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Abstract

We give two algorithms for listing all simplicial vertices of a graph running in tim@% and Qe2/(@+D) = O(¢141),
respectively, where ande denote the number of vertices and edges in the graph &uft) @ the time needed to perform a fast
matrix multiplication. We present new algorithms for the recognition of diamond-free graggh$ ¢¢3/2)), claw-free graphs
(O(e@tD/2) = O(£1-69)), and K 4-free graphs (@@ +1/2) = O(e1:69)). Furthermore, we show thabuntingthe number of
K4's in a graph can be done in time@**1/2). For all other graphs on four vertices we can count within©+ ¢1-69) time
the number of occurrences as induced subgrap?000 Elsevier Science B.V. All rights reserved.
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1. Introduction

The first problem we consider is the problem of
finding all simplicial vertices of a graph. This is of
interest, since the complexity of many problems (e.g.,
CHROMATIC NUMBER, MAXIMUM CLIQUE ) can be
reduced by first removing simplicial vertices from the
graph.

We first show an algorithm with time @*), which
is the time needed to compute the square of ann
0/1-matrix, wheren is the number of vertices of the
graph. ¢ < 2.376.) Then, using an idea of Alon et al.
in [1] we obtain an alternative algorithm with time
O(e2/(@+D) "wheree is the number of edges in the
graph.

* Corresponding author. Email: kloks@cs.vu.nl.
1 Email: kratsch@minet.uni-jena.de.
2 Email: hm@minet.uni-jena.de.

A very basic problem in theoretical computer sci-
ence is the problem of finding a triangle in a graph. In
1978 Itai and Rodeh presented two solutions for this
problem. The first algorithm has a time ofi®¥). The
second algorithm needs(€¥/?).

In [2] this result was refined to @a(G)), where
a(G) is the arboricity of the graph. Sinc&(G) =
O(4/e) in a connected graph (see [2]), this extends the
result of Itai and Rodeh. These were for almost ten
years the best known algorithms.

A drastic improvement was made recently by Alon
et al. In [1] they showed the following surprisingly
elegant and easy result. Deciding whether a directed or
an undirected grapty contains a triangle, and finding
one if it does, can be done in(€*/ @Dy = O(e141).

For finding a certain induced connected subgraph
with four vertices there are not many non-obvious re-
sults known. Two notable exceptions are the recogni-
tion of paw-free graphs and the recognitionfatfree
graphs. Apaw is the graph consisting of a triangle
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and one pendant vertex. Using a characterization of Corollary 1. A vertexx is simplicial if and only if for

Olariu [9], the class of paw-free graphs can be recog-

nized in Qn%) time. P4-free graphs (cographs) can

even be recognized in linear time [3]. We present new

efficient algorithms for all other induced connected
subgraphs on four vertices.

First we adopt the idea of [1] to obtain an efficient
algorithm that checks if a graph contains a diamond
and finds one if it does. The time of our algorithm is
O(n® + ¢%?).

Using standard techniques, it is easy to see that

all neighborsy of x, |[IN[x] N N[y]| = |N[x]].

Now let A be the Ql-adjacency matrix oiG =
(V, E) with 1's on the diagonal, i.eA, , = 1 for all
x and forx # y, Ay, = 1if x andy are adjacent in
G and A,,, = 0 otherwise. Hencel is a symmetric
n x n 0/1-matrix. Consideri?. The following is a key
observation. For alt, y € V:

(A%, = [NxIN N[yl|.

connected claw-free graphs can be recognized in (In particular(A?), ; = d(x) +1).)

On®1le) time. We show that there is also a
O(e@tD/2) — O(£169) recognition algorithm for claw-
free graphs.

In[1] an easy @n*) algorithm counting the number
of triangles in a graph is given. Furthermore the
authors ask for an efficient algorithm counting the
K4's. We give an Qe@tD/2) = O(e169) algorithm
counting theK4's. Moreover we show that for any
fixed graphH on four vertices the number of copies
of H in a given graphG can be counted in time
O(n® + e@+D/2),

2. Listing all simplicial vertices

Definition 1. A vertex x in a graphG is called a
simplicial vertexf its neighborhoodV (x) is complete.

For many problems (e.g., coloring) simplicial ver-
tices can be safely removed, tackling the problem on
the reduced graph. It is therefore of interest to find
these simplicial vertices quickly.

For any graptG = (V, E) andX C V we denote by
G[X] the subgraph of; inducedby X. We denote by
N[x] theclosedneighborhood ok, i.e., N[x] = {x} U
N(x). Letd(x) be the degree of, i.e.,d(x) = |N(x)|.

Lemma 1. A vertexx is simplicial if and only if for
all neighborsy of x, N[x] C N[y].

Proof. The ‘only if’ part is obvious. Assume is a
vertex such that for every neighber N[x] C N[y].

Assumex is not simplicial. Lety andz be two non
adjacent neighbors of. Thenz € N[x], butz ¢ N[y],

contradictingN[x] € N[y]. O

Theorem 1. There exists aiD(n%) algorithm which
finds a list of all simplicial vertices of a grapfi with
n vertices.

Proof. We assume that we have for each vertex a list
of its neighbors. Construct thg¢ D-adjacency matrix
with 1's on the diagonal. Comput&? in time O(n%).

By Corollary 1 a vertexx is simplicial if and only

if (A2),, = (A%, holds for ally € N(x). Hence
for each vertexc this test can be performed in time
O(d(x)). The result follows. O

The next algorithm is based on a technique pre-
sented in [1]. LetD be some integer (to be determined
later). We call a vertex of low degreeif d(x) < D.

A vertex which is not of low degree, is said to be of
high degreeOur algorithm consists of four phases.

Phase 1 Search all simplicial vertices that are of low
degree.

Phase 2Mark all vertices of high degree that have a
low degree neighbor.

Phase 3Remove all low degree vertices from the
graph. Call the resulting grapti*.

Phase 4 Perform a matrix multiplication for the/Q-
adjacency matrix olG* with 1's on the diagonal.
Make a list of all simplicials ofG* which are
not marked in Phase 2, using the algorithm of
Theorem 1.

Correctness follows from the following observation.

Lemma 2. If a vertexx of high degree is simplicial,
then all its neighbors are of high degree.
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Proof. Assume a vertex of high degree is simplicial. For the following result, see also [11].

Then for every neighboy of x, d(y) + 1= |N[y]| >

IN[x]|=d(x)+ 1> D+ 1, by Lemma 1. Hence is Lemma 3. A graphG is diamond-free if and only if

also of high degree. O for every vertexx, the graphG[N (x)] is a disjoint
union of cliques.

Theorem 2. There exists ai®(e2*/@+D) time algo-

rithm to compute a list of all simplicial vertices of a  prgof. Consider a vertex of degree 3 in a diamond.

graph. Then the neighborhood of contains aPs. Hence

G[N(x)] cannot be a disjoint union of cliques. Con-

versely, if for some vertex, G[ N (x)] is not a disjoint

union of cliques, therG[N (x)] must contain aPs. It

follows thatG contains a diamond. O

Proof. Let D = ¢@~D/(@+D We assume we have for
every vertex a list of its neighbors. Létbe the set of
vertices of low degree and léf be the set of vertices
of high degree.

The first phase of the algorithm can be implemented
as follows. For each € L, we check if every pair of
its neighbors is adjacent. Hence the first phase can be
performed in time proportional to

Corollary 2. MAXIMUM CLIQUE is solvable in time
O(n(n + e)) for diamond-free graphs.

Our algorithm for checking if a graph is diamond-

X:d(x)2 < 2De. free works as follows. Again, leb be some number.
xeL We partition the vertices into vertices of low degree,
Phases 2 and 3 can clearly be implemented in linear i-€., vertices of degree at mostand vertices of high
time. degree. Lef. be the set of low degree vertices, alHd

Now notice that the set of high degree vertices.

2e> ) d(x)>|H|D.
xeH

Phase 1 Check if there is an induced diamond with a

. ) vertex of degree 3 which is of low degreetn
hence the number of vertices 6f is at most 2/D.

Computing the square of the/D-adjacency matrix  Phase 2 Check if there is an induced diamond with a

for G* with 1's on the diagonal can be performed in  vertex of degree 2 which is of low degreeéh
time O((2¢e/D)*). Hence the total time needed by the

algorithm is Phase 3If no diamond is found in the two previous
O(eD 4 (Ze/D)a) _ O(eZa/(a+l)) steps, then remove all vertices of low degree from

) the graph (otherwise stop). Call the resulting graph
by our choice ofD. O G*.

) Phase 4 Check if G* has a diamond.

3. Diamond-free graphs

We can implement this algorithm as follows. We as-
sume we have the/Q-adjacency matrixA with O’s
on the diagonal. For each vertexf low degree, con-
struct adjacency lists fag [N (x)]. This can be accom-
plished in time @d(x)2). Compute the components
of G[N(x)] (for example using depth first search).
Check if each componentis a clique. This can be done
in O(d(x)?) time. Notice that if some component in
N(x) is nota clique, aP3, and hence a diamond, can
easily be computed in @(x)?) time (for example if
y and z are non adjacent vertices in the same com-
Fig. 1. Diamond (left) and claw (right). ponent, then start a breadth first search frojm It

In this section we consider the recognition of
diamonds in graphs.

Definition 2. A diamondis a graph isomorphic to the
graph depicted in Fig. 1 on the left.
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follows that Phase 1 can be implemented to run in
3 ep d(x)? < 2De time.
Next consider Phase 2. For each veriexf low
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Let G be a graph with: vertices and: edges. We
start with an easy observation.

degree, we now have the cliques in the neighborhood Lemma 4. If G is claw-free then every vertex has at

(as a result of the previous phase). First compirte

in time O(n%). Let C be a clique inN(x). For each
pairy, z in C, we check whethefA?), , > |C| — 1. If

this is the case, themandz have a common neighbor
outsideN[x]. Hence in that case we find a diamond.
(Producing the diamond can then be done in linear

most2,/e neighbors.

Proof. Consider a vertex. If G is claw-free, then
G[N (x)] is triangle-free. Letp = |N(x)|. By Turan’s
theorem, a graph witl vertices and without triangles

can have at moép2 edges (see, e.g., [10,5]). Hence,

time, if all adjacency lists are sorted.) Hence, Phase there must be at leagtp(p — 1) — 3p? = 1p% — 3p

2 can be implemented to run in timg De + n%).

edges inG[N(x)]. Then (adding the edges incident

Finally, assume that neither Phase 1 nor Phase 2with x), G[N[x]] must contain at leas}p? — p +

produces a diamond. Computg*. The number of
vertices inG* is at most 2/D. Now, simply repeat
the procedure described in Phase 1,dtvertices of
G*. This takes time proportional to

Z dp (x)?>=0(e|H|) = O(e?/ D).
xeH

Hence the total running time is bounded by +
¢?/D + n%). Taking D = /e we obtain following
theorem.

Theorem 3. There is anO(e%2 + n®) algorithm that

checks if a graph has a diamond and produces one if

it does.

4. Claw-free graphs

The importance of claw-free graphs follows from
matching properties, line graphs, Hamiltonian prop-
erties and the polynomial time algorithm for com-
puting the independence number [4,7]. However, al-

though many characterizations are known, there is no

fast recognition algorithm known. Even the extensive
survey on claw-free graphs in [4] mentions only an
O(n3%) recognition algorithm. We present in this sec-
tion an Qe @*+1/2) = O(¢1-69) recognition algorithm.

Definition 3. A claw is a graph isomorphic to the
graph depicted in Fig. 1 on the right. A graph is
claw-free if it does not have an induced subgraph
isomorphic to a claw. We denote the vertex of degree
3in a claw as theentral vertex

p = %pz edges. This can be at most the number of

edges ofG. Hencep < 2\/e. O

Our algorithm for recognizing claw-free graphs
works as follows. First we check whether every vertex
has at most e neighbors. If there is a vertex with
more than 2/e neighbors, there must be a claw with
this vertex as the central vertex by Lemma 4.

If every vertex has at most,Ze neighbors, we per-
form a fast matrix multiplication for each neighbor-
hood to check if the complement of such a neighbor-
hood contains a triangle. This step of the algorithm can
be performed in time proportional to

DA < @Ve) Y Jdx) < 2%tV
X X
This proves the following theorem.

Theorem 4. There is anO(e@+D/2) algorithm to
check whether a connected graph is claw-free.

5. Counting the number of K4's

In this section we first describe an algorithm that
decides whether a connected graph haksaas an
induced subgraph and outputs one if there exists one.
Moreover, we show how to extend it to an algorithm
that counts the number of occurrencesiof as an
induced subgraph of the given connected graph. Both
algorithms have time @@ *9/2) = O(¢1-69). The first
one improves upon an @-8% algorithm mentioned
in [1].

As in the preceding sections the vertex set of the
input graphG is partitioned into the set& and H.
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The vertices ofL are those with degree at moBbt
The recognition algorithm works as follows.

Phase 1For each vertex € H compute the square of
the adjacency matrix ofi[ N (x) N H] to decide if
there is a triangle contained G[N (x) N H].

This can be done in time

Z dp(x)% = O(e® /D).

xeH

Phase 2 For each vertex € L compute the square of
the adjacency matrix aff[ N (x)] to decide whether
G[N (x)] contains a triangle.

This can be done in time

D dx)* =0(D e).

xelL

Theorem 5. There is anO(e**+Y/2) algorithm that
checks whether a connected graph haska and
outputs one if it does.

Proof. G has aKj if and only if the algorithm finds
a triangle inG[N(x) N H] in Phase 1 or a triangle in
G[N (x)]in Phase 2. The time bound follows by taking

D=.\le. O

In [1] an easy @:**1) algorithm for counting the

K4's in a graph is given and the authors ask whether it

can be improved to an(e®*1) algorithm. We present
an Qe@tD/2) algorithm that counts the number of
K4's in a given connected graph. Note that this is at
least as good as the algorithm of [1] for all graphs.
However it is an @®*1) algorithm only for sparse
graphs.

We distinguish five different types of &4, depend-
ing on the number of low and high vertices, respec-
tively, in the K4. We denote by.; the set ofK4's with
exactlyi vertices of low degree. Clearly, eagh is of
exactly one of the typesgo, L1, L2, L3z andL4. The
counting algorithm determines the numberkf's in
G from each type, denoted kg, £1, £2, £3 and {4,

respectively. The algorithm starts as the recognition
algorithm, however in each phase it counts the corre-

sponding number of triangles using thén®) algo-
rithm given in [1].

Phase 1For each vertex € H compute the square
of the adjacency matrix o&G[N(x) N H]. Com-
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in G[N(x) N H] taken over allx € H. This num-
ber is exactly 4o. The time is)_ _, du(x)®
O(e®/ D1y,

Phase 2 For each vertex € L compute the square of
the adjacency matrix [ N (x)]. Compute the sum
of the number of triangles contained @G[N (x)]
taken over alk € L. This number is equal tot4 +
3¢3 + 2¢2 + ¢4 since eachK 4 is counted exactly
times,i € {1, 2, 3, 4}, if and only if it containg low
vertices.

Phase 2 can be done in time, ., d(x)* =
O(D*~Le), because_, ., d(x) = 2e.
The next two phases compute and ¢1, respec-
tively, in a similar fashion.

Phase 3For everyx € L compute G[N(x) N L].
Compute the sum of the number of triangles in
G[N(x) N L]. This number is equal to¢4.

This takes time)_, _, dy (x)* = O(eD*1).

xelL

Phase 4For everyx € L compute G[N(x) N H].
Compute the sum of the number of triangles in
G[N(x) N H]. This number is equal té;.

This takes time)_ ., du (x)* = O(eD*~1).

Finally we are going to count the triangles in the
neighbourhood of a vertex in a slightly different way.

Phase 5For every low vertexx compute the adja-
cency matrixA (x) of G[N (x)] and then compute its
squareA (x)2. Then(A(x)?); ; is exactly the num-
ber of common neighbors of j € N(x) belonging
to N(x). We compute the sum over a(l.lﬁ\(x)z)l-,j
forwhich{i, j} € E,i < j andi, j € H. Moreover,
we sum these values over all low verticedHence,
we only count thos& 4 of type L(2) or L(1). The
final value we get is exactly¢3 + 3¢1. This can be
doneintime}" ., d(x)* = O(eD*™1).

Theorem 6. There is anO(e@tD/2) = O(e189) time
algorithm counting the number ak4’s in a given
graph.

Proof. Using all the values we computed by the
algorithm it is easy to comput® + £1 + €2+ €3+ {4,
i.e., the number oK 4’s occurring as induced subgraph

pute the sum of the number of triangles contained N G. The time bound follows by takin® := /e. O
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Nesefil and Poljak gave in [8] an @i@L¢/31+1) time

T. Kloks et al. / Information Processing Letters 74 (2000) 115-121

Now we havex|(¢ — 1)/3] + mod{¢ — 1,3) =
all/3] +mod¢, 3) — 1if £ is not a multiple of 3 and
al(—1)/3]+ modl —1,3)=B—a+2iflLisa

algorithm that decides whether a given graph contains multiple of 3.

a K. Herei is the remainder of by division by

3 which we will also denote by = mod{, 3). As
mentioned in [1] it is easy to see that the method
of [8] can also be used for countingj,'s within the
same time bound. Alon, Yuster and Zwick mention
in [1] that combining thisk, counting algorithm of [8]
with their methods leads to@d (G )*L¢—D/3+1) and
O(ed(G)*¢=2/31+1) time algorithms for counting
the number ofK,’s in a given graph where/(G)
denotes the degeneracy of the input graph.

We show that the algorithm of [8] can also be used
to design another type of algorithm that recognizes
K,’s by generalizing the @%/@+D) time triangle
recognition algorithm of [1] and the @*+1/2) time
K 4 recognition algorithm of Section 5.

As in the preceding sections the vertex set of the
input graphG is partitioned into the setd and H.
The vertices ofL are those with degree at mobkt
The algorithm recognizing,’s works as follows.

Phase 1For each vertex € L compute the adjacency
matrix of G[N(x)] and decide whetheG[N (x)]
contains akK,_1 by applying theK,_; recognition
algorithm of [8].

Phase 2 Compute the adjacency matrix 6f{ H] and
decide whether there isk, contained inG[ H] by
applying theK, recognition algorithm of [8].

Theorem 7. There is anO(e(@L¢/31+)/2) time algo-
rithm deciding whether a given graph contain&a if
i =mod, 3) € {1, 2}.

There is anO(efF~a+2/@h=a+1)y  \where g =
(a£)/3, time algorithm that decides whether a given
graph contains & if ¢ is a multiple of3.

Proof. The adjacency matrices @ [N (x)], x € L,
ared(x) x d(x) matrices withd(x) < D. Hence the
time of Phase 1 is

Z O(d(x)“l(efl)/3j+ m0d€71,3))

xeL
— O(e DY [(e—=1)/3]+ mod(zfl,B)fl).

Since |H| < 2¢/D the running time of Phase 2 is
O((e/D)"‘ L€/3]+ mod(i,3))_

Supposé is hot a multiple of 3, i.e4, = mod(¢, 3) €
{1,2}. Then we choosé := /e implying that the
time of thek, recognition algorithm is @ (*1¢/3141)/2)

Suppose? is a multiple of 3. ChoosingD :=
eP-D/@p-a+D) e get the stated time of th&,
recognition algorithm. O

It is worth mentioning that our algorithms are at
least as fast as the algorithms of Né$etnd Poljak
on all input graphs ift is not a multiple of 3. If¢ is
a multiple of 3 then this is not the case in general.
However, notice that the time of the algorithm given
in [8] is better only when the number of edges in the
graph exceeds

Q(n? G-/ (B-a+2) _ (,2-0W/0),

Hence, for large values df, the algorithm of [8] is
faster only for very dense graphs.

Itis an interesting open problem whether there is an
O(e* /%) algorithm for recognizing whether a graph
contains akKy, if £ is a multiple of 3, in particular
whether there is a @%/2) algorithm for recognizing
triangles.

7. Other small subgraphs

We show that for any connected subgrafihon
four vertices there is a @* + ¢©*tD/2) algorithm
counting the number of occurrencesmfin the given
graph G. More precisely, on inpuG = (V, E) we
compute the cardinality ofW: W C V andG[W] is
isomorphic toH } for a fixed graphH on four vertices.
The connected graphs on four vertices &g K4 — e
(the diamond)(4 (the square)Ps, P3 + K1 (the paw)
andK1 3 (the claw).

Theorem 8. Let H be a connected graph on four
vertices such that there is @z (n, ¢)) time algorithm
counting the number off’s in a given graph. Then
there is anO(n* + t(n, ¢)) time algorithm counting
the number of’s for all connected graph#&/ on four
vertices.
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Proof. The number of occurrences of the connected On the right side we need the number idfs for

subgraphs on four vertices in a graph fulfill the one subgrapli/ to be able to solve the system and find
following system of linear equations, arid, D, S, the numbers ofi’s for all the other subgraphd. O

P, 0 andY denote the number of subgraphsan

isomorphic tok 4, diamond, squarers, paw and claw, A similar theorem can be shown for all graphs
respectively. on four vertices by extending the system of linear

equations. This and Theorem 6 imply

2
5 (@) <ok o

(x,y)eE Corollary 3. For any graphH on four vertices there
(A?)yy is aO(n® + ¢@+D/2) algorithm counting theé4’s in a
Z 2 =D +28, given graphG.
(x.y)¢E
(AC)x,y(CA)xy =4S+ P,
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