint set
is linear and hencede nes a cornvex set. The objective
is a sum of conditional ertropies and is therefore con-
cave. This follows from the fact that the conditional
ertropy H (X jY) is a concave function of the joint dis-
tribution p(x;y). We provide a proof of this concavity
in the appendix.

3.1 Multiple Elimination Orders

The previous section considereda bound basedon a
single elimination order. Howewer, sincethe bound is
true for any elimination order, we may extend it to use
multiple orders. Consider a set of elimination orders
E, and a distribution g(e) on this set. Now consider
the corvex combination of the boundsg(e;?!)

X
g(*;q) =

e

ae)a(e;*) (7)

Again we have a bound g(*;q) , A %(*). since
g(*;e), jA "(*) for all e, and we take their convex
combination using g(e). Sincethe function g(e;* ) de-



not depend directly on g(e) but rather on the proba-
bilities of these subsetsappearing in a given elimina-
tion order. Denote by £Sji) the probability that a set
S C;i satises S = N(e;i) for a permutation drawn
from The notation %4Sji) is justi ed by the fact
that suc 14Sji) = 1 since every elimination order
corresponds to somechoice of a subsetof C;. Then

X
9t ;3 =

i=1 spc;

YESji)H (* (xijxs)) ®)

We can therefore intro duce the following optimization
problem asanother bound on the log partition function

f(¥3= sup pet +g(*;») )

12M ( (C)
The above bound only holds if the distributions “zin-
deed correspond to somedistribution g(e) over elim-
ination orders. One way of obtaining a valid Yzis by
considering some nite set of elimination orders and
calculating % for a distribution over those (e.g., uni-
form).

We conclude with a speci ¢ example of setting the
values of ¥2 Consider a distribution over four vari-
f2,49,C, =
f1,30;C3 = f29;C4 = f3g. We assumethat the dis-
tribution g(e) is uniform over two elimination orders
e = f1;23;4g and e, = f1;2;4;3gi.e. i) = 3
for i = 1;2. The elimination order e; cortributes %
to 42; 41);%43)2); Y4ij 3); %£:j 4), where; is the empty
set. Similarly, for e, we have a contribution of % to
%2;4i1); %43j2); A3j4) and 4;j 3). Thus 42;4j1) =
1,%3j2) = 1,%;3) = L,%3j4) = 5:%;j4) = 3 and
zero probability for all the other subsets.

4 Exact Decomp ositions

We now study the conditions under which our ap-
proximation procedure becomesexact. Recall that
the approximation is generated by deleting variables
from the conditional entropy decomposition of Eq. 4.
Sudh deletion would usually result in an increasein
ertropy. However, it will be exact aslong asthe vari-
ablesthat are not deleted provide all the relevant in-
formation about the eliminated variable X¢(;y. More
formally, considerthe conditional entropy H (X 1jXRr)
where X g is someset of variables. Denote the Markov
blanket of X; by Xy. The condition for Xy be-
ing a Markov blanket is that X; and Xg,y are
conditionally independert given Xy, or equivalertly
pP(X1jXu; Xrnu) = P(X1jXy). The above condition im-
plies that H(X1jXRr) = H(X1jXy). This is also true
for any U such that U° Y U. Thus aslong as we do
not delete variablesthat are in the Markov blanket of
X1 our entropy decomposition is exact. It isimportant

to stressthat X needsto be a Markov blanket for X ;
under the distribution for p(xi;xgr) which is already
a marginal of the complete distribution. The Markov
blanket of X; may thus be larger than its blanket un-

The discussionabove suggestsa scenariowherethe de-
composition is exact. Assumethe original set C corre-
spondsto edgesin a graph G. Considera given elimi-

triangulating the graph using e: i.e., eliminating vari-
ablesaccording to e and after eliminating a variable,
connecting all its neighbors in G to ead other. Set
the cluster C; to be the set of neighbors of X; in this
process.The C; constructed in this fashion are clearly
a Markov blanket for the variable X;. Thus, aslong as
we usemarginals such that * 2 M (C) the decomposi-
tion is exact. In order to enforce®! 2 M (C) it sutces
to require that the cliques corresponding to clusters
in the junction tree corresponding to G are consisten.
The clusters C; are necessarilysubsetsof thesecliques
somarginals over C; will alsobein M (C). Thus, CED
is similar to other inferencealgorithms (e.g., general-
ized belief propagation (Y edidia et al., 2005))in that it
becomesexact when constructed over a junction tree.

5 A Dual Geometric Program

The optimization problemin Eq. 9 is corvex and there-
fore has an equivalent corvex dual. It is known that
such problems of maximum conditional entropy are
duals of convex optimization problems known as geo-
metric programs (GP) (Chiang, 2005). Large scalege-
ometric programs can be solved very exciently 3, and
it is thus worthwhile to explore their duality to the
current problem. A geometric problem in convex form
is given by

min IogP Ko eadx+ bok
Sothat log K. € **b . 0 i=1:::;m
afx+h=0 l=1::::M

where optimization is over the variable x, and aj and
a; are vectors of the sizeof x and by are scalars. To
de ne the GP dual of CED we introduce the following
dual variables

and S ¥2 C; (note that the full setis not included),
and every assignmen to the variables x;; Xs.

available in
package (see

30ne excient
the commercial
www.mosek.com).

implementation is
MOSEK optimization



2 Qverlap variables °'(xs) for any subsetS that is
the intersection of C;" and someother C;", and
every assignmen to xs. We also denote by O
the set of overlap subsetsfor cluster C." .

De ne the following factor for every variable x; and an
assignmen to X+

°I(xs) + LV (XirXs) +
S1C;

X
h(xci* ) = p-(xci" ) +
S20'

The dual problem is then*®

_ P
min i it DG
P 1 Y(Ciji)h(x .+
Sothat: X (n (_Xci ’
. e 1@: l(Sii),.'(><.:><s) .1 S%C;;S6 ;
b€ l(.:i D)t q
isuc: © (Xs) =0

(10)
The above dual yields someinsight into the structure
of the primal solution as we shawv below. By deriving
the primal Lagrangian the following characterization
of the conditional * (x;jXc,);* (XijXs) is obtained
I CIDLICAY

t(XijXc,)

1(xijxs) = @ % (S (xixs)
Thesecharacterizations hold aslong asthe correspond-
ing marginals * (xc,);* (Xs) are not zero. The rst
two constraints of the dual may thus be interpreted
as sub normalization constraints for the above condi-
tional distributions. Complemertary slaknessimplies
that aslong asthe marginals are not zero, these con-
straints hold with equality, but when marginals are
zero the constraints may not be active. Comparing
the number of constraints to the number of variables,
it becomesevidert that not all equalities can be sat-
is ed in the general case,and indeed we empirically
obsened that the primal solution has zero marginal
probabilities for someassignmetts.

6 Optimization Issues

The variational problem described above may be
solved by optimizing either the primal (Eq. 9) or the
dual (Eq. 10). One shortcoming of the dual formula-
tion is that it requiresvariablesfor all assignmerts to
all subsets,and thus may becomequite large, albeit
sparse. The primal problem is considerably smaller
since it has variables only for assignmen to the sets

“We use %;ji) to denote the probability of the elim-
ination neighborhood of X; being empty. Note that for
a single elimination order this is always one for the last
eliminated variable

5Note that the objectiveis in fact linear

C". Thusin the experimental sectionwe choseto solve
via the primal. There are many di®eren algorithms
for solving corvex problems. Here we usedthe condi-
tional gradient method (Bertsekas, 1995), which uses
linear programming to nd feasibleseard directions.

Another approac to optimization may be via a mes-
sage passing algorithm as in GBP. Since the primal
objective may be written as a weighted sum of en-
tropies (see Eg. 12) one may derive messagepassing
algorithms similar to the GBP ones. Suct updatesare
designedso that their "xed point is a local optimum
of the Lagrangian. Sincethe current problem is con-
vex, convergenceof such an algorithm would therefore
guarartee a global optimum. Howewer, asin GBP and
TRW, such algorithms are not guaranteedto converge.
Sincein this work we are primarily interested in the
quality of the approximation, we defer further study
of messagepassingalgorithms to future work.

7 Related Metho ds

The CED method preserted above constructs an ap-
proximation of the free energy and usesit to estimate
the partition function. It is thus a variational based
approad, and as sud is related to previously intro-
duced variational methods. The key di®erencebe-
tween these methods is in the way they approximate
the entropy term A°(* ). We next highlight the di®er-
encebetweenour approac and previous ones.

7.1 The Tree Re-weighting Framew ork

Wainwright et al. (2005) construct an upper bound
on jA "(*) using spanning trees of the graph G. For
a spanningtree T, de ne the function

H (XijPar (Xi))

X0
g(*;T) = _ (11)

i=1

wherePar (X;) is the parent of variable X; in the tree
T, and the erntropy is calculated using® . Then §(* ;T)
is the ertropy of a distribution on the tree T with
marginals ! and can be shown to be an upper bound
on jA °(*). A corvex combination of such bounds
is then used to obtain an upper bound on logZ (l).
Interestingly, the above bound may be viewed as an
instance of the bound in Eq. 4 if oneconsidersan elim-
ination order where children in the tree T are always
eliminated before their parents. The CED bound is
however more general, sinceit doesnot require a tree
property, and can condition on nodesthat do not cor-
respond to a tree (or a junction tree). Importantly,
the bound in Eq. 4 doesnot necessarilycorrespond to
an entropy of any distribution in the generalcase,and
thus generalizesthe TRW approach.



An elegan property of TRW is that one can consider
a distribution Y2 over all spanning trees, and nd the
Y that yields the optimal bound. For CED, we can
also optimize Y for a xed and small enough set of
elimination orders. Howewer, it seemshard to optimize
over all possibleelimination orders (seeDiscussion).

7.2 Generalized Belief Propagation

Yedidia et al. (2005) obsened that the belief prop-
agation algorithm is closely related to the variational
problem in Theorem 1 with A®(* ) given by the Bethe
ertropy. This motivated the use of higher order ap-
proximations such as the one introduced by Kikuc hi.
Sud approximations are weighted combinations of en-
tropies that generallyneither upper or lower bound the
true ertropy. The bound in Eqg. 8 can also be viewed
asa sum over ertropies by rewriting it as®

9(* ;¥ = YSji)(H (Xi;Xs) i H(Xs))
i=1 Suc;

As in (Yedidia et al., 2005), we also have positive
and negative entropy cortributions. Howewer, un-
like Kikuchi approximations, the current expression
yields an upper bound on the erntropy, and is also a
convex function of its parameters. Convex variants
of the Kikuchi entropy were also studied by Hesles
et al. (2003)in the context of optimizing a non-cornvex
Kikuchi entropy more exciently. The entropy decom-
position in Heskes et al. (2003) is not necessarily
an upper bound on the true erntropy. Furthermore,
the corvexity of the entropy approximation in (Hes-
kes et al., 2003) holds only for consistert marginals
whereasthe entropy decomposition presened here is
convex over all marginals, consistert or not.

8 Experiments

To evaluate the performanceof our conditional entropy
decomposition method we apply it to an Ising model
on a two dimensional grid. A grid of size 10£ 10
is usedto allow comparison with the exact partition

function gad marginals. The distribution hasthe form
p(x) / e AT where 1 ;1 are param-
eters, x; 2 f§ 1g, and E are edgesof the 2D grid.
The clusters C; were chosen as all the neighbors of
node i in the graph, sothat jCij - 4. The subset
probabilities “4Sji) were constructed by consideringa
uniform distribution over elimination orders shown in
Figure 1. We consideredthesefour elimination orders,
all their cyclical orderings, and their reverseorderings
and cyclical reverse orderings. The rationale behind

i 2E Hi

SHere we take both entropies w.r.t the distribution
t(Xe+)
C.

this choiceis that those elimination ordersyield clique
trees with width equal to the tree width of the grid.
We also experimented with other elimination distribu-
tions but theseyielded inferior results.

The parameters | were drawn uniformly from
U[i df;di] wheredr 2 f0:05 1g The parameters ;

weredrawn from U[j do; do] or U[O; d,] to obtain mixed
or attractive interaction potential respectively. The in-
teraction levelswered, 2 f0:2;0:4;:::;4g. The follow-
ing algorithms wereusedto estimate both the partition

function of the distribution and its singleton marginals

2 The conditional entropy decomposition (CED)
method with the clusters and elimination orders
de ned above. Marginals aregivenby the * which
maximizesthe CED optimization problem.

2 A variant of the conditional erntropy method,
where Y2 is not a legal vector, but rather is de-
‘ned as*£C;ji) = 1 for the full cluster, and zero
otherwise. We denotethis variant by CEDF. Here
the optimization is still convex, but doesnot nec-
essarily give a bound on the partition function.

2 The TRW method of Wainwright et al. (2005)’,
using a uniform distribution over spanning trees
(denoted by TRWUNI in the results). TRW pro-
vides an upper bound on the partition function
and a set of estimated (pseudg marginals.

2 Loopy belief propagation (BP).® The marginals
obtained by the BP algorithm were usedto cal-
culate the Bethe free energy which approximates
the partition function. For some settings of the
parametersBP did not corverge?

For ead setting of the parametersand ead algorithm
we calculated the following measures:1) The normal-
ized error in the log partition function 1jlogz®9

logZ™¢j. For TRW and CED Z29 is always larger
than the true one. For BP,CEDF this does not nec-
essarily hold. To emphasizethis di®erence,the re-
sults for BP,CEDF are shown with a negative sign in
thg "gures. 2) The mean L1 error in the marginals
T Ip®e(x = 1) pre(x; = 1)

n

Since CED is essetially a cluster based method, we
were also interested in comparing it with GBP. When
running GBP with the same clusters C;" that were
usedfor CED, convergencewas reached only for very
low interaction levels, and therefore we do not report
theseresults here. However, GBP with squae clusters
had good convergenceand marginals performance. In
order to incorporate suc squae clustersinto CED one

"We used M. Wainwright's TRW implementation.

8We usedthe inference package by Talya Meltzer avail-
able at http://www.cs.h uji.ac.il/ » talyam/.

9Results are not shown in these cases.
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Figure 1: Illlustration of the elimination orders considered
in generating the distribution %S;ji), shown here for a 3£
3 two dimensional grid. The four basic orderings shown
eliminate rows or columns in a sequertial fashion.

should include them in the description of M (C). We
expect this to improve CED results further, but have
not performed this evaluation yet.

Resultsfor the partition function are shavn in Figure 2
and thosefor marginalsin Figure 3. It canbe seenthat
CED vyields a much better partition function bound
than TRW, and also results in improved marginals.
BP yields good marginal estimatesfor low interaction
levels, but breaks down at higher ones, even when it
does corverge. The performance of CEDF, which is
not a upper bound, is good for di = 1 but deteriorates
at high interaction levels for d; = 0:05.

9 Discussion

The CED method providesan intuitiv e way of generat-
ing entropy boundsby relating them to elimination or-
ders of variables. The quality of the approximation is
governedby the fraction of the Markov blanket that is
presened in the conditional entropy. Sincethe neigh-
bors of a node in the graph are clearly a subsetof its
Markov blanket this constitutes a natural choice for
clusters, and indeed the one we followed in the exper-
imental evaluations. Howewer, choosing a larger set
would result in a tighter bound. It should be noted
howevwer, that one canin fact choosea subsetof these
neighbors and the bound would remain valid. Such a
choice may be reasonablefor nodeswith high degree.

In the current evaluations we considereda uniform dis-
tribution over a setof elimination orders. An improved
bound may be obtained by optimizing over this distri-
bution. The main ditcult y in such an optimization is
that one needsa characterization of which vectors %2
are valid subsetprobabilities. While it is easyto spec-
ify properties which these’2must satisfy, it is not im-
mediately clearhow to obtain a completedescription of
this set. Interestingly, Grotschel et al. (1985) obtained
results which characterize this elimination polytope if
one only considerssubsetsof sizetwo (i.e., edges)and
the graph is planar. It will be interesting to further
study the relation betweentheir work and ours.
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A Concavity of Conditional Entropy

Considerthe function H (X jY) asa function of p(x; y).
We want to show it is a concave function. De ne
u(x) = jx7 asthe uniform distribution over X . Write

H (X]jY) asa KL divergence(up to a constart)

Dk L [P Y)ip(y)u(x)] = i H(XjY) + logjXj (12)

Since Dk . [piq] is corvex in (p;qg) (Cover & Thomas,
1991), we can use it to address the corvexity of
H(XjY). Given two distributions p1(X;y);p2(X;y),
de ne two factored distributions g (x;y) = pi(y)u(x).
For O - 1lde ne

p(Xy)=.p1(xy)+ (Li ,)p2(X;Y)
q(xy)=.a106y)+ @i ,)e(xy)
By the de nition of g we have q (x;y) = (,p1(y) +
Li ,)p2aAy))u(x) = p (Y)u(x) To establish concav-
ity we needto shawv that Hp (XjY), Hp (XjY)+
(i ,)Hp,(X]jY). From Eqg. 12we have H, (XjY) =
i Dkolp jg 1+ logjXj, and corvexity of Dk | yields

Hp (X]jY) i .D kP06 y)ion(x y)l i
(i ,)DkLIp2(% y)jc(x; y)] + logjXj
= Hp,(XjY) + (Li ,)Hp,(X]Y)
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