
Mode Estimation of Model-based Programs:
Monitoring Systems with Complex Behavior

Brian C. Williams, Seung Chung and Vineet Gupta
MassachusettsInstituteof Technology, Rm. 37-381
77 MassachusettsAve. Cambridge,MA 02139USA

E-mail:
�
williams,chung � @mit.edu,vineet@purpleyogi.com

Papersubmittedto IJCAI-01

Abstract

Deductive, mode-estimationhas becomean es-
sential componentof robotic spacesystems,like
NASA’sdeepspaceprobes.Futurerobotswill serve
ascomponentsof largeroboticnetworks.Monitor-
ing thesenetworkswill requiremodelinglanguages
andestimatorsthathandlethesophisticatedbehav-
iors of roboticcomponents.This paperintroduces
RMPL, a rich modelinglanguagethatcombinesre-
activeprogrammingconstructswith probabilistic,
constraint-basedmodeling,and that offers a sim-
ple semanticsin termsof hiddenMarkov models
(HMMs). To supportefficient real-timededuction,
we translateRMPL modelsinto a compactencod-
ing of HMMs calledhierarchicalconstraintHMMs
(HCHMMs). Finally, weusethesemodelsto tracka
system’smostlikely statesby extendingtraditional
HMM belief update.

1 Introduction
Highly autonomoussystemsare being developed,such as
NASA’sDeepSpaceOneprobe(DS-1)andtheX-34Reusable
launchvehicle,that involve sophisticatedmodel-basedplan-
ningandmode-estimationcapabilitiesto supportautonomous
commanding,monitoring and diagnosis. Given an obser-
vation sequence,a mode estimator, such as Livingstone
[Williams andNayak,1996], incrementallytracksthe most
likely statetrajectoriesof a system,in termsof thecorrector
faulty modesof everycomponent.

A recenttrend is to aggregateautonomoussystemsinto
robotic networks,for example,that createmulti-spacecraft
telescopes,performcoordinatedMarsexploration,orperform
multi vehiclesearchandrescue.Novelmodel-basedmethods
needto be developedto monitor andcoordinatethesecom-
plex systems.Oneexampleof a roboticnetworkis NASA’s
vision to createa “virtual presencein space,”in which deep
spaceprobesaremobilecomponentsensorshangingoff of an
interplanetaryweb. An examplecomponentis DS-1, which
flies by an asteroidandcometusingion propulsion. DS-1’s
basicfunctionsincludeweeklycoursecorrection(calledop-
tical navigation), thrustingalonga desiredtrajectory, taking
sciencereadingsandtransferringdatato earth.Eachfunction

involvesa complexcoordinationbetweensoftwareandhard-
ware. For example,optical navigation(OPNAV) works by
takingpicturesof threeasteroids,andby usingthedifference
betweenactualandprojectedlocationstodeterminethecourse
error. OPNAV first shutsdowntheIon engineandpreparesits
cameraconcurrently. It thenusesthethrustersto turn to each
of threeasteroids,usesthe camerato takea pictureof each,
andstoreseachpictureon disk. The threeimagesare then
read,processedanda coursecorrectionis computed.Oneof
themoresubtlefailuresthatOPNAV mayexperienceis acor-
ruptedcameraimage. Thecamerageneratesa faulty image,
which is storedondisk. At somelatertimetheimageis read,
processed,andonly thenis thefailuredetected.A monitoring
systemmustbeableto estimatethiseventsequencebasedon
thedelayedsymptom.

Diagnosingthe OPNAV failure requirestrackinga trajec-
tory that reflectsthe abovedescription. Identifying this tra-
jectorygoeswell beyondLivingstone’sabilities.Livingstone,
like mostdiagnosticsystems[Hamscheret al., 1992], focuses
on monitoringanddiagnosingnetworkswhosecomponents,
suchas valvesand bus controllers,havesimple behaviors.
However, theabovetrajectoryspendsmostof its time wend-
ing its waythroughsoftwarefunctions.DS-1is aninstanceof
modernembeddedsystemswhosecomponentsinvolveamix
of hardware,computationandsoftware. Robotic networks
extendthis trendto componentbehaviorsthatareparticularly
sophisticated.

This paperaddressesthechallengeof modelingandmoni-
toring systemscomposedof thesecomplexcomponents.We
introducea unified languagethat can expressa rich set of
mixedhardwareandsoftwarebehaviors(theReactiveModel-
basedProgrammingLanguage[RMPL]). RMPLmergescon-
structsfrom synchronousprogramminglanguages,qualita-
tive modeling,Markov modelsandconstraintprogramming.
Synchronous,embeddedprogrammingoffers a classof lan-
guagesdevelopedfor writing control programsfor reactive
systems[BenvenisteandBerry,1991;Saraswatetal., ] — log-
ical concurrency, preemptionand executablespecifications.
Markovmodelsandconstraint-basedmodeling[Williams and
Nayak,1996] offer rich languagesfor describinguncertainty
andcontinuousprocessesat thequalitativelevel.

Given an RMPL model, we frame the problemof moni-
toring robotic componentsasa variantof belief updateon a
hiddenMarkovmodel(HMM), wheretheHMM of thesystem



isdescribedin RMPL.A keyissueis thepotentiallyenormous
statespaceof RMPL models.We addressthisby introducing
a hierachical,constraint-basedencodingof an HMM (called
HCHMMs). Next we showhow RMPL modelscanbecom-
piled to equivalentHCHMMs. Finally, we demonstrateone
approachin which RMPL belief updatecanbeperformedby
operatingdirectlyon thecompactHCHMM encoding.

2 HMMs and Belief Update
Thetheoryof HMMs offersa versatiletool for framinghid-
denstateinterpretationproblems,includingdatatransmission,
speechandhandwritingrecognition,andgenomesequencing.
ThissectionreviewsHMMs andstateestimationthroughbe-
lief update.

An HMM is describedby atuple �������	��
����
����
 ��� . �
and � denotefinite setsof feasiblestates��� andobservations� � . The initial statefunction, 
 �	� ����������� , denotesthe proba-
bility that � � is theinitial state.Thestatetransitionfunction,
 � � � � �� !�#"$%� � �& !')(*��� , denotestheconditionalprobabilitythat
� � �� !'+(*� is the next state,given currentstate � � �& !� at time , .
Theobservationfunction, 
 � � � � �� !�#"$ � � �� !��� denotesthecon-
ditionalprobabilitythat � � �& !� is observed,givenstate� � �� !� .

Belief updateincrementallycomputesthe current belief
state,that is, the likelihood that thesystemis in anystate��� ,
conditionedoneachcontrolactionperformedandobservation
received,respectively:
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Exploiting theMarkov property, thebelief stateat time ,=<?>
is computedfrom thebelief stateandcontrolactionsat time, andobservationsat ,=<@> usingthestandardequations.For
simplicity, controlactionsaremadeimplicit within 
 � :
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The space of possible trajectories of an HMM can
be visualized using a Trellis diagram, which enumer-
ates all possible states at each time step and all tran-
sitions between states at adjacent times. Belief up-
date associatesa probability to each state in the graph.

S

X0 X1 XN-1 XN

3 Design Desiderata for RMPL
Returningto our example,OPNAV is bestexpressedat top-
levelasaprogram:

OpNav():: L
TurnCameraOn,
if EngineOn thennext SwitchEngineStandBy,
do

when EngineStandby M CameraOndonext L
TakePicture(1);
TakePicture(2);
TakePicture(3);L

TurnCameraOff,
ComputeCorrection()NN

watching PictureErrorO OpticalNavError,
when OpticalNavErrordonext OpNav(),
when PictureErrordonext OpNavFailedN

In this programcommadelimitsparallelprocessesandsemi-
colondelimitssequentialprocesses.

OPNAV highlights four key designfeaturesfor RMPL.
First,theprogramexploitsfull concurrency, by intermingling
sequentialandparallelthreadsof execution.Forexample,the
camerais turnedon andthe engineis turnedoff in parallel,
while picturesaretakenserially. Second,it involvescondi-
tionalexecution,suchasswitchingto standbyif theengineis
on. Third, it involvesiteration; for example,“when Engine
Standby 89898 donext 898�8 ” saysto iteratively testto seeif the
engineis in standbyandif soproceed.Fourth,the program
involvespreemption;for example,“do 898�8 watching ” saysto
perfomatask,butto interruptit assoonasthewatchcondition
is satisfied.Subroutinesusedby OpNav, suchasTakePicture,
exploit similar features.

OpNavalsorelieson hardwarebehaviors,suchas:
Camera:: always L

choose LL
if CameraOnthen L

if TurnCameraOff thennext MICASoff
elsenext Cameraon,
if CameraTakePicturethennext CameraDoneN

,
if CameraOff then

if TurnCameraOnthennext CameraOn
elsenext CameraOff,

if Camerafail then
if MicasResetthennext CameraOff
elsenext CameraFailN

with0.99,
next CameraFailwith0.01NN

OpNav’s tight interactionwith hardwaremakesthe overall
processstochastic. We add probabilistic executionto our
designfeaturesto model failures and uncertainoutcomes.
We addconstraintsto representco-temporalinteractionsbe-
tweenstatevariables.Summarizing,thekeydesignfeaturesof
RMPL arefull concurrency, conditionalexecution,iteration,
preemption,probabilisticchoice,andco-temporalconstraint.

4 RMPL: Primitive Combinators
Ourpreferredapproachto developingRMPLis to introducea
minimumsetof primitivesfor constructingprograms,where



eachprimitive isdrivenbyoneof thesixdesignfeaturesof the
precedingsection.To makethelanguageusablewedefineon
topof theseprimitivesavarietyof programcombinators,such
asthoseusedin the optical navigationexample. In the fol-
lowing weuselowercaseletters,like P , to denoteconstraints,
anduppercaseletters,like Q and R , to denotewell-formed
RMPL expressions.Theterm“theory” refersto thesetof all
constraintsthathold atsometime point.P . ThisprogramassertsthatconstraintP is trueat theinitial
instantof time.

if P thennext Q . Thisprogramstartsbehavinglike Q in the
next instantif the currenttheoryentails P . This is the basic
conditionalbranchconstruct.

unless P thennext Q . ThisprogramexecutesQ in thenext
instantif thecurrenttheorydoesnotentailc. This is thebasic
constructfor building preemptionconstructs.It allowsA to
proceedaslongassomeconditionisunknown,butstopswhen
theconditionis determined.QS��R . This programconcurrentlyexecutesA andB, andis
thebasicconstructfor forking processes.

always Q . This programstartsa new copy of Q at each
instantof time,for all time. Thisis theonly iterationconstruct
needed,sincefinite iterationscanbeachievedby usingif or
unless to terminateanalways .

choose � Q with T=�5R with U�� . This is thebasiccombinator
for expressingprobabilisticknowledge.It reducestoprogramQ with probability T , to programR with probability U , andso
on. Forsimplicity wewould like to ensurethatconstraintsin
the currenttheorydo not dependuponprobabilisticchoices
madein the currentstate. We achievethis by restrictingall
constraintsassertedwithin Q and R to bewithin thescopeof
anif 898�8 next or unless 89898 next.

Thesesix primitive combinatorscoverthe six designfea-
tures. They havebeenusedto implementa rich setof de-
rived combinators[anonymous]including thosein the Op-
Navexample,andmostfrom theEsterellanguage[Berryand
Gonthier, 1992].

5 Hierarchical, Constraint Automata
To estimateRMPL statetrajectorieswe would like to map
the six RMPL combinatorsto HMMs andthenperformbe-
lief update. However, while HMMs offer a naturalway of
thinkingaboutreactivesystems,asadirectencodingtheyare
notoriously intractable. One of our key contributionsis a
representation,calledHierarchical,Constraint-basedHMMs
(HCHMMs)thatcompactlyencodesHMMs describingRMPL
models.

HCHMMs extendHMMs by introducingfour essentialat-
tributes.First, theHMM is factoredinto asetof concurrently
operatingautomata.Second,eachstateis labeledwith acon-
straint that holdswheneverthe automatonmarksthat state.
This allows an efficient encodingof co-temporalprocesses,
suchasfluid flows. Third, automataarearrangedin a hierar-
chy – thestateof anautomatonmay itself beanautomaton,
whichis invokedwhenmarkedby its parent.Thisenablesthe
initiationandterminationof morecomplexconcurrentandse-
quentialbehaviors.Finally, eachtransitionmayhavemultiple
targets,allowinganautomatonto bein severalstatessimulta-

neously. This enablesa compactrepresentationfor recursive
behaviorslike “always” and“do until”.

Thefirst twoattributesareprevalent in areaslike digital sys-
temsandqualitativemodeling.Thethird andfourth form the
basisfor embeddedreactivelanguageslike Esterel[Berryand
Gonthier,1992],Lustre[Halbwachsetal., 1991],Signal[Guer-
nic etal., 1991] andStateCharts[Harel,1987]. Togetherthey
allow complexsystemsto bemodeledthat involve software,
digital hardwareandcontinuousprocesses.

We developHCHMMs by first introducinga determinis-
tic equivalent,and then extendingto Markov models. We
describea deterministic,hierarchical, constraintautomaton
(HCA)asa tuple ����� � ��V�����*WYX4� � X � , where:Z � is a setof states, partitionedinto primitive states�\[

andcompositestates�4] . Eachcompositestatedenotes
ahierarchical,constraintautomaton.Z �_^ � is the setof start states(alsocalled the initial
marking).Z V is a setof variableswith each `a�cb?V rangingover
a finite domain d � ` � � . W � Ve� denotesthe setof all finite
domainconstraintsover V .Z � ^ V is thesetof observablevariables.Z W Xgf �\[h$iW � Vj� , associateswith eachprimitive state� �
afinite domainconstraintWYXekl����m thatholdswhenever���
is marked.Z � X f � [	n W � Vj�o$qp � associateswith eachprimitive
state � � a transitionfunction � X kl� � m . Each � X kl� � m f
W � Ve�r$%p � , specifiesasetof statesto bemarkedat time,s<t> , givenassignmentsto V at time , .

At any instant , the “state” of an HCA is the setof marked
statesuv���� !� ^ � , calleda marking. w denotesthe setof
possiblemarkings,where wxA@p � .

Considerthecombinatoralways Q , whichmapsto:

Q
always Q

This automatonstartsa new copy of Q at eachtime instant.
Thestates� of theautomataconsistof primitive state� Bzy|{ ,
drawnto theleft asa circle,andcompositestateQ , drawnto
theright asa rectangle.Thestartstates� are � Bzy|{ and Q , as
is indicatedby two shortarrows.

An HCHMM modelsphysicalprocesseswith changingin-
teractionsby enablinganddisablingconstraintswithin acon-
straintstore(e.g.,openinga valve causesfuel to flow to an
engine). RMPL currentlysupportspropositionalstatelogic
asits constraintsystem.In statelogic eachpropositionis an
assignment` � A~} � D , wherevariable ` � rangesover a finite
domain dvk!`a�|m . ConstraintsW�X are indicatedby lower case
letters,suchas P , written in themiddleof aprimitive state.If
no constraintis indicated,the state’s constraintis implicitly
True. In the aboveexample� Bzy|{ implicitly hasconstraint
True; otherconstraintsmaybehiddenwithin Q .

Transitionsbetweensuccessivestatesare conditionedon
constraintsentailedby thestore(e.g.,thepresenceor absence



of acceleration).Thisallowsusto modelindirectcontroland
indirect effects. For eachprimitive state � we representthe
transitionfunction � X k���m asasetof (transition) pairs k0� � �5� � m ,
where ����b�� , and �K� is a setof labelsof the form 3 A�P or�3 A�P , for someP�b�W � Vj� . This correspondsto the traditional
representationof transitions,aslabeledarcsin agraph,where� and ��� arethesourceanddestinationof anarcwith label �K� .
Forconvenience,in ourdiagramsweuseP to denotethelabel3 A?P , and P to denotethelabel

�3 A@P . If no labelis indicated,it
is implicitly 3 A True. Theaboveexamplehastwo transitions,
bothwith labelsthatareimplicitly True.

Our HCA encodinghas threekey propertiesthat distin-
guish it from the hierarchicalautomataemployedby re-
active embeddedlanguages[Benvenisteand Berry, 1991;
Harel, 1987]. First, multiple transitionsmay be simultane-
ouslytraversed.This allowsanextremelycompactencoding
of the stateof the automatonasa setof markings. Second,
transitionsareconditionedon whatcanbededuced,not just
whatisexplicitly assigned.Thisprovidesasimplebutgeneral
mechanismfor incorporatingconstraintsystemsthat reason
aboutindirecteffects.Third, transitionsareenabledbasedon
lackof information.Thisallowsdefaultexecutionsto bepur-
suedin theabsenceof betterinformation,enablingadvanced
preemptionconstructs.

6 Executing HCA
To execute an automataA, we first initialize it usingu��ek � k0Q�m�m , whichmarksthestartstatesof all itssubautomata,
andthenstepit using ��,*�5T+k0Q�m , whichmapsits currentmark-
ing to anextmarking.1

A trajectoryof automatonQ is asequenceof mark-
ings u � ��������u D �F(����9898�8 suchthat u � �&�5� is the initial
marking u��ek � m , and for each �c��� , u � ����'+(*��A��,*�5T=klQS��u D ���&�*m .

Givenasetof automatau to beinitialized, u��ek!u�m creates
a full marking, by recursivelymarkingthe startstatesof u
andall their descendants:

u��4k!u�moA�u��v�~��u��4k � kl��m�mj3I�Gb�u��5� is composite�
Forexample,applying u � to automataalways Q , returnsthe
setconsistingof always Q , � Bzy|{ , Q andanystartstatescon-
tainedwithin Q .��,*�5T transitionsanautomatonA from onefull markingto
thenext:��,*�5Tsk0QS��uv���� !��m\$�u D �� !'+(*� ::>z8���> f A����Gb�� 3I� is primitive �p�8�¡ f A£¢c¤5¥§¦ ( W X kl��m¨ 8��©p f A@ª�¤5¥§¦ ( � Xekl�§�5¡Gm« 8 return u��jkl�©p§m��,*�5T involves identifying the markedprimitive states(Step
1), collecting the constraintsof thesemarkedstatesinto a
constraintstore(Step2), identifyingthetransitionsof marked
statesthat are enabledby the storeand the resultingstates
reached(Step 3), and, initializing any automatareachedby

1Execution“completes”whennomarksremain,sincetheempty
markingis a fixedpoint.

this transition(Step 4). The result is a full markingfor the
nexttime step.

To transitionin step3, let k0� � �5� � m¬b � X kl��m beanytransition
pairof acurrentlymarkedprimitivestate� . Then��� ismarked
in the next instantif �K� is entailedby the currentconstraint
store,¡ (computedin step2). A label � � is saidto beentailed
by ¡ , written ¡3 A®�K� , if ¯©3 A°P�b@�K�*8±¡3 A°P , andfor each�3 AtP�b��K�*8±¡ �3 A?P .2

Applying ��,*�5T to the initial markingof always Q causes� Bzy|{ to transitionto Q andbackto � Bzy*{ , andfor Q to tran-
sition internally. Thenewmarkon Q invokesa secondcopy
of Q , by marking Q³²K� startstates.Moregenerally, � B§y|{ is re-
sponsiblefor initiatingA duringeverytimestepafterthefirst.
A transitionbackto itself ensuresthat � Bzy|{ is alwaysmarked.
Thetransitionto Q putsa newmarkon Q at everynextstep,
eachtime invoking a virtual copyof Q . Theability of anau-
tomatonto havemultiplestatesmarkedsimultaneouslyis key
to the compactnessof this novel encoding,by avoiding the
needfor explicit copiesof A.

7 Hierarchical Constraint HMMs
We extendHCA to Markov processesby replacingthesingle
initial markingandtransitionfunctionof HCA with a proba-
bility distributionoverpossibleinitial markingsandtransition
functions.Wedescribeahierarchical,constraint-basedHMM
by a tuple ������
�	�5VS�����*WYX4�5
G� X � , where:Z � , V , � and WYX arethesameasfor HCA.Z 
��k!u��lm denotestheprobabilitythat uv� ^ � istheinitial

marking.Z 
 � X k�����m , for each���ob´� [ , denotesa distributionover

possibletransitionfunctions � X D kl� � m f W � Vj�r$%p � .

Thetransitionfunction 
 � X kl����m is encodedasanAND/OR
tree. We presentan exampleat the endof the next section,
whendescribingthechoose combinator.

HCHMM executionis similar to HCA execution,except
that uv� probabilisticallyselectsaninitial marking,and ��,*�5T
probabilisticallyselectsoneof thetransitionfunctionsin 
e� X
for eachmarkedprimitive state.Theprobabilityof amarkingu�� �� !� is computedby the standardbelief updateequations
givenin Section2. This involvescomputing
 � and 
 � .

To calculatetransitionfunction 
 � for marking u � recall
that a transition � is composedof a setof primitive transi-
tions, one for eachmarkedprimitive state ��� , and that the
HCHMM specifiesthe transitionprobability for eachprimi-
tive statethrough 
� X kl����m . We makethe key assumption
thatprimitive transitionprobabilitiesareconditionallyinde-
pendent,giventhecurrentmarking. This is analogousto the
failureindependenceassumptionsmadebyGDE[deKleerand
Williams,1987] andLivingstone[WilliamsandNayak,1996],
andis a reasonableassumptionfor mostengineeredsystems.
Hence,
 � k!u � m\A�µ � � D ¥ u � 
 � X kl� � D m¶8

We calculatetheobservationfunction 
 � for marking u �
fromthemodel,similartoGDE[deKleerandWilliams,1987].
Giventheconstraintstore ¡ for uv� from step2 of �#,*��T , we

2Formally, ·�¸#¹0º�»�¼e½s¾¿L�º¶À+Áz¹!Â/À�»�º¶À0½�Ãc·�¸�¹0ºÄ½�»�¼?Á¾ÅÂ/À N .



test if eachobservationin � � is entailedor refuted,giving
it probability 1 or 0, respectively. If no predictionis made,
thenana priori distributionon observablesis assumed(e.g.,
auniformdistributionof >�Æ�Ç for Ç possiblevalues).

ThiscompletesHCHMM beliefupdate.Ourremainingtask
is to compileRMPL to HCHMM, to implementbeliefupdate
efficiently, andto demonstrateit interestingspacesystems.

8 Mapping RMPL to HCHMMs
EachRMPL primitive mapsto an HCHMM asdefinedbe-
low. RMPL sub-expressions,denotedby uppercaseletters,
arerecursivelymappedto equivalentHCHMM.P . AssertsconstraintP at theinitial instantof time:

P

Thestartstatehasno exit transitions,soafterthis automaton
assertsP in thefirst time instantit terminates.

if P thennext Q . Behaveslike Q in thenext instantif the
currenttheoryentailsP . Giventheautomatonfor Q , weadda
newstartstate,anda transitionfrom this stateto Q when P is
entailed:

QP
if P thennext Q

unless P thennext Q . ExecutesQ in thenext instantif the
currenttheorydoesnot entail c. This mappingis analogous
to if P thennext Q . It is the only constructthat introduces
condition

�3 A�P . This introducesnon-monotonicity;however,
sincethesenon-monotonicconditionshold only in the next
instant,thelogic isstratifiedandmonotonicin eachstate.This
avoidsthekindsof causalparadoxespossiblein languageslike
Esterel[Berry andGonthier, 1992].

QP
unless P thennext Q

QS��R . This is the parallel compositionof two automata.
The compositeautomatonhastwo startstates,given by the
two automatafor Q and R .

Q R
Q��R

always Q . Startsa newcopyof Q at eachtime instant,as
describedin Section5.

choose � Q with T=��R with U�� . Reducesto Q with probabilityT , to R with probability U , andsoon. Recallthatwerequired
thatall constraintsassertedwithin Q andR mustbewithin the
scopeof anext. Thisensuresthatprobabilitiesareassociated

only with transitions. The correspondingautomatonis en-
codedwith asingleprobabilisticstarttransition,whichallows
usto choosebetweenQ and R . This is theonly combinator
thatintroducesprobabilistictransitions.

U
T Q

R

choose � Q with T=��R with U��

Encodingprobabilisticchoicerequiresspecialattentiondue
totheuseof nestedchoose expressions.Weencodethetransi-
tion function � X kl� � m asa probabilisticAND-ORtree(below,
left), enablinga simple transformationfrom nestedchoose
expressionsto anHCHMM.

� ( �KÈ � ( �KÈ � ( �KÈ � ( �KÈ
� ( �KÈ

T ( TaÈ0TaÉ TËÊ
=

T ( T É TaÈ*TÌÉqT ( TaÊ
T È T Ê

A B C D A C B C A D B D

In this treeeachleaf is labeledwith a setof oneor more
target statesin � , which the automatontransitionsto in the
next time step.ThebranchesÍÎ�o$2Ï¶� D of a probabilisticOR
node ÍÐ� representa distributionovera disjoint setof alterna-
tives,andarelabeledwith conditionalprobabilitiesP � Ï � D 3�Í � � .
TheseareT ( 8�8980T Ê in theleft tree.Theprobabilityof branches
emanatingfrom eachORnodeÍÎ� sumto unity.

The branchesof a deterministicAND noderepresentan
inclusivesetof choices.The nodeis indicatedby a vertical
bar throughits branches.Eachbranchis labeledby a setof
conditions�K� D , asdefinedfor HCA. Theseare � ( and �KÈ in the
left tree. During a transition,everybranchin anAND node
is takenthat hasits label satisfiedby the currentstate(i.e.,
P � Ï � D 3�Í � ��� � D �rA�> ).

To mapthistreeto � Xek�����m , eachAND-ORtreeis compiled
to a two level tree(shownabove,right), with the root node
beingaprobabilisticOR,andits childrenbeingdeterministic
ANDs. Compilationis performedusingdistributivity, shown
by thefigure,andcommutativity. Commutativityallowsad-
jacentAND nodesto be merged,by taking conjunctionsof
labels,andadjacentORnodesto bemerged,by takingprod-
uctsof probabilities.This two level treeis a directencoding
of � Xekl����m . EachAND noderepresentsoneof the transition
functions � X D k�����m , while the probability on the OR branch,
terminatingon thisAND node,denotes
�k � X D kl� � m�m .
9 HCHMM Estimation as Beam Search
We demonstrateHCHMM belief updatewith a simple im-
plementationof modeestimation,calledRMPL-ME, thatfol-
lows Livingstone[Williams andNayak, 1996]. Livingstone
tracksthemostlikely trajectoriesthroughtheTrellis diagram
by usingbeamsearch,which expandsonly thehighestprob-
ability transitionsat eachstep. To implementthis we first



modify ��,*�5T , definedfor HCA, to computethelikely statesof- �/.� !')(�� � u��0� . This newversion,StepX , returnsa setof mark-
ings,eachwith its own probability.

StepX ( Q�5� )::>z8 ��> f A����Sb��Ñ3I� is primitive �p�8 ¡ f A£¢�¤5¥§¦ ( W X kl��m¨ ÍÌ8��©pIÍ f A µ ¤5¥§¦ ( � Xek��z��¡Gm¨ Ï�8Ò�©pzÏ f A��Îk!u � k ª B� E ( �Ó��m¶� µ
B� E ( TÌ��m3���kl� ( �0T ( mÄ�9898�89��kl� B �lT B m � b��©pzÍË�¨ P�8Ò�©p f A��Ðk���� J �/ÔÐÕ [ � ¥§¦ È�Ö TÌm³3�kl��� m¬b×�©pzÏ��« 8 return �©p

Step3abuildsthesetsof possibleprimitive transitions.Step
3b computesfor eachset the combinednext statemarking
andtransitionprobability. Step3c sumstheprobabilityof all
compositetransitionswith thesametarget.Step4 returnsthis
approximatebelief state. In Steps3a andb, we enumerate
transitionsetsin decreasingorderof likelihood until mostof
theprobabilitydensityspaceis covered(e.g., ØÐÙ§Ú ). Bestfirst
enumerationis performedusingourOPSAT system,general-
izedfrom[WilliamsandNayak,1996]. OPSAT findsthelead-
ingsolutionsto theproblem“ Í§Û�Ü¬ÝcÞ/ß³à�k!á=m subjectto ¡�k0á=m ,”
where á is a statevector, ¡�k0á=m is a setof propositionalstate
constraints,and à�k0á=m is an additive, multi-attribute utility
function. OPSAT testsa leadingcandidatefor consistency
against¡�k!á=m . If it provesinconsistent,OPSAT summarizes
theinconsistency(calleda conflict) andusesthesummaryto
jumpover leadingcandidatesthataresimilarly inconsistent.

After computingtheleadingstatesof - �/.� !')(*� � u��K� , RMPL-
ME computes
 � � u � �� !�#"$ � � �� !��� usingthe constraintstore
extractedin step2, andusestheseresultsto computethefinal
result - �� !')(�.5� � u � � , from thestandardequation.

10 Implementation and Discussion

Implementationsof theRMPLcompiler, RMPL-ME andOP-
SAT arewrittenin CommonLisp. Thefull RMPLlanguageis
anobject-orientedlanguage,in thestyleof Java,thatsupports
all primitive combinators(Section4) andavarietyof defined
combinators.The RMPL compileroutputsHCHMMs asits
objectcode.RMPL-ME usesthecompiledHCHMMs to per-
form onlineincrementalbelief update,asoutlinedabove.To
supportreal-timeembeddedapplications,RMPL-MEandOP-
SAT arebeingrewrittenin C andC++.

TheDS1OpNavexampleprovidesasimpledemonstration
of RMP-ME. In additionRMPL-ME is beingdevelopedin
threemissioncontexts.First, theC protypeis beingdemon-
stratedontheMIT Spheresformationflyingtestbed,a“robotic
network”of three,soccerball sizedspacecraftthathaveflown
ontheKC-135(akaVomitComet).RMPLmodelsarealsobe-
ing developedfor theJohnHopkinsAPL NEAR (NearEarth
Asteroid Rendezous)mission. This is a steppingstoneto-
wardsits possibleapplicationto APL’s upcomingMessenger
missionto Mercury.

Beam searchis among the simplest of estimation ap-
proaches.It avoidsan exponentialblow up in the spaceof
trajectoriesexploredandavoidsexplicitly generatingtheTrel-
lis diagram,butsacrificescompleteness.Consequentlyit will
missadiagnosisif thebeginningof its trajectoryissufficiently

unlikely that it is clippedby beamsearch.A rangeof solu-
tionsto this problemexist[Hamscheret al., 1992], including
anapproach,dueto HamscherandDavisin 1984[Hamscher
andDavis,1984], thatusesa temporalconstraintgraphanal-
ogousto planninggraphs.This encodingcoupledwith state
abstractionmethodshasrecentlybeenincorporatedinto Liv-
ingstone[Kurien and Nayak, 2000], with attractiveperfor-
manceresults.Anotherareaof researchis the incorporation
of metric time. [LargouetandCordier, 2000] introducesan
intriguing approachbasedon model-checkingalgorithmsfor
timed automata.Finally, [Malik andStruss,1997] explores
thediscriminatorypowerof transitionsvsstateconstraintsin
aconsistency-basedframework.
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