Overview of the talk

 Hardness for Frechet distance
e Hardness for edit distance
e Hardness for LCS



Coordinate gadgets

e Ifa-b'=1 then Frechet>1.01
e Ifa-b'=0 then Frechet<1
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Vector gadgets

*a.EA- || <O(d)

*b,€EB > B |B;]<0(d)

* If 3, and b; are orthogonal, then Frechet(a;,3;) < 1

* If 3, and b; are NOT orthogonal, then Frechet(q,5,)21.01




Vector gadgets
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Vectors are orthogonal - Frechet <1
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Vectors are not orthogonal - Frechet > 1.01
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Vectors are not orthogonal
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Construction of the final curves

* A={1110,0110,1001, 1010}
*B={1011,0010, 1111, 1100}

* One pair of orthogonal vectors



Construction of the final curves
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Construction of the final curves
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Reminder of our goal

* AC{0,1}9 - curve x, |x|<O(n-d)

* BE{0,1}9 > curvey, |y|<O(n-d)

* Frechet(x,y) <1, ifexistsa € A, b € B with 2,a'b'=0
* Frechet(x,y) = 1.01, otherwise
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Exist orthogonal vectors - Frechet(x,y) <1
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1. Traverse the first curve
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Exist orthogonal vectors - Frechet(x,y) <1
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Exist orthogonal vectors - Frechet(x,y) <1

1110 0110 [1001 1010
o<::2: 1. Traverse the first curve

until the Blue vector

® 2. Traverse the second curve
o until the Blue vector
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Exist orthogonal vectors - Frechet(x,y) <1
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® 2. Traverse the second curve
O
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3. Traverse the Blue vectors

O in parallel
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4. Traverse the second curve
O until end

Iy
1011 [0010  [1111 1100 .



Exist orthogonal vectors - Frechet(x,y) <1

1110 0110 1001 1010
o<::2: 1. Traverse the first curve

until the Blue vector

® 2. Traverse the second curve
® ® until the Blue vector

3. Traverse the Blue vectors
P L~y in parallel
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Exist orthogonal vectors - Frechet(x,y) <1

1110 0110 1001 1010
o<::2: 1. Traverse the first curve

until the Blue vector

® 2. Traverse the second curve
® ® until the Blue vector

3. Traverse the Blue vectors

P S in parallel
4. Traverse the second curve
f until end
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Exist orthogonal vectors - Frechet(x,y) <

1110
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Questions? 7

1011

1001

i

\‘.‘—r

0010

1111

IlTTTT

1. Traverse the first curve
until the Blue vector

2. Traverse the second curve
until the Blue vector

3. Traverse the Blue vectors
in parallel

4. Traverse the second curve
until end

5. Traverse the first curve
until end
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Reminder of our goal

* AC{0,1}9 = curve x, |x|<O(n-d)

* Frechet(x,y) <1, ifexista € A, b € B with 2.a'b'=0
* Frechet(x,y) = 1.01, otherwise
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No orthogonal vectors - Frechet(x,y) = 1.01
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Hardness for Frechet distance

* Theorem. If Frechet distance can be 1.001-approximated in m2 %)
time (m upper-bounds the length of curves), then
Orthogonal Vectors Conjecture is false
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Overview of the talk

e Hardness for Frechet distance
e Hardness for edit distance
e Hardness for LCS
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Pattern matching

* Pattern matching with respect to edit distance
* pattern(x,y), |x|<|y[=m

* pattern(x,y)=min,, edit(x,y’)
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High level idea

* AS{0,1}Y > sequence x, |x|<n-d°{

* BE{0,1}9 > sequencey, |y|<n-d°l

* pattern(x,y)=small, if exists a € A, b € B with Z.a'b'=0
* pattern(x,y)=large, otherwise

* the construction time is n-d°)

* Theorem. If pattern matching can be computed in m21)
time (m upper-bounds the length of sequences), then
Orthogonal Vectors Conjecture is false
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Hardness for pattern matching distance

e First part: assume vector gadgets and prove hardness for pattern
matching

* Second part: show vector gadget construction
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Vector gadgets

*a EA-a | o | <dO)
*b,€EB > B, | B;| <d°t)
* If 3, and b; are orthogonal, then edit(a,[3;)=S

* |Ifa and
* Crucial t

0; are NOT orthogonal, then edit(a;,3)=L,

nat L does not depend on vectors

S<L
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Construction of final sequences

* t —vector gadget for vector consisting of 1s
do

/

Oy $ 0y s Oy Ol ;$0L

tstst. . tstsPBysBysPs o BrgsPBrststst. tst
J \
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Y Y
n-1 times n-1 times
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Pattern matching score

* YES case: exists a € A, existsb € B

such that 2.a'b'=0

assume that a; and b, are orthogonal

o, 0, 0 ..

4

ttt..tt B, P, P, ..

Score: S+(SorL)+(SorL)+(SorlL)..

+(SorL)+(SorlL)

BB ttt..

<S+(n-1)-L

tt
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Construction of final sequences

ts
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Claim 2: vector gadgets are aligned

one by one between the upper

\

sequence and the subsequence
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Pattern matching score

* NO case: forall a € A, b € B we have 2.a'b'>0

o, Q, 0y ... O, O

ttt..tt BB, Bs.. B4 B, ttt..tt

e Pattern matching score=n-L (>S+(n-1)-L)
* We crucially use that L does not depend on 2.a'b’
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Hardness for edit distance

* First part: assume vector gadgets and prove hardness for pattern
matching

* Second part: show vector gadget construction
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Vector gadgets

*aEA-> | o] <dO®)
*bheB->P | B|<dOt)
* If 2a'b'=0 then edit(o,B)=S
e If 2a'b'’>0 then edit(a,B)=L,

S<L
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Coordinate gadgets

e Ifa-b'=1 then edit=large
e Ifa-b'=0 then edit=small
* al=1 CG,(a') 000 1x

e N
* a'=0 0111 N
\

edit=1 1 edit=3

* bi=0 CG,(b') o011/ ) /7

* bi=1 111147
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Vector gadgets: first attempt

e dot)
- /
* a=ala’..a? - CG,(al?) 22..2 CG,(a?) 22...2......22...2 CG,(aY)
=

* b=bb2..b? = CG,(b?) 22...2 CG,(b?) 22..2.....22..2 CG,(bY)

o edit(a’,f’)=d+2:(Z:a'b')
* edit(a’,p’) depends on the inner product
e Pattern matching for Hamming distance is easy
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Q=

Vector gadgets: final construction
dO(l)

\ y rd \ Z
444427 744444 || D ||333333333333333333 || W || 444443 444444
W

333333333333333333 B’ 333333333333333333

e a’= CG,(al)22..2 CG,(a?) 22...2.....22...2 CG,(af)
* B’= CG,(b?) 22..2 CG,(b?) 22...2......22...2 CG,(bY)
* a’= CG4(0) 52..2CG,(0) 22..2.....22..2 CG,(0)
e edit(a’,p’)=d+2:(Z:a'b’)

e edit(a,B)=min(d+2:(2.a'b’),d+1)
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Properties of vector gadgets

e a=ala’..a’ > a’ = CG,(al) 22..2 CG,(a?) 22...2....22..2 CG,(af)
* b=blb2..bd 5 B’ = CG,(b?) 22..2 CG,(b?) 22...2......22..2 CG,(bd)
. a’’= CG,(0) 52..2 CG,(0) 22..2....22..2 CG,(0)

* edit(a”, B’)=edit( CG,(0) 52..2 CG,(0) 22...2......22...2 CG,(0)
CG,(b?) 22..2 CG,(

e edit(a’, B’)=d
e edit(a, B’)=d+2Z.a'b'>d+2

if 2.a
if 2.2

02) 22...2.....22...2 CG,(bY) )=d+1
b'=0

hi>0
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Vector gadgets: final construction

a: N\ / AN /
444444 444444 >< 333333333333333333 X 444444 444444
W
333333333333333333 B’ 333333333333333333
edit(a,B) -C

edit(a’,B’

Freplace [ 3333333333 |with | 4444444444 | C¥eplace | 3333333333 |with | 4444444444
‘» , ‘

+delete| o [ 3 @n-
- — e —
+delefe | 4444444444 +delete 444444

=min

y
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Vector gadgets: final construction

 edit(a,B)=min(edit(a’,p’), edit(a”,p’)) +C

e edit(a’, B’)=d
e edit(a’, f’)2d+2

e edit(a”, B’)=d+1

e edit(oa,B)=d +C
 edit(a,B)=d+1 +C

if the vectors are orthogonal
if the vectors are NOT orthogonal

always

if the vectors are orthogonal
if the vectors are NOT orthogonal
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Hardness for edit distance

* Theorem. If edit distance can be computed in mZ21) time
(m upper-bounds the length of sequences), then
Orthogonal Vectors Conjecture is false

* Gap is too small to obtain interesting approximation hardness result
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Overview of the talk

e Hardness for Frechet distance
e Hardness for edit distance
e Hardness for LCS
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Hardness for LCS

* Hardness for weighted LCS

* Reduction to unweighted LCS: write symbols in unary

* Alphabet 1,2,3,4,5,6,7

e 1=Weight(1)=Weight(2)

» 1<<Weight(3)<<Weight(4)<<Weight(5)<<Weight(6)=Weight(7)
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Coordinate gadgets

e Ifa-b'=1 then LCS=small
e Ifa-b'=0 then LCS=large
* a'=1 CG,(a')

313

—

e 3'=0

* b'=0 CG,(b')
* b'=1

3123
LCS=large

3213
323

1 LCS=small

41



Vector gadgets

» a=a'a’...a? > a=4 CG,(a') CG(a?) ... CG,(af)

e b=blb2..b? > B= CG,(b?) CG,(b?) ... CG,(b) 4

* LCS(o,[3)=large if orthogonal
* LCS(o,B)=small if NOT orthogonal
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Construction of final sequences

* t —vector gadget for vector consisting of 1s

Pair of orthogonal vectors - LCS is large

No pair of orthogonal vectors = LCS is small



Hardness for LCS

* Theorem. If LCS can be computed in m> 1) time
(m upper-bounds the length of sequences), then
Orthogonal Vectors Conjecture is false
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Conclusion

e Quadratic hardness for Frechet, edit, LCS
* Quadratic hardness for DTWD (reduce edit to DTWD)
e Open problems: hardness of approximations for edit, LCS

Thank you!

45



