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ABSTRACT

The PPSZ algorithm, due to Paturi, Pudlak, Saks and Zane, is cur-
rently the fastest known algorithm for the k-SAT problem, for every
k > 3. For 3-SAT, a tiny improvement over PPSZ was obtained by
Hertli. We introduce a biased version of the PPSZ algorithm using
which we obtain an improvement over PPSZ for every k > 3. For
k = 3 we also improve on Herli’s result and get a much more no-
ticeable improvement over PPSZ, though still relatively small. In
particular, for Unique 3-SAT, we improve the current bound from
1.308™ to 1.307™.
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1 INTRODUCTION

Satisfiability of Boolean formulas (usually known as SAT), is one of
the core problems of Computer Science. Given a Boolean formula,
the task is to decide whether there is an assignment of Boolean val-
ues, 0 (false) or 1 (true), to the variables of the formula under which
the formula evaluates to 1 (true). The Boolean formula is commonly
given in Conjunctive Normal Form (CNF), i.e., as a conjunction of
disjunctions of literals. Each disjunction is called a clause. A literal
is a variable or its negation. A formula in which each clause con-
tains at most k literals is a k-CNF formula. The problem of deciding
whether a k-CNF formula is satisfiable is called k-SAT.
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Cook [2] and Karp [7] have shown that 3-SAT is NP-complete. In
contrast, 2-SAT can be solved in linear time. Many problems have
been shown to be NP-complete using reductions from 3-SAT, which
is thus viewed as one of the canonical NP-complete problems.

As the size of a k-CNF formula over n variables is at most O(n¥),
the running time of the trivial algorithm which enumerates over all
possible assignments is O*(2"), where O*(f(n)) = O(f(n)- n®), for
some ¢. The best known algorithms for solving k-SAT still have ex-
ponential running times in n. Let ¢ € [1, 2] be the smallest constant
for which k-SAT can be solved in (¢ + 0(1))" time. Much effort
was put into obtaining improved upper bounds on cg, especially
for 3-SAT, which has become a benchmark problem for exponential
time algorithms.

A famous conjecture, called the Exponential Time Hypothesis
(ETH, see [6]), is that 3-SAT cannot be solved in sub-exponential
time, i.e., that c3 > 1. A stronger conjecture, known as the Strong
Exponential Time Hypothesis (SETH), which is also popular, claims
essentially that limg_,., ¢ = 2. Both conjectures are yet to be
proved or disproved.

The first non-trivial upper bound on cg, for any k > 3, was ob-
tained by Monien and Speckenmeyer [8]. They used a deterministic
branching algorithm to show that ¢3 < 1.619 and ¢ < 21-627"),
Improved deterministic algorithms were then obtained, culminating
with the bound ¢3 < 1.476 obtained by Rodogek [13].

Further improved upper bounds were then obtained using ran-
domized algorithms. Paturi, Pudlak and Zane [10] described an
extremely simple and elegant randomized algorithm, now known
as the PPZ algorithm, that established that ¢ < 21~%. While not
improving the bound for 3-SAT, the improvement for large values
of k was enourmous. Shortly afterwards, with the help of Saks,
Paturi et al. [9] obtained an improved version of the PPZ algorithm,
now known as the PPSZ algorithm, that showed that c3 < 1.364

and ¢ < 21_(1_0(1))”72 3 They also showed that their 3-SAT algo-
rithm runs in 1.308" time, if the formula has a unique satisfying
assignment (this restricted problem is called Unique 3-SAT).
Schoning [16] presented a very simple randomized algorithm,
based on a simple random walk, running in time (4/3)" for 3-SAT,
slightly faster than the bound obtained by PPSZ without relying
on the uniqueness assumption. Hertli [3] extended the analysis of
PPSZ to show that the bound obtained by PPSZ under the unique-
ness assumption also holds for the general case, i.e., c3 < 1.308.
Hertli [4] also showed that the PPSZ exponent for Unique 3-SAT
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can be improved by about 10724, i.e., by a tiny bit. Hertli’s improve-
ment uses an algorithm by Wahlstrom [17] that is faster than PPSZ
on short formulas, i.e., formulas with a relatively small number
of clauses. Qin and Watanabe [12] push the ideas of Herli a tiny
bit further and reduce the exponent by about 1071, Hertli’s [4]
improvement over PPSZ works only for k = 3. Hertli mentions
explicitly the problem of “breaking the PPSZ barrier” for k > 3.

Scheder and Steinberger [15] simplified Hertli’s analysis [3] of
the non-unique case, and also showed that small improvements
over the PPSZ algorithm for the unique case imply small(er) im-
provements also for the non-unique case.

For Unique k-SAT, PPSZ was derandomized by Rolf [14]. For
general k-SAT no such result is known but the best known de-
terministic algorithms are still based on derandomizations of the
algorithms mentioned above. All the algorithms presented in this
paper can be easily derandomized.

1.1 Our Contribution - A Biased Version of
PPSZ

We propose a biased version of the PPSZ algorithm using which
noticeably better bounds can be obtained for k-SAT, for every
k > 3. Analyzing the new algorithm is challenging and we are
only making the first steps in this direction. However, the non-
optimal analysis that we currently have already allows us to obtain
a non-infinitesimal improvement for Unique 3-SAT, and the first
improvement over PPSZ for every k > 3, answering Herli’s [4] open
problem. For Unique 3-SAT we reduce the running time from 1.308"
to 1.307™.! We believe that our current analysis only scratches the
surface and that our ideas can lead to much larger improvements.

At a high level, the PPSZ algorithm can be described as follows.
Go over the variables of the input formula in random order. For
each variable try to ‘infer’ its value from the values of the variables
already set. If this does not succeed, guess the value of the vari-
able. If a satisfying assignment is not found, repeat. The original
PPSZ algorithm [9] uses bounded resolution to try to infer values
of variables. Hertli [3] noticed that the current analysis of PPSZ
also works when the bounded resolution is replaced by weaker
bounded implication, i.e., an implication by a small subset of the
clauses. Scheder and Steinberger [15] refer to the method used to
infer values of variables as the heuristic used. In any case, if the
heuristic fails to infer the value of a variable, the PPSZ algorithm
guesses the value of this variable by flipping an unbiased coin.

Introducing bias: Even if the heuristic failed to determine the
value of the variable, there might be cases in which one of the values
is more likely than the other value. This variable should then be
guessed with a bias. If the bias is correct, this increases the success
probability of the algorithm. We show that exploitable biases must
occur, in significant amounts, in every input formula.

The remaining question then is how to identify situations in
which bias should be used. As we are aiming for an exponential
time algorithm, we can afford to spend sub-exponential time on
enumerating where the bias is, and what its magnitude.

The biased-PPSZ algorithm that we propose is a meta-algorithm,
parameterized by a partition of the variables into types. Types may

!With a slight “tongue in cheek”. The base of the exponent of PPSZ is 1.30703 . . ..
Our current base is 1.30699 . . ..
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be defined in a fairly general manner. The only requirement is
that there are not too many of them, and that when a variable is
reached during a run of the algorithm, its type can be determined
in sub-exponential time. (The type of a variable usually depends on
the random permutation chosen.) The algorithm enumerates, up to
some precision, the bias to be used for guessing variables of each
type, if they have to be guessed.

To obtain our results, we use a concrete instantiation of the above
algorithm with a fairly simple collection of types. To simplify the
analysis of the algorithm we currently need to use a preliminary
step of choosing a maximal collection D of disjoint clauses. A max-
imal set of disjoint clauses, and bias, were used by Hofmeister et
al. [5], in a different context, to obtain a smarter initialization for
Schoéning’s random walk algorithm [16].

Variables that do not appear in any clause of D belong to a
default type. Variables of this type are not guessed with a bias. The
type of a variable x that does appear in a clause C € D depends
on the values of the literals in C that are already known when x is
inspected, and on the (approximate) position of x in the permutation.
The set D of disjoint clauses serves as a scaffolding that simplifies
the analysis of the algorithm by removing many dependencies. We
believe that further improved results can be obtained without using
such a scaffolding, but the analysis becomes more challenging.

1.2 Our Concrete Results

We use concrete instantiations of the biased-PPSZ algorithm to
obtain three concrete results:

e Animproved algorithm for k-SAT for every k > 3. For k > 3,
this is the first improvement over PPSZ, answering an open
problem of Hertli [4]. The aim here is just to show that an
improvement can be obtained for every k > 3, demonstrating
the power of our techniques. The improvement we obtain is
for Unique k-SAT. By [15], this implies some improvement
also for k-SAT.

An 1.307" algorithm for Unique 3-SAT. The aim here is to
show that noticeable improvements can be obtained even
using our current analysis, which is probably far from being
optimal. This improves over the 1.308" running time of the
PPSZ algorithm.

An 1.305" algorithm for Unique NAE-3-SAT. (In NAE-3-SAT,
each clause is required to contain a literal that evaluates to 0,
and a literal that evaluates to 1. Equivalently, NAE-3-SAT is
a sub-problem of 3-SAT in which clauses appear in pairs. For
every clause x V y V z there is also a clause X V §j V Z.) As far
as we know, no improved algorithm was known for NAE-3-
SAT before. NAE-3-SAT provides a simple “play ground” for
explaining how bias arises, how it can be exploited, and what
are the difficulties encountered in the analysis of algorithms
that use bias.

1.3 Comparison with Herli’s Improvement

Hertli [4] improved on PPSZ for 3-SAT, but not for k-SAT, for k > 3.
His improvement over PPSZ is tiny (1072%). Hertli’s improvement is
obtained using a collection of nice ideas. The analysis of PPSZ relies
crucially on critical clauses. The uniqueness assumption implies that
each variable has at least one critical clause. Herti [4] observes that
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if many variables have more than one critical clause, then the PPSZ
algorithm, without any change, is already faster. He then shows that
a formula in which essentially all variables have only one critical
clause is either short, i.e., has a small number of clauses, or has some
other properties that can be exploited. To deal with short formulae,
Hertli uses an algorithm of Wahlstrém [17]. Hertli [4] also uses
bias in some settings, but in a way different than ours.

While Hertli [4] shows that the PPSZ algorithm, or at least its
current analysis, is not optimal for k = 3, he does so in a fairly
ad-hoc manner, and his result does not seem to extend to k > 3.1Itis
also not clear how to use his ideas to obtain substantially improved
algorithms. (Qin and Watanabe [12] tried to push Herli’s ideas to
the limit and only obtained a 1071? improvement.)

We view the introduction of the biased-PPSZ algorithm as a new
conceptual idea that could lead to much more significant improve-
ments. Our current analysis of the biased-PPSZ algorithm relies,
among other things, on strengthening some of the observations
that are also used by Hertli [4].

1.4 Organization of the Paper

The rest of the paper is organized as follows. In Section 2 we review
the PPZ and PPSZ algorithms and introduce our biased-PPSZ algo-
rithm. The PPZ and PPSZ algorithms are presented in Sections 2.1
and 2.2. The generic version of the biased-PPSZ algorithm is pre-
sented in Section 2.3 and the concrete version analyzed in this
paper is presented in Section 2.4. In Section 3 we briefly review
the analysis of the PPSZ algorithm. In Section 4 we show how the
high level analysis of PPSZ can be extended into an analysis of
biased-PPSZ, for any system of types. The challenge is to show that
the concrete system of types suggested in Section 2.4 does indeed
yield improved results. In Section 5 we present a simple analysis of
the biased-PPSZ algorithm for Unique NAE-3-SAT. This provides
a simple setting in which our ideas can be explained without too
many complications. In Section 6, we consider cases in which the
analysis of PPSZ can be improved. In Section 7 we show how the
simple analysis for NAE-3-SAT can be extended to a simple analysis
for Unique k-SAT, for every k > 3, obtaining the first improvement
over PPSZ for k > 3. We conclude in Section 8 with some remarks
and open problems.

The tighter analysis for NAE-3-SAT giving a bound of 1.305"
for Unique NAE-3-SAT, and the 1.307" bound for Unique 3-SAT
are deferred to the full version of the paper.

2 THE PPZ, PPSZ AND BIASED-PPSZ
ALGORITHMS

In this section we describe the PPZ [10] and PPSZ [9] algorithms.

Our description of PPSZ follows that of Hertli [3]. We then describe

our biased variant of PPSZ, first as a generic meta algorithm, and
then as a concrete instantiation of it that we analyze in this paper.

2.1 The PPZ Algorithm

The simple idea behind PPZ and PPSZ is the following. Choose a
random permutation of the variables. Go over the variables one
by one in the random order chosen. If the value that should be
assigned to a variable to satisfy the formula can be easily deduced
from the previously assigned values, assuming that these values are
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correct, then assign that value to the variable. Otherwise, simply
guess the value of the variable, with equal probabilities to 0 and 1,
and independently of all previous guesses.

The crux of the matter is what is meant by easily deduced. PPZ
uses the following simple idea. Under the assumption that there
is a unique satisfying assignment «, each variable x has a critical
clause Cy, i.e., a clause in which the literal of x is the only literal
assigned the value 1 by a. (If there is no such critical clause, then the
assignment o’ obtained by flipping the value of x is also a satisfying
assignment.) If the at most k—1 other variables in Cy appear before x
in the permutation, then the value that should be assigned to x is
easily deduced just by looking at Cx and we say that x is forced.
Otherwise, we say that x is guessed. As the permutation chosen is
random, the probability that x is forced is at least % (It may be larger

than % as a variable may have more than one critical clause, or a
critical clause of length less than k.) Let G = G(ir) be the number of
guessed variables. The probability that the algorithm succeeds in
finding the satisfying assignment if 7 was chosen is 2~G(m), Using
Jensen’s inequality we get that the probability that it succeeds with
a random permutation is B, [2-C(7)] > 27Ex[G(m)] > 2~(-p)n, By
repeating this process 2(1=¢)n times, we get a constant probability
of success. For k = 3, the expected running time, on a satisfiable
instance is at most 22%/3 < 1.588".

2.2 The PPSZ Algorithm

The PPSZ algorithm takes this idea further. For x to be forced, the
other variables in Cyx do not have to appear before x in the permu-
tation. It is enough, for example, that they are forced by the values
already assigned. In [9] the authors use bounded resolution to try
to deduce the correct value of x, given the already chosen values.
Hertli [3] uses a weaker approach that seems to yield the same re-
sult. It simply enumerates over all collections of D = D(n) clauses,
where D is a parameter, and checks whether there is such a collec-
tion such that in all its satisfying assignments, x gets the same value.
If such a collection is found, then x is assigned the corresponding
value. Otherwise, x is guessed, with equal probabilities. (If both
values of x are implied, the iteration can be aborted.) The parameter
D = D(n) is chosen such that the test takes sub-exponential time.

We let Pp(x) be a procedure that implements the above process,
i.e,, checks whether the value of x is implied by some collection
of D clauses. We assume that Pp(x) returns either 0 or 1, if this is
an implied value for x, or ? if the value of x is not implied.

Thus, an iteration of the PPSZ algorithm is:

o Pick a random permutation 7 of the variables.
e For each variable x, according to the order in x:
- If Pp(x) # ?, assign the value Pp(x) to x.
— Otherwise, assign to x a random value, with equal proba-
bilities.

We do enough iterations of the algorithm until we either find a
satisfying assignment or choose to declare that no satisfying assign-
ment exists. The challenge, then, is to lower bound the probability
that such an iteration finds a satisfying assignment. The parameter
D = D(n) is chosen such that each iteration takes sub-exponential
time.
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2.3 The Biased-PPSZ Algorithm

PPSZ tries to deduce the value of a variable from all values set so
far. If this fails, it ‘gives up’ and guesses the value of this variable
using an unbiased coin. This seems a bit wasteful. Even if the value
of a variable cannot be logically determined, there might be a way
to infer what is more likely to be the value of this variable, and
guess with a bias towards this value.

In an attempt to implement this idea, we partition the variables
to be guessed into disjoint types. We let 7~ be the set of types. We
require that |77| = o(n). We assume that if we reach a variable in a
run of PPSZ and need to guess its value, then we can determine its
type in sub-exponential time.

The goal is to construct a set of types 7, that may depend on
the input formula, such that the values of guessed variables of each
type are not distributed uniformly. For example, if we somehow
know that 60% of the guessed variables in some type T € 7~ should
be set to 1, we should clearly guess the value of such variables with
a biased coin, having a probability 0.6 for 1.

At first sight it may not be clear why types that exhibit such
bias should exist. We show below, however, that fairly simple types
that do exhibit some bias could be defined. We also believe that our
current ideas only scratch the surface.

A type is useful even if we do not know the bias it induces, as
we can enumerate (or guess) its bias, up to some precision. More
specifically, we choose some value e(n) = o(n), and try all biases of
the form i/e(n), for i = 1,..., e(n) — 1. (We never guess with a bias
of 0 or 1.) An iteration of the generic biased-PPSZ algorithm is thus:

e Pick a random order 7 for the variables.
e For every choice of values fi1 € ﬁ{l, 2,...,e(n)— 1} for
T € T, do:
— Go over the variables according to 7, and for each variable:
« If Pp(x) # ?, assign the value Pp(x) to x.
* Otherwise:
- Identify the type T of x.
- Guess the value of x with probability S for 1.

We choose e(n) as a monotonically increasing function such that
|7 loge(n) € o(n) and e(n) € w(1). Thus, the enumeration takes
sub-exponential time. Note that for any choice of 7, the proposed
algorithm is at least as good as PPSZ, as if we let it = %, for every
T € 7, we simply run regular PPSZ.

2.4 Biased-PPSZ with Types Based on a
Maximal Set of Disjoint Clauses

We next describe a concrete instantiation of the generic algorithm
for k-SAT. The algorithm starts by constructing a maximal set D of
disjoint clauses taken from the input formula. (Clauses are disjoint
if they do not share variables.) Such a maximal set can be easily
constructed greedily. (As we pointed out, we believe that using such
a set of disjoint clauses is not the optimal thing to do. But, the set of
disjoint clauses serves as a scaffolding that simplifies the analysis
of the algorithm by removing many of the dependencies involved.)

We note that if D is small enough, we can get an improved algo-
rithm by enumerating over the values of all the variables appearing
in D. We are then left with a (k — 1)-SAT formula that can be solved
much more efficiently than a k-SAT formula. For k = 3 we are left
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with a 2-SAT formula that can be solved in polynomial time. We
may thus assume that D is relatively large, so a significant fraction
of the variables of the formula appear in the clauses of D.

The idea of using a maximal set of disjoint clauses appears, in
a different context, in Hofmeister et al. [5] where it is used, along
with bias, to obtain a smarter initialization for Schéning’s random
walk algorithm [16].

As a ‘warm up’, we begin by discussing the NAE-3-SAT sub-
problem of 3-SAT in which identifying types that yield significant
bias is especially easy. A 3-SAT formula ¢ is a NAE-3-SAT formula
if the clauses in ¢ appear in pairs, for every clause x V y V z there
is also a clause x V § V z. The weight of a clause is defined to be
the number of literals in it that evaluate to 1 under the unique
satisfying assignment. (To get a unique satisfying assignment for a
NAE-3-SAT formula, we assume that the first variable is set to 0.) In
a NAE-3-SAT formula, all clauses are of weight 1 or 2. (In a 3-SAT
formula, clauses can also be of weight 3.) Thus, if the variables of
a clause appear in random order, then with a probability of 2, the
value of the second literal is different from the value of the first
literal. Thus, if we have to guess the value of the second variable in
a clause, when the value of the first variable is already known, it
seems to be a good idea to guess it with a bias towards the opposite
value of the first literal.

This suggests, as a first attempt, a very simple type system 7~ =
{T1, Ty, T1 }, where x € Ty, for a = 0, 1, if x appears in a disjoint
clause Cyx € D and when x has to be guessed, the value of exactly
one of the other literals in Cy is known, and has the value a, if x
is unnegated in Cy, or a, if x is negated. The type T, contains all
the remaining variables. Note that the type of a variable depends
on the permutation 7. Type Ty, for a = 0, 1, contains variables that
are to be guessed with a bias towards a, while type T, contains
variables that are to be guessed without bias. (We will shortly refine
this type system.)

A problem we face while trying to rigorously analyze the pro-
posed algorithm for NAE-3-SAT is that while it is true that the
second literal to appear in a clause has a probability of % of having
a different value than the first, it is not clear that this also holds
conditioned on the second literal being guessed. Can the adversary
find a formula in which this conditional probability is much smaller
than %, possibly even %, in which case we loose all the advantage
we are hoping to gain?

With a slight refinement of these types, the only way the adver-
sary can do this is by increasing substantially the forcing proba-
bilities, to levels beyond that promised by the analysis of PPSZ, in
which case we gain even without using biased guesses.

The refinement needed takes into account the position, or the
time, of a variable x in the permutation 7. As we shall see in Sec-
tion 3, it is convenient to assume that the permutation 7 used
by the algorithm is obtained by drawing for each variable x an
independent uniformly distributed variable o(x) from [0, 1]. The
permutation 7 is then obtained by sorting these times.

A variable appearing at time p, where p is small, has a small
probability of being forced. (The formal proof of this intuitive state-
ment is given in Section 3.) Thus, if such a variable is the second to
appear in one of the disjoint clauses, and is guessed, we still expect
the probability that its literal has value different from the first literal
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to be close to % As p grows, this probability might become smaller.
We thus refine the types by taking into account the time in which
each variable arrives. For some parameter b(n), we let T, ; be the

i+1
i ). for

i =0,1,...,b(n) — 1. The type T, remains unchanged. Variables
of Tg,; will still be guessed with a bias towards g, but the bias will
decrease with i. In Section 5 we show, by focusing on small values
of p, that this gives some improvement for NAE-3-SAT. A refined
analysis for NAE-3-SAT, that gives a much larger improvement for
NAE-3-SAT is given in the full version of the paper.

With the insight gained from NAE-3-SAT, we now propose a
concrete type system for a k-SAT formulas. We again rely on a
maximal collection D of disjoint clauses of the input formula ¢.
The type of variable x of ¢ that appears in a clause Cyx € D depends
on three factors:

set of variables x belonging to T, such that o(x) € [ﬁ,

(1) prefix — the sequence of values already known in Cy.

(2) structure — the set of clauses in ¢ containing only the vari-
ables appearing in Cx.

(3) time — A discretized version of o(x), i.e., [o(x)b(n)].

In NAE-3-SAT we only considered prefixes of size 1. In k-SAT we
consider prefixes of all sizes, i.e., 0, 1, .. ., k — 1. We next explain the
concept of structure. We consider, for concreteness, the case k = 3.
We may assume, without loss of generality, that all the variables
in the clauses of O appear unnegated. Thus, the clause Cy is of
the form x V y Vv z for some y, z. It is possible that ¢ contains other
clauses on the same three variables x, y, z. (In NAE-3-SAT, this is
always the case.) If, for example, ¢ contains the clauses x Vy V z,
xV{yVzand XV §V z and no other clauses on x, y, z, we say
that the structure of x is {000,010, 110}. (As we are allowed to
swap y and z, the structures {000, 010, 110} and {000, 001, 101} are
considered the same.) As an illustration, note that if the structure
of x is {000,011, 101, 110}, then the four clauses on x, y, z imply
the linear equation x ® y @ z = 1. If x has this structure, and has
a prefix of length 2, then x is forced. It is, of course, possible that
all variables appearing in disjoint clauses would have the trivial
structure {000}.

We still have a separate type T, for all the variables that do not
appear in the disjoint clauses.

The concrete algorithm, with a proper choice of the parameter
0 <y < 1,is then:

(1) Greedily build a maximal set D of disjoint k-clauses of the
input formula ¢.
@ If|D|<yn
(a) Enumerate over the (2% — 1)|D | possible assignments to
the variables appearing in D.
(b) For each assignment (recursively) solve the (k — 1)-SAT
instance left after assigning the values to the variables
of D.
3) If|D| >yn
(a) Define 7 based on the prefix, structure and time of each
variable, as defined above.
(b) Run the biased-PPSZ algorithm with 7.

We analyze this algorithm in Section 5.
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3 ANALYSIS OF PPSZ

In this section we review the analysis of the PPSZ algorithm. The
results in this section are not new, but essential for understanding
the analyses of various versions of the biased-PPSZ algorithm. Our
presentation is influenced by that of Hertli [3]. For concreteness,
we focus on the case k = 3. The analysis extends easily to k > 3.
(See [3, 9] for the details.)

A critical clause of a variable x is a clause in which the literal
of x is the only literal in the clause that gets the value 1 under the
unique satisfying assignment. The following lemma generalizes the
claim that each variable has a critical clause.

LEMMA 3.1. Let ¢ be a k-SAT formula with a unique satisfying
assignment a. For a subset S C 'V of variables, let as be the assignment
defined by ag(x) = @, foreveryx € S, and as(x) = a(x), for every
x € V\S. (In other words, as is obtained from o by flipping the value
of the variables in S.) For every S # 0, there exists a clause in the
formula in which all the variables in the clause whose literals are
assigned the value 1 by a are from S, and all variables in the clause
whose literals are assigned the value 0 by a are from V\S. In particular,
this clause must contain a literal of a variable from S.

ProoOF. As as # a, the formula is not satisfied by the assign-
ment ag. Thus, there must exist a clause which is satisfied by «
but not by . As all literals in this clause are assigned the value 0
by as, it follows that all variables whose literals are assigned 1 by «
belong to S, and all variables whose literals are assigned 0 by «
must belong to V' \ S. O

To continue with the analysis, we think of the random permu-
tation 7 as the permutation defined by picking an independent
uniform random time o(x) € [0, 1] for each variable x, and sorting
the variables according to these values.

Conditioning on o(x) = p (for some p € [0, 1]), our current goal
is to lower bound the probability that x is forced in an iteration of
the PPSZ algorithm. (A variable is forced if we can deduce its value
from some subset of D clauses.) We denote such a lower bound
that holds for every variable by q(p) = q(3)(p). (We are considering
here 3-SAT formulas. As mentioned, the analysis can be extended
to k > 3. Thus, a lower bound on the probability of each variable
being forced, without conditioning on o(x), is fol q(p)dp. As each
variable x has a critical clause Cy, it follows that g(p) > p?, as p? is
the probability that the other variables in Cx appear before x in the
permutation. (This is basically the analysis of the PPZ algorithm
which essentially uses D = 1.) However, it is clear that this bound
is far from being tight when D > 1. Intuitively, we would want to
claim that q(p) > (p + (1 - p)q(p))?, as we ‘interpret’ p + (1 - p)q(p)
as the probability that a given variable other than x in Cy either
appears before x, or is forced at time p. (This is intuition, not a
rigorous claim.) This would imply that q(p) > (%)Z foro <p <1,
and q(p) = 1 forp > % The problem with this naive argument is
the dependency between the events. However, as shown in [3, 9],
this claim is true, up to lower order terms, as we shall also show
below. As our main purpose here is to present the ideas behind
the PPSZ algorithm and its analysis in a simple manner, we ignore
these lower order terms. (For the completely rigorous analysis, see
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[3, 9].) Thus, the probability of each variable being forced is at least
p

pee [Lawan= [ (2

This gives us the following theorem,

2
1
) dp+ - = 2-2In2 x 0.6137.

THEOREM 3.2 ([9]). The success probability of an iteration of PPSZ
on a uniquely satisfied 3-SAT formula is at least 2~(1—#+o()n >
1.3087".

Proor. Denote by G = G(rr) the number of variables that have
to be guessed in an iteration of PPSZ with a permutation x, as-
suming that the value of each guessed variable is guessed cor-
rectly according to the satisfying assignment. The success proba-
bility of such iteration is exactly 2-G(* ), Using Jensen’s inequal-
ity and the linearity of expectation, as we did before, we have
Er[27C00] > 2Bx[-G(0)] » o-(1-p+o()n, o

To justify the claim q(p) > (p + (1 — p)q(p))? (up to lower order
terms), PPSZ [9] define for each variable x in ¢ a tree Ty called a
critical clause tree of x.

Definition 3.3 (Critical clause trees [9]). A critical clause tree Ty
of a variable x in ¢ is defined as a binary tree generated by the
following process. Every node in the tree has both a variable and a
clause of ¢ corresponding to it.

e Begin with a root node r corresponding to the variable x.
(Its corresponding clause is yet to be assigned.)
o Aslong as there exists a leaf v of the tree without an assigned
clause, do:
— Let S be the set of variables on the path from r to v, in-
cluding r and v.
— Let C be a clause of ¢ not satisfied by the assignment ag.
— Assign C to v and extend the tree by adding to v children
corresponding to the variables of V(C)\ S, if such variables
exist, where V(C) are the variables appearing in C.

It is clear from the above definition that two nodes labeled by
the same variable cannot appear on the same path from the root of
the tree. Note also that if V(C) C S, where C is the clause chosen
at v, then v remains a leaf of Ty. It follows that Ty is always finite.

THEOREM 3.4 ([9]). Let ¢ be a 3-SAT formula with a unique satis-
fying assignment. Let x be a variable and let Ty be a critical clause
tree for x. Let S be a subset of variables and let R be the set of clauses
corresponding to nodes of Ty reachable from the root after all nodes
labeled by variables of S have been removed from the tree. If the
values of all the variables of S are fixed to their values in the unique
assignment, then the correct value of x is implied by the clauses of R.

PRrROOF. Let a be the unique satisfying assignment of ¢. Let pg
denote the subformula of ¢ composed only of the clauses of R. We
prove that g has no satisfying assignment a’ in which a’(x) #
a(x), while a’(y) = a(y), for every y € S. Assume, by contradiction
that there is such a’.

Suppose that r = vy, vy, . .., v is a path in Ty and let x; be the
variable corresponding to v;. We claim that if «’(x;) # a(x;), for
i=0,1,...,k, then either a’ is not a satisfying assignment of ¢g,
or v} must have a child v, in Ty, labeled by a variable xx, 1, such
that @’ (xg41) # @(X41), i.e., the path can be extended. Indeed, let C
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be the clause corresponding to vg.. By the definition of critical clause
trees, C is not satisfied by the assignment a’ in which a’’(x;) #
a(xj), fori=0,1,...,k, while @”’(y) = a(y) for all other variables.
Note that ¢’ and a’’ agree on xo, x1, . . ., x. If all the variables
appearing in C are from {xo, x1, . . ., Xx }, we get that ¢’ does not
satisfy C, and hence is not a satisfying assignment of ¢g. If C
contains other variables, then to satisfy C, the assignment a’ must
differ from a’’, and hence from «, in at least one of these variables.
The node corresponding to this variable is the required child vy
of vg.

The root itself is such a path. We iteratively extend this path
until we either conclude that ¢’ does not satisfy ¢g, or until we
reach a node whose corresponding variable is from S, in which case
we again reach a contradiction, as we assumed that a’(y) = a(y)
for every y € S. O

We now present a probabilistic model in which the relation
q(p) = (p + (1 — p)q(p))? is rigourous.

LEMMA 3.5. Let T be an infinite binary tree in which each node
is labeled by a variable. Each variable is assigned an independent
and uniformly distributed random number from [0, 1]. For a certain
0 < p < 1, all nodes, other than the root, whose variables are assigned
values less than p, and all their descendents, are removed from the
tree. Let q(p) be the probability that the remaining tree is finite. Then,

q(p) = (p + (1 - p)q(p))?, and as a consequence q(p) > (%)Z,for
0<p< %, and q(p) = l,for% < p < 1. These inequalities are tight
if and only if all the variables labeling the nodes are distinct.

ProOOF. Assume, at first, that all the variables are distinct. We
then have q(p) = (p + (1 - p)q(p))?, as the remaining tree is finite if
and only if each child of the root is either cut off, with probability p,
or is not cut off, but has finite remaining subtree, which happens
with probability (1—p)q(p). Note that all events are now completely
independent.

We next remove the assumption that all the variables are distinct.
Let I, be the event that the variable of a node v is assigned a value
less than p, and that v is thus removed from the tree. The event of
having a finite remaining tree is monotone in the events {I,}. Thus,
by the FKG inequality (see, e.g., Alon and Spencer [1]), dependencies
among the events {I,} only increase the probability of having a
finite remaining tree. (It is not difficult to check that the special
case of the FKG inequality that we are using holds in our case even
though we are considering an infinite number of events.) O

Let gp(p) be the probability that the tree has a D-frontier in the
probabilistic model of Lemma 3.5, i.e., that the remaining tree is
of size at most D. By definition, gp(p) — q(p), as D tends to oo.
In other words, |gp(p) — q(p)| converges to zero as D — co. We
note that |gp(p) — q(p)| is defined independently of any specific
instance formula or input size. In particular, if D = D(n) = w,(1) is
any increasing function of n, then qp(p) = q(p) — 0, (1).

We now get back to critical clause trees.

THEOREM 3.6. Let Ty be a critical clause tree of some variable x.
Then, the probability that Tx has a D-frontier at time p is at least
qp(p). Thus, if D = D(n) = wn(1), this probability is q(p) — o, (1).
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ProorF. The probabilistic model considered here is very similar
to the one considered in Lemma 3.5. The only differences are that Ty
is a finite tree and that some of its nodes may only have a single child.
This clearly increases the probability of having a D-frontier. ]

COROLLARY 3.7. The probability of each variable to be forced is
at least yi — op(1), where p := 2 — 2In2 ~ 0.6137056, assuming
D = wu(1).

PRrROOF. A variable is forced if and only if when we reach it in
the permutation there is already a frontier of size < D in its critical
clause tree. This probability tends to y = fol q(p)dp =2—-2In2as
D — oo. O

As shown in [9], similar analysis works for general k-SAT. There,
instead of binary trees we consider (k — 1)-ary critical clause trees.
We denote by q(k)(p) the probability of such an infinite (k — 1)-
ary tree to have a finite frontier at time p, in a similar way to the
definition of g(p) = ¢®(p). We let S = 1 - [! ¢®(p)dp. The
running time of PPSZ for k-SAT formulas is 2(5k*0) by 4 very
similar analysis. In the full version of the paper we show that

k-1
P < ¢Pp) < (%) , which is a rough estimation that

suffices for our purpose of providing a slightly improved bound for
k-SAT.

4 HIGH LEVEL ANALYSIS OF BIASED-PPSZ

The analysis of PPSZ extends naturally to the generic biased-PPSZ
algorithm as follows. Let 1 be the bias used for type T. For every
permutation 7 of the variables and each type T € T, let Gr(x)

be the number of guessed variables of type T. Also, let G(TO)(E)

and Gg.l)(r[) be the number of guessed variables of type T that
are 0 and 1, respectively, in the unique satisfying assignment. Thus,

Gr(r) = G(TO) () + G(Tl)(ir). The probability that a single run of the
algorithm finds the unique satisfying assignment is:

G(l) (0)
Be | [] 677 - pp)or™
TeT

l—[ ﬂf,[[c(TD(n)J (- ﬁT)]E,,[G(TO)(n)]
TeT
_ oZrer BalG (m)l log(Br)+E G ()] log(1-f1)

v

bl

where we used Jensen’s inequality, and the log’s are base 2.
Define G = Ex[Gr(n)] and i = E.[G(m)]/Gr. We can
then rewrite the lower bound for the success probability as:

> Gr - (B log(Br) + (1- Bp)log (1 —ﬁT)))
2\TeT

Note that the function f(x) = S} log(x) + (1 — f7)log(1 — x) is
maximized at x = f7.. The best choice of S for the algorithm is
therefore fr = . Since fi} is unknown, we approximate it by
enumerating over many values of . This ensures that for some
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choice of S, where 1 # 0, 1, we have |ﬁ; - pr| < ﬁ and thus:
By log(Br) + (1 = 1) log (1 - fr)

By log(By) + (1 = 1) log(1 — f7) — O(ﬁ)

~H(7) = O(55) -

where H(x) = —xlogx — (1 — x)log(1 — x) is the binary entropy
function. We thus get that:

D" Gr - (Bylog(Pr) + (1 - B)log (1 - fr))

I\

TeT

> —T;TGT () + o)

2 = > Gr-H(pp) ~oln).
TeT

where the second inequality uses the fact that e(n) € w(1) and
2. 7e7 Gt < n. These are summarized by the following lemma.

LEMMA 4.1. For some choice of T € ﬁ {1,2,...,e(n)—1} forall
T € T, each run of the generic algorithm finds the unique satisfying
assignment with probability at least 2~ (Zrer Gr-H(pp)-o(n),

The PPSZ algorithm is essentially the biased-PPSZ algorithm
with only one type T, where fiT = % i.e,, no bias is used. In this case
G = Gt = E;[Gr(7)] is exactly the expected number of guessed
variables.

To show that the biased-PPSZ improves on the standard PPSZ
algorithm we need to define a type system for which we can show
a gap between f. and 1/2 for a significant fraction of the guessed
variables.

5 SIMPLE ANALYSIS FOR NAE-3-SAT

Consider the following simple and naive algorithm. Construct a
maximal set D of disjoint clauses. For simplicity assume that all
variables in the clauses of D are unnegated. We let V(D) be the
set of variables that appear in the clauses of D. Also, recall that
we assume that the formula has a unique satisfying assignment
denoted by a.

Let ¢ be a threshold to be chosen later. The algorithm is identical
to PPSZ, except that if a variable x € V(D), i.e., a variable (whose
positive literal is) contained in a clause Cx € D, appears before
time t, is the second variable to appear from Cy, and it is not forced,
then assign probability 2/3 to the value that gives it a value different
from the value of the variable already known in Cy, and probability
1/3 to the other value.

For a permutation 7, let G(r) be the total number of variables
guessed in 7, with or without bias, let G*(;r) be the number of
variables guessed with a correct % : % bias, and let G™(rr) be the
number of variables guessed with an incorrect such bias. For brevity,
we sometimes omit 7 and write G instead of G(rr). The success
probability of the algorithm is

2 Gt 1 G~ 1 G-GT-G~ 4 Gt 2 G~ 1 G
Fr (5) (5) (a) = B (5) (5) (5)
1 G-(g $)G*+(g 3)G~ 1 E.[G-(g $)G*+(g 3)G]

- = (3 = (3 |
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where the last inequality follows from Jensen’s inequality.

For a fixed variable x € V(D), let gi(p), for k = 1,2, 3, be the
probability that x is the k-th variable to arrive in its clause, and
that it is guessed, given that o(x) = p. Note that this is the actual
probability for the specific variable x. For brevity we omit x from
the notation, but these values are usually different for different
variables. Also let g(p) be the probability that x is guessed, given
that o(x) = p. Clearly,

9p) = g1(p) + g2(p) + g3(p) -
P

2
We know that g(p) < g(p), where g(p) = 1 — (17‘0) . For small

values of p we have §(p) ~ 1 — p? — ... Furthermore, let g5 (p) be
the probability that x is the second variable to appear in its clause,
that the value of x differs from the value of the variable in Cy that
already appeared, and that x is guessed, given that o(x) = p. Let
g, (p) be the analogous probability when the value of x is required
to be equal to the variable of Cy that already appeared. Note that
g, (p) and g; (p) are the probabilities that x is guessed with the
correct, respectively incorrect, bias, given that o(x) = p. Clearly
92(p) = 95 (p) + 9, (p)-

The contribution of a variable x € V(D) to
Er [G-(g$)G" +(g3)G]is

t 1
I (o= 0215500+ G 3105 ) dp+ [ st

We concentrate on the first integral, as the second one is identical
to the integral appearing in the standard analysis of PPSZ. We let

Y*(®) = g(p) — (g 3)g5 (p) + (g 2)g; (p) .

Our goal is to bound y*(p) = y(p), showing that it is smaller than
g(p), for 0 < p < t, thus getting an improvement over PPSZ. Recall
that all these values are defined for a specific variable x € V(D).

Let x € V(D) and let y, z be the other variables appearing in Cy.
We distinguish between two cases. The first is that a(x) # a(y) =
a(z), i.e., x is the distinct variable in its clause. The second is that
a(x) = a(y) # a(z), i.e., x is the non-distinct variable in its clause.
(We assume, without loss of generality that o(x) # o(z).

Assume at first that a(x) # a(y) = a(z). In this case g;(p) =
g2(p) and g, (p) = 0. Our goal is to upper bound

1@ = g(p) - (g 9(p) ,

where we let y1(p) = y*(p) where x is the distinct variable in its
clause. The “danger” is that g»(p) may be tiny, or even 0, in which
case we do not get a chance to guess with the correct bias, and do
not seem to win over PPSZ. We show that this can only happen if
g(p) < g(p), in which case we also win.

Recall that g(p) = g1(p) + g2(p) + g3(p). Note that g1 (p) < (1-p)?
and g3(p) < p?, as these are the probabilities that x appears first and
third, respectively, given that o(x) = p, without requiring that x is
guessed. Thus,

92(p) = g(p)—(1-p)* —p* = glp)— (1 -2p(1-p)).
and hence

y1(p)

IN

9(p) — (g $)(g(p) = (1 = 2p(1 - p))
g(p) - (g 3)(g(p) — (1 = 2p(1 - p)))

IA
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The last inequality follows from the fact that the coefficient of g(p)
in the first expression is 1 — 1g % =lg % > 0, i.e., the expression
is increasing with g(p), and from the fact that g(p) < g(p). We
immediately see that y;(p) < g(p) when 1-2p(1 —p) < g(p), which
holds for 0 < p < 0.41025.

Consider now the case a(x) = a(y) # a(z). Our goal is to bound

r2(0) = 9(p) = (g 3)g5 (p) + (g 3)g; () .
where y2(p) = y*(p) when x is the non-distinct variable in its clause.

Recall that g(p) = g1(p) + g;(p) +95(p) +g5(p). As g1(p) < (1 _p)z,
g5 (p) < p(1 - p) and g3(p) < p?, we get that

95 (p) > glp)—(1—p* —p(1-p)—p® = g(p)— (1 —-p(1-p)).

Hence,

r2(0) = g(p) — (g 3)g5 (p) + (g 3)g; (p)
< g(p) - (g $)g(p) - (1 —p(1—p)) + (g 3)p(1—p) .
< g(p) - Ig $)gp) - (1= p(1-p)) + (g 3)p(1-p),

where the last inequality follows as in the previous case. Unfor-
tunarely, this time it is not true that y2(p) < g(p).

Let x, y, z be the variables appearing in a clause of D, and assume
that x is the distinct variable. Let yx,y, - (p) = %(yx(p)ﬂ/y ®)+yz(p)).
By the two bounds above, we get that

Yx.y.z(p) < %YI(P)"' %}’Z(P)
= 3(9p) ~ (g )G(P) — (1 = 2p(1 ~ p))))
+ 5(9(p) - (g $)p) - (1 - p(1 - p))) + (g 3)p(1 - p))
- o~ g (9000~ (1~ 4 (1~ 4H) o1 -
= gp)-(1g3)(Gp) - A —np(1-p) ,
where n = % 1- %iz—i = 0.393719... The important thing is

that n > 0, so that §(p) > 1 —np(1 —p) for small enough values of p.
We let t be the largest p for which the inequality holds. It turns out
that t = 0.2009.. ., i.e., the inequality holds even for values of p
that are not that small.

The gain over PPSZ for the average of x, y, z, for a given p, is:

t
5 = g ) [ )= =np(a-pp = 0.00129151

Let 3|D| = cn, i.e., c is the fraction of variables that appear in D.
The gain in the exponent over PPSZ is then ¢§. If 6¢™/3 < 1.305",
then we can enumerate over all the variables of O and solve the
remaining 2-SAT instance in polynomial time. Thus, we may assume
that ¢ > 0.445712, and then ¢§ > 0.00057.

6 CASES IN WHICH PPSZ BEHAVES BETTER

We begin by describing a few cases in which the PPSZ algorithm,
without any changes, behaves better than promised by the standard
analysis. These observations are used in the analysis of the biased-
PPSZ algorithm presented in Section 7. We again focus on the case
k = 3, but all the results extend easily to k > 3. Omitted proofs
appear in the full verison of the paper.

The first scenario in which we prove that PPSZ behaves bet-
ter is when there are many variables with more than one critical
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clause. This is fairly intuitive, as since a variable with more than
one critical clause is more likely to be forced. The easiest way of
seeing it is the following. Suppose that x has two critical clauses,
one containing literals of variables y1, z; and the other literals of
variables yz, zo. Note that y1, z1, Y2, z2 are not necessarily distinct,
but |{y1, z1, y2, z2}| > 3. The probability of x to be forced at time p
is at least

Pr(y;,z1 appear before x or yz,z2 appear before x)

Pr(y1,z1 appear before x) + Pr(y2,z2 appear before x)

Pr(y1,21,y2,22 appear before x)
2p? —p°
which is larger than q(p) = (%)2 when p is small enough. A

>

similar observation was made in [4]. The following lemm gives a
stronger bound.

LEMMA 6.1. Let x be a variable with more than one critical clause,
then Pr(x is forced | o(x) = p) > f:—g - p? — p3. In particular, the
probability that x is forced is at least i + €1 for €1 > 0.0035.

The proof of Lemma 6.1, which appears in the full version of the
paper, looks more deeply into the structure of the critical clause
tree of x and its relation to the second critical clause of x.

A second case we study is a case in which variables have critical
clauses that are related in the sense that y appears in a critical
clause of x and vice versa. In that case, we show that we also gain
in the forcing probability of at least one of the variables x and y.
Intuitively, either x has a second critical clause and then Lemma 6.1
is applicable, or every critical clause tree of x contains y as a child
of the root, as it appears in its unique critical clause. Assuming
that y does not have a second critical clause as well, we show that
the child of the root corresponding to y in any critical clause tree
of x must have at most one child.

LEMMA 6.2. Let x,y, z1, z2 be variables such that x has a critical
clause containing literals of y and z1, and y has a critical clause
containing literals of x and z3. Then, either x or y has a probability
of at least j1 + €3 to be forced, for €3 > 0.0035.

Lemma 6.2 is used in the rest of the paper in order to restrict the
dependance between the events of different variables being forced.

7 ANALYSIS FOR k-SAT

The goal of this section is to give a simple proof that the algorithm
of Section 2.4 gives a small improvement for Unique k-SAT, for
every k > 3. Using the results of [15], this implies an improvement
over PPSZ for k-SAT, for every k > 3, also without the uniqueness
assumption. The focus is on making the proof as simple as possible,
so no attempt is made to optimize constants. Our goal, is therefore,
to prove the following theorem. Recall that S = 1 - fol q(k)(p)dp is
an upper on the probability that a variable is guessed by the PPSZ
algorithm.

THEOREM 7.1. For every k > 3 there exists e > 0 such that
biased-PPSZ solves Unique k-SAT instances in time 2(5k k)1

In Section 5 we presented a simple proof that biased-PPSZ is
faster than PPSZ on NAE-3-SAT instances. Let us review the prop-
erties of NAE-3-SAT formulas that made the analysis there work.
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For i,j € {0, 1}, denote by p;; the probability that if we uniformly
draw a clause C from D, then the values of the literals of the first
two variables of C to appear, in the order of arrival, are i and j. Let
K; := (3t — 2t3)|D|. In expectation we have pijK; clauses from D
such that at least two of their variables appear before time t and
have ordered literal values i and j. The number of forced variables
that appear before time ¢, according to the standard analysis, is
o(K;) as t — 0. Thus, for a small enough ¢, we expect to have
about p;;iK; clauses from D such that at least two of their variables
appear before time t, have ordered literal values i and j, and these
two variables are guessed. If this is the case, we should guess the
values of the first two variables in clauses of D that contain at least
two variables appearing before time ¢, according to the distribu-
tion (oo, Po1, P10, P11)- The probability of being correct in all these
guesses is about

00K:  porKe p1oKe p1iKe _ o—H(poo.pot.pio-p11)Ke
P e el e =2 ’

where H stands for the entropy of the distribution. If H(poo, po1, P10
p11) < 2, the same type of analysis yields an improvement over
PPSZ also for such a 3-SAT formula.

For general k, we can use the same intuitive argument: the prob-
ability that a variable that appears before time ¢ is forced, according
to the standard analysis, is ©(:K~1). Thus, the probability that a
variable appears before time ¢ and is forced is ©(¢¥). On the other
hand, the probability that at least k — 1 out of the k variables of a
clause appear before time ¢ is ©(tk=1). Thus, if we expect a bias on
the first k — 1 literals of clauses from D, then for a small enough ¢
we get an improvement using biased guesses, as the number of
forced variables is too small to interfere.

More precisely, for a given input formula ¢ and a set of disjoint
clauses D, let ay, for every v € {0, 1}k_1, be the probability that
if we choose a random clause from 9 and randomly permute the
order of its literals, then the values assigned to the first k — 1 literals
of the clause by the unique satisfying assignment of ¢ are those
of v. We are now ready to prove the following theorem.

THEOREM 7.2. For every k and ¢ > 0, there exists § > 0 such that
l:fH({av}vE{O’l}k—l) < (k — 1) — &, then biased-PPSZ runs in time
9Skn=8D|

ProOF. Let t = (¢, k) be a parameter to be chosen later. We
analyze the success probability of the following algorithm (given a
set D of disjoint clauses):

e Enumerate the values of {aV}VE{O,l}k’“ up to some 0,(1)
error. (This takes subexponential time.)
— Pick a random time o (x) for each variable x. Use the times
to define a random permutation 7.
— For each clause C € D:
* Let x1, x2, ..., xg the variables in C such that o(x1) <
o(xz) <...<o(xg).
# If o(xp_q) < t, guess the values of x1, xz, . .
cording to the distribution {ay}, . {0,1}k-1-
- Run a standard iteration of PPSZ, from the beginning of 7.
Do not guess variables whose values are already assigned.

., Xg_1 ac-

This algorithm is a restricted version of the algorithm presented
in Section 2.4. Thus, any bound we prove for this algorithm also
holds for the one of Section 2.4.
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For a given o, let K}/ (c) be the number of clauses in O such that
at least k — 1 of their variables appear before time t with ordered
literal values corresponding to v. Let V<!(¢) be the number of
variables covered by D that appear before time t. Let G”*(o) be
the number of variables covered by D that appear after time ¢ and
are guessed. Let R(o) be the number of variables not covered by D
that are guessed. We let K7, V<t G>! and R be the corresponding
random variables when ¢ is random.

The success probability of the algorithm, if o is chosen, is at least

1 )V“(U)—(k—l)(ZV K} (0)+G”*(0)+R(0)

)4
ve{0,1}k-1 2
since the probability of fixing correctly the values of each (k — 1)-
tuple of variables counted in K} (o) is ay, the probability of fixing
correctly the value of any other variable (not necessarily guessed)
appearing before time t (and covered by D) is at least % and the
probability of fixing correctly any other guessed variable is %
The success probability is lower bounded by the expectation of
this expression over ¢. Using Jensen’s inequality we have

V<t—(k-1) (X, K))+G”'+R
KY 1 v oMt

E (l |avt)(—2)

v

5 5 (BIRIVE[G™ 4BV <*]~(k-DE[S, K}]- 5, log ayEIK}])
Since E[KY] = ayK;, where
K, = (ktk_l(l 0+ tk) 1D| = (ktk—l . l)tk) 1D,
the above can be written as
o~ (BIRIEIG™ JBLV < |~ ((k=1)-H({av) ey 1) K

> o~ (BIR4E[G™ " J+E[V <']-¢K/)

We also have E[R] < (n — k|D|) - S, E[V<!] = kt|D| and
E[G™!] < k|D| - ftl(l — q'®)(p))dp. Substituting these in the above
expression gives

o~ (k1D DS+ k1D (1= D p)dpkt| DIk )
As
! k ! k ! k
[ a=d9enip = [ a-g9enip- [ a-a®pna
t

<Sp—t+1q®@) < Se—t+1(5)!

we have

1
(n— KIDD)Sg + kD] - / (1 - O (p)dp + kt|D| - K,
t

)

IN

(n—k|D|)Sk+k|D|-(Sk—t+t(1t

-1

+ kt|D| ¢ (ktk_l - l)tk) 1D

_ B k=1 k) [ E \FT
= Sin |D|(€(kt (k l)t) kt(l_t) )
For a small enough choice of ¢, we have that
o (k1 e 1) g (BN
5,_5(kt (k l)t) kt(l_t) 50.
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We are thus left to deal with the case that H({av}ve{o’l}k—l) is
very close to k — 1.

For a k-SAT formula ¢ with a unique satisfying assignment , and
amaximal collection D of disjoint clauses, let w = (w1, wo, . .., wg)
be the fractions of clauses in D of weight 1,2, . . ., k, respectively.
(Recall that the weight of a clause is the number of literals in it that
evaluate to 1 under «.) The values ay are, of course, functions of w.
By symmetry, ay, = ay, for every vy, vy of the same weight. Thus,
we let a; = ay, for v of weight i, fori =0,...,k - 1.

LEMMA 7.3. ap = %wl anda; = —w; + ——~wj1, 1 << k.
() (i)

PRroOF. By definition g; is the probability of obtaining a specific
(k — 1)-vector of weight i, e.g., the vector v = 180511 of i 1’s
followed by k — 1 — i 0’s. If the clause chosen from D is of weight i,
which happens with probability w;, the probability of getting v is
1/ (I:) If the clause chosen from D is of weight i + 1, which happens

with probability w;,1, the probability of getting v is 1/ (ifl)‘ If the
clause chosen is not of weight i or i + 1, then v cannot be obtained.
(Note that wy = 0, as all clauses are satisfied.) O

If we let a = (ag, a1, . . ., ax_1), it follows that a = Mw, where

r_1

6 0 0]
11

GRRGE
M = 1 1
GIRG!

: K 0

1 1

| FARRGE

11
k=17 gk-1>*"">

2k—{1), the vector of probabilities corresponding to the uniform

The matrix M is clearly invertible. If we let ag = (

distribution over {0, l}k_l, there is a unique vector w such that
ag = Mwy. It is easy to check that the vector wy is given by:

(%)

_1
2k-1

(wo)i = {0

Note that H({ay}) = k — 1 only if a = ay. This happens only if the
weight distribution over the disjoint clauses is wg. A remarkable
property of wy is that it assigns non-zero probabilities only to
odd weights. (When k = 3, for example, the weight distribution
is (wy, wa, w3) = (%, 0, ‘—11), consistent with a NAE-3-SAT instance.)
Thus, we immediately get

, iis odd

, iis even

COROLLARY 7.4. For everyk and ¢ > 0, there exists ¢’ > 0, such
that if ||[w — wol|1 > ¢ then H{ay}) < (k- 1) —¢’.

Thus, we are left to prove that we get an improvement when w is
very close to wy. In this case, the value of the last variable in every
disjoint clause is almost uniquely determined by the values of the
first k — 1 variables of the clause. Thus, if we need to guess the last
variable of a clause we have a probability close to 1 of succeeding.
However, it might be that somehow the last variable of each clause
in D is always forced.
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We next show that in certain cases, a variable appearing in a
disjoint clause is either forced with a probability higher than 1 — S,
or has a positive probability of being last in its clause and not forced.

Let F(x) be the event that variable x is forced, and let G(x) be
the event that x is guessed. Let Ci(x1;x2,...,x;) be the clause
composed of literals of the variables x1, . . ., x such that the literal
of x1 evaluates to 1 and the literals of x, . . ., x; evaluate to 0 under
the unique satisfying assignment of the input formula. The clause
C(x1;x2, . . ., X} ) may or may not appear in the input formula.

LEMMA 7.5. There exists a constant €3 > 0 such that if the clause
C1(x1;x2, . .., x}) does not appear in the input formula, then

Pr[F(x1) or (G(x1) and o(x3), ..., 0(xg) < o(x1)] = (1 = Sg) + &3 .

Proor. Let Ci(x1;ys, ..., yg) be a critical clause of x; that ap-
pears in the input formula ¢. (Such a clause must exist.) As this
clause is different from Ci(x1; x2, . . ., X ), that does not appear in
the formula, we get that [{x2, ..., xt, Y2, ..., yx}| = k. Now

Pr[F(x1) | o(x1) = p]
2 Prlo(y2),...,0(yx) <p | o(x1) = p]
+ Prlo(x2),...,0(x;) <p | o(x1) =p]
- Pr[F(x1) | o(x2), ..., 0(xk) < p, o(x1) = p]
— Prlo(x2),...,0(xk), 0(y2),...,0(yr) <p | o(x1) =p]
> pF1(1+Pr[F(x1) | o(x2).....0(xk) < p. o(x1) = pl) - pF
and
Pr[G(x1) and o(x2), . . ., o(xg) < o(x1) | o(x1) = p]
= pF 11 =Pr{F(x1) | o(x2). . ... 0(xx) < p. o(x1) = p]) -

Therefore,
Pr[F(x1) | o(x1) = p] +
Pr[G(x1) and o(x2), . ..,0(xk) < o(x1) | o(x1) = p]

> apk=1 _ pk

Thus,
Pr[F(x1) or (G(x1) and a(x2), . . ., o(xg) < o(x1)]
>y max(@p*" - p¥, O pNdp = (1-50) +es .

k-1
for some e3 > 0. (Recall that pk_1 < q(k)(p) < (%) and thus

q®)(p) is strictly smaller than 2p%~1 — p¥ for a small enough p.) O
We now have:

THEOREM 7.6. For every small enough ¢ > 0, there exists § > 0,
such that if ||w—wyol|1 < ¢, then biased-PPSZ runs in time 25kn=61D],

PRrOOF. Let C be a clause of D. The input formula ¢ may or may
not contain other clauses on exactly the same variables appearing
in C. We are especially interested in how many of these clauses are
of weight 1, i.e., critical for one of the variables appearing in C.

We consider two cases. Either, (1) for at least half of the clauses
of D there are at least two critical clauses that use the variables
of the clause. Or, (2) for at least half of the clauses of D there is
at most one critical clause using the variables of the clause. (The
bound on § can be improved by choosing a more balanced partition
into cases.)

Consider case (1) first. Note that two critical clauses on the same
set of variables are related, in the sense of Lemma 6.2. (Lemma 6.2 is
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stated for k = 3, but as mentioned, it can be easily extended to any
k > 3.) Thus, there are at least %|D| variables with a forcing proba-
bility of at least > (1 —Si) + &3 for some &3 > 0. Therefore, standard
PPSZ, and thus also biased-PPSZ, runs in time 9Skn—e231D|

Consider now case (2). For at least %|Z)| of the clauses of D there
is at most one critical clause using the variables of the clause. Thus,
at least k — 1 of the variables in each one of these %|Z)| clauses
satisfies the condition of Lemma 7.5. Let X be the set of variables
that satisfies this condition. Then, |X| > (k — 1) - %|D|.

Let x1,x2, .. ., X be the variable appearing in a clause C € D
and suppose that x; € X. By Lemma 7.5, we get that

Pr[F(x1) or (G(x1) and o(x3), ..., 0(xg) < o(x1)] = (1 = Sg) + &3 .

Consider a variant of PPSZ that guesses variables without bias,
except for variables that are last to appear in a clause of . If such a
variable needs to be guessed, it is given with probability f the value
that would make the weight of the clause odd, and the opposite
value with probability 1 — f, for some f > % to be chosen later. This
is again a restricted version of the algorithm of Section 2.4.

The success probability of the algorithm is E[(%)RﬁG(l - p)B]
where G is the number of guessed variables that are last in their
clause C € D which is of odd weight, B is the number of guessed
variables that are last in their clause C € D which is of even weight,
and R is the number of other guessed variable. Jensen’s inequality
shows that the expected success probability is (%)E[R] ﬂ]E[G](l -
ﬁ)E[B]. We have E[B] < ¢|D)| as there is at most one such variable
in every even weight clause of O and there are at most ¢|D| such
clauses. We also have by Lemma 7.5 that E[n—R] > (1-Sg)n+ %(k—
1)|D| - &3 as every variable of X has probability at least (1 —Si) + &2
to be either forced or in one of G and B. As usual, we also have
E[R + G + B] < Si.n. These inequalities together give that

1 E[R]
2
1\Skn=3(k=D)|D|-&

- (3]

N Lkeniole (1= B) 7
[z @ )

For a small enough ¢ there exists a choice of § for which the above
is (%)Skn—(SlZ)l for some § > 0. o

pELCNa - pyFIP]

ﬁ%(k—l)lf)l'fs—é?lﬂl(l - p)!2!

Combining the above theorems immediately implies

LEMMA 7.7. For every k there exists E;( > 0 such that Biased-PPSZ

solves an instance of Unique k-SAT with |D| disjoint clauses in time
ZSk n—s;c \.’Dl.

We are now ready to prove Theorem 7.1.

ProoF. Lety = %|Z)| be the normalized size of . Enumerating
over the values of the variables appearing in O and solving the
remaining (k — 1)-SAT instance using PPSZ (or biased-PPSZ) takes
time (Zk - l)yn . 2Sk-1n By Lemma 7.7, biased-PPSZ solves the
problem in time 205 V€)™ Thus, if y is sufficiently small, we get
an improvement over PPSZ by the enumeration. If y is larger, we
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get an improvement by using biased-PPSZ. The running times of
these two algorithms is the same when y = yy, where

Sk — Sk-1

o= log (2 —1) + ¢, '

The running time of the algorithm, for any y, is at most 2(Sk=ex)n
where S _s
’ k ~ 2k-1 ’
& = Yo&, = ————————¢
log (2k — 1) + ¢,
O

In the full version of this paper, we repeat the above analysis
for k = 3 while paying more attention to the exact constants and
trade-offs. We also perform some other optimizations. The running
time of biased-PPSZ for a specific weight vector w = (wq, w2, w3)
is efficiently computable. We conduct a rigorous computer assisted
search for the worst weight vector w and rigorously prove an upper
bound on the running time of the algorithm for any weight vector w.
We obtain the following concrete upper bound:

THEOREM 7.8. Unique 3-SAT can be solved in time O(1.307™).

8 CONCLUDING REMARKS AND OPEN
PROBLEMS

The main contribution of this paper is the idea of adding bias into
the PPSZ algorithm. We suggested a concrete way of adding such
a bias and showed that it yields slightly improved algorithms for
k-SAT for every k > 3.

The numerical bound we currently have for Unique 3-SAT is
1.306995™. We believe that this can be further improved. For Unique
NAE-3-SAT we get a bound of 1.30452". The best bound that we
can hope to achieve using the concrete algorithms suggested for
NAE-3-SAT and 3-SAT is 1.30331". (This correspond to the simple
and natural case in which the critical clause trees of variables that
appear in the same clause are disjoint.) We believe that this “lower
bound” can be approached, both for NAE-3-SAT and 3-SAT.

Further improvements can possibly be obtained by not using a
set of disjoint clauses. More variables can potentially be guessed
with bias, but the analysis becomes more challenging.

We hope that the improved bounds we obtained for Unique 3-
SAT also apply directly to 3-SAT, using essentially the arguments
of Hertli [3], avoiding the ‘reduction’ of Scheder and Steinberger
[15] and the associated loss that comes with it.

Our bounds improve on the current bound available for the
PPSZ algorithm. It is not known, however, whether these bounds
are tight. The current best lower bound on the running time of the
PPSZ algorithm were obtained by Pudlak et al. [11].

The best k-SAT algorithms, including the ones presented here,

o)
have running times of the form 2(1=5n, Obtaining bound of the

2le)
form 2(1-%n , or providing evidence that such bounds cannot
be obtained, would be a major breakthrough. Shedding more light

Thomas Dueholm Hansen, Haim Kaplan, Or Zamir, and Uri Zwick

on this problem is probably more important than improving the
constant in the bound for 3-SAT.
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