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1.1 INTRODUCTION
Brain disorders, comprising psychiatric and neurological disorders, are seen as one
of the core health challenges of the 21st century (Wittchen et al., 2011). Their
prevalence in developed countries surpasses those of cardiovascular diseases and
cancer (Collins et al., 2011). Furthermore, while there have been strong advances in
treatment of cardiovascular diseases, which translates to saving millions of lives each
year, this progress has been absent in the treatment of psychiatric disorders (Insel,
2009). In order to develop new treatments, we need a deeper understanding of brain
organization and function.

The largest structure of the brain is the cerebral cortex, which has the topol-
ogy of a 2-D sheet, and is responsible for many higher order functions such as
consciousness, memory, attention, and language. The cerebral cortex can be subdi-
vided into a larger number of different areas (Brodmann, 1909; Vogt and Vogt, 1919).
Identifying these areas is important as it is believed that complex human behavior
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is mainly enabled by their interaction. For example, it has been shown that visual
information is processed by distinct parallel pathways through the brain (Ungerleider,
1995). While each of the areas along these pathways are specialized, only their
interplay allows a complex process such as visual recognition. To understand these
complex interactions, identification of the distinct functional areas is needed. A map
of all cortical areas is called a cortical parcellation.

Cortical areas are defined by their distinct microarchitecture, connectivity, topol-
ogy, and function (Kaas, 1987; Felleman and Van Essen, 1991). Ideally we want
to estimate all of these features in vivo as the location of cortical areas can vary
between different subjects by more than 10 mm (Amunts et al., 1999; Fischl et al.,
2008). As a consequence their results cannot be accurately translated to other
(living) subjects. However, microarchitecture of cortical areas is commonly estimated
by ex vivo methods which combine staining and chemicals to estimate myelo-,
cyto-, or chemo-architectonics (Zilles and Amunts, 2010). While efforts have been
made to develop noninvasive neuroimaging methods (Mackay et al., 1994; Glasser
and Van Essen, 2011; Lodygensky et al., 2012), their resolution is much coarser
compared to ex vivo methods. The function of different cortical locations can be
approximated by in vivo task-based activation studies (Belliveau et al., 1991) or
lesion studies (Rorden and Karnath, 2004; Preusser et al., 2015). These studies are
often focused on a single brain location at a time and are therefore not ideally suited
for identifying all cortical areas. Meta-analytic approaches allow the combination of
hundreds or thousands of these studies (Eickhoff et al., 2009; Yarkoni et al., 2011;
Fox et al., 2014; Gorgolewski et al., 2015), which can then be used to derive cortical
maps (Eickhoff et al., 2011; Yeo et al., 2015). Topology can also be derived from
functional activation studies, for example, for the visual cortex (Sereno et al., 1995;
Swisher et al., 2007). Although it is not possible to solely use this feature to create a
complete cortical map, it may be combined with other features.

In contrast, connectivity can be estimated for the whole brain within minutes via
noninvasive imaging methods (Biswal et al., 2010; Craddock et al., 2013; Eickhoff
et al., 2015). Functional connectivity is commonly defined as the synchronization
of functional activation patterns (Friston, 1994; Biswal et al., 1995; Smith et al.,
2011). In recent years, functional connectivity has been widely used as a feature
for estimating brain parcellation (Shen et al., 2010; Yeo et al., 2011; Craddock
et al., 2012; Varoquaux and Craddock, 2013). Two examples are shown in Fig. 1.1.
Structural connections can be assessed by water diffusivity, which aims to identify
white matter axons (Tuch et al., 2003; Hagmann et al., 2007; Johansen-Berg and
Behrens, 2013). Connectivity poses some advantages compared to other features as it
is not bounded to a specific task and can therefore be assessed in a single experiment.

Human brain parcellation has become an exciting field for the application of
machine learning approaches as the dimensionality and diversity of the acquired data
keeps increasing. With the rise of large-scale imaging initiatives (Biswal et al., 2010;
Van Essen et al., 2012; Nooner et al., 2012; Zuo et al., 2014; Holmes et al., 2015),
vast amounts of multimodal brain information have become publicly available, pro-
viding information about connectivity, function, and anatomy. These large datasets
pose fascinating challenges for machine learning approaches.
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FIG. 1.1

Cortical labels based on functional connectivity. (Left) Average functional connectivity of
1000 subjects modeled with a mixture of von Mises-Fisher distributions and clustered into
networks of areas with similar connectivity patterns (Yeo et al., 2011). (Right) Areas derived
from estimating gradients of functional connectivity and applying a watershed
transform (Gordon et al., 2014).

In this chapter, we provide an overview of current approaches to connectivity-
based parcellations with particular emphasis on mixture models and Markov random
fields (MRFs) in Sections 1.3 and 1.4, respectively.

1.2 APPROACHES TO CONNECTIVITY-BASED BRAIN
PARCELLATION
This section provides a general overview of different approaches to brain parcellation
based on connectivity features. We will cover mixture and MRF models in more
details in Sections 1.3 and 1.4.

In connectivity-based brain parcellations we want to model the relationship
between connectivity features and cortical labels. Let us assume N brain locations
denoted by x1, . . . , xN . Let Yn be the connectivity at brain location xn. We assume
that each connectivity feature Yn is D-dimensional. We further assume L cortical
labels of interest with ln ∈ {1, . . . , L}. Our goal is to estimate l1, . . . , lN for the N
brain locations x1, . . . , xN . Often we will just write l1:N instead of l1, . . . , lN . Finding
an assignment l1:N can be seen as a segmentation problem, which is a well-studied
objective in pattern recognition and machine learning.

Common approaches to brain networks estimation include independent compo-
nent analyses (ICAs) (Bell and Sejnowski, 1995; Calhoun et al., 2001; Beckmann
and Smith, 2004), which in the context of brain parcellations is a form of temporal
demixing of spatial factors. An ICA is commonly formulated as a matrix decompo-
sition problem. More specifically, the decomposition is

S = EY , (1.1)
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where Y is a D × N matrix of D-dimensional observations for each of the N brain
locations, S is an L × N matrix of L hidden factors, and E is an L × D demixing
matrix. Here the matrix S represents a soft estimate of the labels. An ICA maximizes
the independence of the signals in S. This independence assumption is sometimes
criticized for its limited biological validity (Harrison et al., 2015). An ICA is a soft
“clustering” algorithm which may result in overlapping areas and is therefore not
directly a solution to the parcellation problem. Manual or automatic thresholding
techniques (eg, random walks) can be applied to retrieve a parcellation (Abraham
et al., 2014). ICAs belong to the class of linear signal decomposition models, which
includes dictionary learning. This more general form can, for example, be used to
build hierarchical models that model the variability between subjects (Varoquaux
et al., 2011).

K-means clustering (Lloyd, 1982; Jain, 2010) is another widely used approach
for connectivity-based parcellation (Mezer et al., 2009; Bellec et al., 2010; Kim
et al., 2010; Cauda et al., 2011; Zhang and Li, 2012; Mars et al., 2012). The
approach performs a mapping to a preselected number of K nonoverlapping clusters.
In our notation K equals L. K-means clustering is performed in an iterative fashion by
first hard-assigning the labels of the N brain regions to their respective closest centers.
Then the L cluster centers are recomputed. The whole process is repeated until
convergence. The initial cluster centers are usually assigned randomly and the final
labeling is highly dependent on this initial assignment. Consequently, the algorithm
is typically repeated many times and the solution with the best cost function value is
selected.

Spectral clustering (Jianbo Shi and Malik, 2000; Ng et al., 2001) is also widely
used for connectivity-based parcellation (Johansen-Berg et al., 2004; Thirion et al.,
2006; van den Heuvel et al., 2008; Shen et al., 2010; Craddock et al., 2012).
The approach is based on the affinity between each pair of locations xi and xj.
Affinity is typically computed by some form of similarity between the corresponding
observations yi and yj. In our case this similarity is often the similarity of structural or
functional connectedness of xi and xj. Based on the affinity matrix A we can compute
a Laplacian (von Luxburg, 2007), for example,

L = DA, (1.2)

where D is the degree matrix D(i, i) = ∑
j A(i, j). The idea of spectral clustering is to

decompose this matrix into the eigenvectors of L. Then the assumption is that the data
points are easier to separate in this eigenspace than in the original space. A related
approach identifies areas that maximize modularity (Meunier et al., 2010; He et al.,
2009). Modularity is maximized by selecting areas which have high within-module
connections and low between-module connections. Modularity maximization is
NP-hard but can be approximated by spectral methods (Newman, 2006).

Agglomerative hierarchical clustering (Eickhoff et al., 2011; Michel et al., 2012;
Blumensath et al., 2013; Orban et al., 2015; Thirion et al., 2014; Moreno-Dominguez
et al., 2014) is a bottom-up approach in which initially every brain location xn has
a separate label ln. The agglomerative clustering builds a hierarchy by iteratively
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merging two labels based on a linkage criterion. This linkage criterion needs to
be defined, for example, as the average similarity between all the connectivity
features belonging to the two labels. The derived hierarchical organization allows
a multiresolution parcellation by thresholding the hierarchy at different levels.

Gradient approaches identify rapid transitions in the connectivity pattern of
adjacent regions (Cohen et al., 2008; Gordon et al., 2014; Wig et al., 2014). For
example, transitions can be identified by applying a Canny edge detector (Canny,
1986) on the cortical surface. Gradient approaches have been applied on parts of the
cortex (Cohen et al., 2008; Nelson et al., 2010a,b; Hirose et al., 2012), as well as the
entire cerebral cortex (Wig et al., 2014; Gordon et al., 2014). A cortical parcellation
(Fig. 1.1, right) can be derived by applying a watershed transform (Beucher and
Lantuejoul, 1979) on the resulting gradient maps (Gordon et al., 2014). The first
step of the watershed transform involves identifying local gradient minima as seed
regions. The seed regions are then iteratively grown by including neighboring brain
locations that have a gradient value lower than the current threshold. The threshold
is iteratively increased until every location belongs to one of the seed regions
corresponding to the local minima.

1.3 MIXTURE MODEL

In this section, we provide a more detailed introduction to the mixture model
approach. We will show examples and describe a popular inference approach to learn
the mixture parameters and labels.

Mixture models are a flexible way of clustering as they allow soft or weighted
assignments. The value of the weight indicates the strength of the affinity to the
corresponding cluster. In mixture models, this weight corresponds to the posterior
probability that the data point belongs to a mixture component. A final parcellation
or labeling can be gained by thresholding the posterior probabilities.

1.3.1 MODEL

A mixture model is a combination of component models which form a richer
model:

p(Y) =
L∑

l=1

p(Y|l)p(l|αl). (1.3)

The features Y are observed, whereas the labels l are hidden to us. The component
models are given by p(Y|l) and the prior probabilities of the different components are
given by αl, where αl is non-negative and

∑L
l=1 αl = 1. We can interpret the above

equation as a generative model to sample a data point Y . The probability of label l is
αl. We first draw a label l with p(l|αl), and then draw an observation Y from p(Y|l).
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Let the probability distribution p(Y|l) be parameterized by θl. Then the model
becomes

p(Y|�) =
L∑

l=1

p(Y|θl)p(l|αl), (1.4)

where � = {α1:L, θ1:L}.
For our parcellation, we assume that each label ln is independently drawn from

a probability distribution p(l1:N) = ∏
n p(ln). The features Y1, . . . , YN are assumed

to be independent conditioned on � = {α1:L, θ1:L}, and so the mixture model is of
the form:

p(Y1:N |�) =
N∏

n=1

p(Yn|�) =
N∏

n=1

L∑
ln=1

p(Yn|θln)p(ln|αln). (1.5)

Conditioned on cortical label ln at spatial location xn, the observed features Yn are
assumed to be generated from the distribution p(Yn|θln).

In the case of a Gaussian mixture with parameter θln = {μln , �ln} (Golland et al.,
2007; Tucholka et al., 2008; Jbabdi et al., 2009), the distribution is set to

p(Yn|θln) = N (Yn|μln , �ln), (1.6)

where the Gaussian distribution N (Yn|μln , �ln) is defined as

N (Yn|μln , �ln) = 1√
det(2π�ln)

e− 1
2 (Yn−μln )T�−1

ln
(Yn−μln ), (1.7)

where μln is the mean and �ln is the covariance matrix of cluster ln.
Another example is a mixture of von Mises-Fisher distributions with parameter

θln = {μln , κ} (Yeo et al., 2011; Ryali et al., 2013; Liu et al., 2014), where

p(Yn|θln) = vmf(Yn|μln , κ). (1.8)

The von Mises-Fisher distribution vmf(Yn|μln , κ) is defined as

vmf(Yn|μln , κ) = zD(κ)eκμT
ln

Yn , (1.9)

with mean direction ||μln || = 1, concentration parameter κ and dimensionality
D ≥ 2. The normalizing constant zD(κ) is given by

zD(κ) = κD/2−1

(2π)D/2ID/2−1(κ)
, (1.10)

where Ir(·) represents the modified Bessel function of the first kind and order r. The
graphical representation of the von Mises-Fisher mixture model is given in Fig. 1.2.



1.3 Mixture model 9

FIG. 1.2

Graphical representation of von Mises-Fisher mixture model with and without MRF. Shaded
variables are observed. All other variables are hidden. Lines indicate dependencies
between the variables. Any part of a graphical model within a plate with subscript X
is replicated X times, where all dependencies between variables outside of the plate and
variables on the same plate are preserved. There are no dependencies between elements
on different replicates of a plate. (Left) Graphical model for a mixture of von Mises-Fisher
distributions model (Yeo et al., 2011) (Section 1.3). Each label ln is independently
drawn from a probability distribution p(l1:N) = ∏

n p(ln). The hidden label ln indexes the
mixture component. The probability of ln is given by α. Given the label ln and the
corresponding von Mises-Fisher parameters κ and μln , the observations Yn are
generated via p(Yn|ln, μln , κ). (Right) Graphical model for a mixture of von Mises-Fisher
distributions together with an MRF prior (Ryali et al., 2013) (Section 1.4). The MRF prior
comprises dependencies between the labels of neighboring brain locations, for example,
label ln at brain location xn is dependent on the labels at neighboring brain locations.

1.3.2 INFERENCE
The labels l1:N and parameters � are unknowns that need to be estimated. The
optimal parameters � are typically estimated by maximum likelihood estimation:

arg max
�

p(Y1, . . . , YN |�) = arg max
�

∏
n

p(Yn|�). (1.11)

In other words we want to find the parameters that maximize the likelihood of our
observations. A common approach to estimate hidden variables and parameters is
expectation-maximization (EM) (Dempster et al., 1977). In EM we use an iterative
two-step process. In the E-step we compute the posterior p(l1:N |Y1:N , �t) of the
labels l1:N given the current parameters �t at iteration t. In the M-step we compute
the parameters �t+1 based on the current estimate of the posterior probability
p(l1:N |Y , �t). Notice that EM computes soft assignments instead of hard decisions.
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As an example, we provide derivations for the mixture of von Mises-Fisher
distributions (Lashkari et al., 2010). The likelihood of the mixture model is

p(Yn|�) =
N∏

n=1

L∑
ln=1

p(Yn|θln)p(ln|αln), (1.12)

where θln = {μln , κ} and p(Yn|θln) = zD(κ)eκμT
ln

Yn as in Eq. (1.9). To derive EM, we
apply log to the likelihood:

log p(Y1:N |�) =
N∑

n=1

log p(Yn|�) =
N∑

n=1

log
L∑

ln=1

p(Yn|θln)p(ln|αln). (1.13)

Now we introduce a probability distribution qn(ln) over the latent labels:

log p(Y1:N |�) =
N∑

n=1

log
L∑

ln=1

p(Yn|θln)p(ln|αln)qn(ln)

qn(ln)
. (1.14)

Using Jensen’s inequality we can write

log p(Y1:N |�) =
N∑

n=1

log
L∑

ln=1

p(Yn|θln)p(ln|αln)qn(ln)

qn(ln)
(1.15)

≥
N∑

n=1

L∑
ln=1

qn(ln) log
p(Yn|θln)p(ln|αln)

qn(ln)
. (1.16)

If qn(ln) is equal to p(ln|Yn, �), the inequality in Eq. (1.16) becomes an equality.
Eq. (1.16) is sometimes referred to as the completed log likelihood.

In the expectation or E-step, we estimate the posterior probability of the labels
given the current estimate of the parameters. Given the current estimate of �t =
{θ t

1:L, αt
1:L} with θ t

l = {μt
l, κ

t} at iteration t, we compute

qt+1
n (ln) = p(ln|Yn, �t) = p(Yn|θ t

ln
)p(ln|αt

ln
)∑L

l′=1 p(Yn|θ t
l′)p(l′|αt

l′)
, (1.17)

where

p(Yn|θ t
ln

) = zD(κ t)eκ tμtT
ln

Yn . (1.18)

In the M-step, we estimate the parameters �t+1 = {θ t+1
1:L , αt+1

1:L } by maximizing the
completed log likelihood (Eq. 1.16) using the current estimate of qt+1

n (ln):

arg max
�

N∑
n=1

L∑
ln=1

qt+1
n (ln) log

p(Yn|θln)p(ln|αln)

qt+1
n (ln)

(1.19)
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= arg max
�

N∑
n=1

L∑
ln=1

qt+1
n (ln) log p(Yn|θln)p(ln|αln). (1.20)

Using Eq. (1.18), we can write the last equation as

arg max
�

N∑
n=1

L∑
ln=1

qt+1
n (ln) log p(ln|αln) +

N∑
n=1

L∑
ln=1

qt+1
n (ln) log p(Yn|θln) (1.21)

= arg max
�

N∑
n=1

L∑
ln=1

qt+1
n (ln) log αln +

N∑
n=1

L∑
ln=1

qt+1
n (ln) log zD(κ) (1.22)

+
N∑

n=1

L∑
ln=1

qt+1
n (ln)(κμT

ln Yn).

To estimate the parameters � = {μ1:L, α1:L, κ} we can write the lower bound
(Eq. 1.22) with only the dependent terms. Together with the Lagrange multipliers
ηl and β for constraints μT

l μl = 1,
∑L

l=1 αl = 1, we have

Lμ =
N∑

n=1

L∑
l=1

qt+1
n (ln = l)(κμT

l Yn) +
L∑

l=1

ηl(1 − μT
l μl), (1.23)

Lκ =
N∑

n=1

L∑
l=1

qt+1
n (ln = l) log zD(κ) +

N∑
n=1

L∑
l=1

qt+1
n (ln = l)(κμT

l Yn), (1.24)

Lα =
N∑

n=1

L∑
l=1

qt+1
n (ln = l) log αl + β

⎛
⎝1 −

L∑
l=1

αl

⎞
⎠ . (1.25)

To estimate μl, we take the derivative of Lμ and set it to zero:

∂Lμ

∂μl
=

N∑
n=1

qt+1
n (ln = l)κYn − 2ηlμl = 0, (1.26)

μt+1
l =

∑N
n=1 qt+1

n (ln = l)κYn

2ηl
. (1.27)

The Lagrange multiplier ηl is determined by the fact that μl should be unit norm, and
so we get

μt+1
l =

∑N
n=1 qt+1

n (ln = l)Yn

‖∑N
n=1 qt+1

n (ln = l)Yn‖ . (1.28)

The unknown concentration parameter κ was canceled out from the numerator and
denominator in the last equation. To estimate κ , we take the derivative of Lκ from
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Eq. (1.24) and set it to zero:

∂Lκ

∂κ
=

N∑
n=1

L∑
l=1

qt+1
n (ln = l)

z′D(κ)

zD(κ)
+

N∑
n=1

L∑
l=1

qt+1
n (ln = l)(μT

l Yn) (1.29)

= N
z′D(κ)

zD(κ)
+

N∑
n=1

L∑
l=1

qt+1
n (ln = l)(μT

l Yn) = 0. (1.30)

Solving the above equation for κ is hard (Banerjee et al., 2005), but there exist
several approximation methods (Banerjee et al., 2005; Lashkari et al., 2010; Sra,
2011). Lashkari et al. (2010) suggested the following:

κ t+1 = (D − 2)�

1 − �2
+ (D − 1)�

2(D − 2)
, (1.31)

where � = 1
N

∑N
n=1 δ(ln, l)YT

n μl and δ(ln, l) = 1, ∃n : xn = l; 0 otherwise. Now we
estimate α by taking the derivative of Lα from Eq. (1.25):

∂Lα

∂αl
= 1

αl

N∑
n=1

qt+1
n (ln = l) − β = 0, (1.32)

αt+1
l = 1

N

N∑
n=1

qt+1
n (ln = l). (1.33)

More details on inference in mixture models can also be found in the books by Bishop
(2006), Barber (2012), and Koller and Friedman (2009).

1.4 MARKOV RANDOM FIELD MODEL
The previous independence assumption of p(l1:N) = ∏

n p(ln) might be too strong
as spatially neighboring locations often belong to the same brain area. Hence it
is popular to make the weaker assumption that each p(ln) is independent given its
neighborhood (Liu et al., 2011, 2012, 2014; Ryali et al., 2013; Honnorat et al., 2013,
2015). This is also called the Markov assumption.

1.4.1 MODEL
The Markov assumption can be modeled by MRFs, which are a form of probabilistic
graphical models. For this we need an undirected graph which can be defined as:
G = (V , E), with vertex set V and edge set E. The graph structure is commonly given
by the brain locations and their spatial proximity.

MRFs can then be defined by local joint probabilities which model a relationship
of the assigned labels {l1, . . . , lN} using a neighborhood system N . Here, the
neighborhood system N constitutes for every vertex v ∈ V : N (v) = {u ∈
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V : (u, v) ∈ E}. Then the Markov assumption can be written as p(ln| − ln) =
p(ln|lx with x ∈ N (n)), where −ln are all labels l1:N without ln. However, this is
only a local property. Based on the equivalence of MRFs and Gibbs fields (Besag,
1974; Geman and Geman, 1984), the Hammersly-Clifford theorem states that this
local property can be transformed into a global property. A Gibbs field X takes the
form of

p(X) = 1

Z e−E(X), (1.34)

where Z is a normalizing constant that guarantees that the function sums to one
(ie, valid probability distribution). This involves a summation over all possible
configurations of X:

Z =
∑

X

e−E(X). (1.35)

While Z is not practically tractable it might be approximated, for example, by a
pseudo-likelihood (Ryali et al., 2013). The energy function E(X) is the sum over all
clique potentials 
c over all possible cliques C:

E(X) =
∑
c∈C


c(Xc), (1.36)

where each clique potential 
c only depends on the variables in the corresponding
cliques c. A clique is a subgraph in which every pair of vertices is connected. For
example, every single vertex or every pair of connected vertices vi, vj with (vi, vj) ∈
E are trivial examples of cliques. In the following we will focus on these single
and pairwise clique potentials, although more complicated forms are possible. In our
context the energy over X (Eq. 1.36) will be an energy over labelings l1:N :

E(l1:N) =
N∑

n=1


(ln) +
N∑

n=1

∑
j∈Nn


neigh(ln, lj). (1.37)

One common approach is to combine a mixture model with a MRF prior (Jbabdi
et al., 2009; Ryali et al., 2013; Liu et al., 2014). The singleton clique potentials 
(ln)
often comprise a data cost term. This term gives a penalty for label assignments
that fit the data poorly. For example, this can be formulated as the negative
log-likelihood (Ryali et al., 2013):
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(ln)
�= 
obs(ln) = − log p(Yn|ln), (1.38)

where the likelihood can be given by a von Mises-Fisher distribution (Ryali et al.,
2013) as in Eq. (1.9). For the pairwise potential there exist different options. A very
common idea (Jbabdi et al., 2009; Ryali et al., 2013; Liu et al., 2014) is the Potts
model (Potts, 1952), which includes the penalty that neighboring brain locations xn

and xj are assigned different labels:


neigh(ln, lj) =
{

0 if ln = lj
γ if ln �= lj.

, (1.39)

where γ is a positive parameter that is typically manually tuned. The Potts model
enforces piecewise spatial consistency of the label assignment. When we combine the
potentials from Eqs. (1.38) and (1.39), our energy term (Eq. 1.37) takes the following
form:

E(l1:N) =
N∑

n=1


obs(ln) +
N∑

n=1

∑
j∈Nn


neigh(ln, lj). (1.40)

This corresponds to the graph in Fig. 1.2 (right).
In the context of brain parcellations, we would often prefer each parcel to be

topologically connected, rather than spatially distributed. Honnorat et al. (2015)
provide an elegant MRF solution to enforce topologically connected parcels by first
defining one cluster center i for each brain location xi and comparing the data Yn of
the current location xn with the data Yi of all cluster centers i:


obs(ln = i) = −YiY
T
n , (1.41)

where we assume that each data vector Yn has been normalized to zero mean
and unit variance. We assume each brain location could potentially be a cluster
center, that is, L = N. Honnorat et al. (2015) then utilized star shape priors to
enforce connectedness of each cluster using a distance metric (Veksler, 2008). First,
a distance metric between neighboring brain locations is defined as

d(n, m) = 1 − YnYT
m, (1.42)

where m ∈ N (n). Based on this metric, the distance between any two brain locations
xi and xj can then be computed by summing over the distances on the shortest path
between xi and xj.

Recall that every brain location could be a potential cluster center. Accordingly,
there exists as many potential cluster centers as brain locations. Then for each brain
location xj the neighboring brain location xk along the shortest path towards the
cluster center i is enforced to have the same label as the center by an infinite weight:
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i,j,k(lj, lk) =
{

∞ if lj = i and lk �= i,

0 otherwise.
(1.43)

Here, in contrast to the Potts model, the pairwise potentials vary spatially.
Assigning a separate label ln for each brain location xn would maximize the data

cost term. To prevent this overfit, Honnorat et al. (2015) introduce an additional
cost (Delong et al., 2010) for the number of labels. The label cost balances a potential
overfit by placing a penalty on the number of labels:


label(l1:N) = c
L∑

l=1

δl(l), (1.44)

where δl(l) = 1, ∃n : xn = l; 0 otherwise, and c controls the amount of overall label
cost. Therefore, Eq. (1.44) semi-automatically estimates the final number of labels.
Parcellations for varying label costs are displayed in Fig. 1.3.

Hence, the overall energy function (Honnorat et al., 2015) can be written as

E(l1:N) =
N∑

n=1


obs(ln) + 
label(l1:N) +
N∑

n=1

N∑
j=1


n,j,k(lj, lk), (1.45)

where k is the neighbor of j that is closest to n.

(A)

(B)

FIG. 1.3

Cortical labels based on functional connectivity from 859 fMRI scans modeled with a MRF
model (Honnorat et al., 2015). Increasing number of labels for decreasing label cost K
(Eq. 1.44). (A) Medial surface of the left hemisphere. (B) Lateral surface of the left
hemisphere.

Source: Reprinted from Honnorat, N., Eavani, H., Satterthwaite, T., Gur, R., Gur, R., Davatzikos, C., 2015.

GraSP: geodesic graph-based segmentation with shape priors for the functional parcellation of the cortex.

NeuroImage 106, 207—221, with permission from Elsevier.
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Most brain parcellation approaches assume that there is a single connectivity
dataset (van den Heuvel et al., 2008; Yeo et al., 2011; Craddock et al., 2012) obtained
by averaging connectivity over many subjects. However, it is known that there exists
a large amount of variability betweens subjects (Amunts et al., 1999; Fischl et al.,
2008). This variability can be modeled using an MRF approach. Liu et al. (2014)
introduce a set of graphs {Gj = (Vj, Ej)}, one for each subject j ∈ {1, . . . , J}, as
well as one group graph GG = (VG, EG). Then the Potts model 
neigh(ln, lm) from
Eq. (1.39) was used to specify a hierarchical MRF prior (Liu et al., 2014):

EV (l1:N) =
∑

s,r∈VG

β
neigh(ls, lr) (1.46)

+
J∑

j=1

⎛
⎝ ∑

s∈VG,ŝ∈Vj

α
neigh(ls, lŝ) +
∑

s,r∈Vj

β
neigh(ls, lr)

⎞
⎠ , (1.47)

where
∑

s,r∈VG
β
neigh(ls, lr) and

∑
s,r∈Vj

β
neigh(ls, lr) enforce piecewise contin-
uous labels on the group and subject level, respectively. α
neigh(ls, lŝ) penalizes
different labels between parcellations at the subject and group levels. The parameters
α and β control the strength of the respective potentials.

1.4.2 INFERENCE
Given our model and observed connectivity data Y1:N , we want to perform inference
of the unknown labels l1:N . The complexity of the inference depends on the graph
structure (Fig. 1.2), more precisely on the presence of loops in the graph. While
exact inference in tree-like graphs is feasible, for general graphs we can often only
approximate the inference (Bishop, 2006; Koller and Friedman, 2009; Barber, 2012).

To give an intuition of why exact inference is not possible in practice, the search
space is huge as there are LN possible solutions. Because of the interaction at each
brain location xn with its neighborhood the inference cannot be factorized.

Approximate inference can be categorized into two forms. The first form
are stochastic approaches (Jbabdi et al., 2009) that, given an infinite amount of
computational resources, produce exact results. The approximation arises from the
natural limit of computational resources (Bishop, 2006), which can be problematic
even for small instances. The second form are deterministic approximation schemes
(Woolrich and Behrens, 2006; Tucholka et al., 2008; Ryali et al., 2013), which
scale well, even on larger instances. Popular approximation schemes include graph
cuts (Boykov et al., 2001; Delong et al., 2010), linear programming (Komodakis
and Tziritas, 2007; Komodakis et al., 2011), and variational approaches, such as
variational EM (Wainwright and Jordan, 2007). Here, we will give an example
of deterministic approximation using variational EM. Variational EM analytically
approximates the posterior probabilities by additional independence assumptions. As
such they can never generate exact results even with infinite computational resources.
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Given observed data Y1:N , hidden labels l1:N and model parameters �, we aim to
maximize the log likelihood. The log likelihood can be written as the marginal over
the observed data Y1:N in terms of the sum over the joint distribution of hidden labels
l1:N and observed data Y1:N :

log p(Y1:N |�) = log
∑
l1:N

p(Y1:N , l1:N |�). (1.48)

Using Jensen’s inequality, we can define a lower bound on the log likelihood:

log p(Y1:N |�) = log
∑
l1:N

p(Y1:N , l1:N |�)q(l1:N)

q(l1:N)
(1.49)

≥
∑
l1:N

q(l1:N) log
p(Y1:N , l1:N |�)

q(l1:N)
(1.50)

= L(q, �). (1.51)

The difference between the log likelihood log p(Y1:N |�) and the lower bound
L(q, �) can be expressed by the Kullback-Leibler (KL) divergence:

log p(Y1:N |�) − L(q, �) (1.52)

= log p(Y1:N |�) −
∑
l1:N

q(l1:N) log
p(Y1:N , l1:N |�)

q(l1:N)
(1.53)

= log p(Y1:N |�) −
∑
l1:N

q(l1:N) log
p(l1:N |Y1:N , �)p(Y1:N |�)

q(l1:N)
(1.54)

= −
∑
l1:N

q(l1:N) log
p(l1:N |Y1:N , �)

q(l1:N)
(1.55)

= KL(q(l1:N)||p(Y1:N |l1:N , �)). (1.56)

As a consequence, we can decompose the log likelihood as

log p(Y1:N |�) = L(q, �) + KL(q(l1:N)||p(Y1:N |l1:N , �)). (1.57)

As the KL divergence KL(q(l1:N)||p(Y1:N |l1:N , �)) is always non-negative,
instead of directly maximizing log p(Y1:N |�), we can maximize its lower bound
L(q, �). For our model with an MRF prior, a common approximation (Bishop, 2006)
is the mean-field approximation, where q(l1:N) are assumed to be factorizable:

q(l1:N) =
N∏

n=1

qn(ln), (1.58)

where each ln is a single variable in l1:N . To maximize the lower bound L(q, �),
in the E-step we fix the model parameters � and make use of the factorization in
Eq. (1.58) to optimize q(l1:N). Therefore the E-step is equivalent to minimizing the
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KL divergence KL(q(l1:N)||p(Y1:N |l1:N , �)), which aims to find the q(l1:N) closest to
the exact posterior p(l1:N |Y1:N , �):

qt+1(l1:N) = arg max
q(l1:N )

L(q, �t) = arg min
q(l1:N )

KL(q(l1:N)||p(Y1:N |l1:N , �t)). (1.59)

In the M-step, we optimize the model parameters � to maximize the lower bound
L(q, �) using qn(ln) updated from the E-step:

�t+1 = arg max
�

L(qt+1, �). (1.60)

Here, we provide further detailed derivations in the context of a von Mises-
Fisher MRF model (Fig. 1.2, right). The MRF prior corresponds to the example we
have given in Eq. (1.39). Conditioned on the segmentation label ln, we assume the
connectivity features Yn are generated from the von Mises-Fisher distribution with
parameters θln = {μln , κ}, and therefore


obs(ln) = − log p(Yn|θln) = − log
(

zD(κ)eκμT
ln

Yn

)
. (1.61)

Therefore the energy function over l1:N is

E(l1:N) =
N∑

n=1


obs(ln) +
N∑

n=1

∑
j∈Nn


neigh(ln, lj) (1.62)

= −
N∑

n=1

log p(Yn|θln) +
N∑

n=1

∑
j∈Nn


neigh(ln, lj). (1.63)

Then the joint probability of hidden labels and observed data is

p(Y1:N , l1:N |�) = 1

Z e−E(l1:N ) (1.64)

= 1

Z elog
∑N

n=1 p(Yn|θln )−∑N
n=1

∑
j∈Nn 
neigh(ln,lj), (1.65)

where model parameters � = {μ1:L, κ}, and 
neigh are defined as in Eq. (1.39). Given
the observed data Y1:N , hidden labels l1:N and model parameters � = {μ1:L, κ},
we maximize the log likelihood:

arg max
�

log p(Y1:N |�) (1.66)

= arg max
�

log
∑
l1:N

p(Y1:N , l1:N |�) (1.67)

= arg max
�

log
∑
l1:N

1

Z e
∑N

n=1 p(Yn|θln )−∑N
n=1

∑
j∈Nn 
neigh(ln,lj). (1.68)
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Optimizing Eq. (1.68) is computationally intractable. We use variational EM to
iteratively estimate Eq. (1.68), where we alternate between estimating the parameters
from the von Mises-Fisher distributions � = {μ1:L, κ} and the hidden labels l1:N .

To maximize Eq. (1.68), we maximize the lower bound:

L(q, �) =
∑
l1:N

q(l1:N) log
p(Y1:N , l1:N |�)

q(l1:N)
(1.69)

=
∑
l1:N

q(l1:N) log p(Y1:N , l1:N |�) −
∑
l1:N

q(l1:N) log q(l1:N), (1.70)

where

log p(Y1:N , l1:N |�) = − logZ + log
N∑

n=1

p(Yn|θln) −
N∑

n=1

∑
j∈Nn


neigh(ln, lj). (1.71)

After expanding the terms, the lower bound L(q, �) can be expressed as

L(q, �) =
N∑

n=1

L∑
ln=1

qn(ln)p(Yn|θln) −
N∑

n=1

L∑
ln=1

∑
j∈Nn

L∑
lj=1

qn(ln)qj(lj)
neigh(ln, lj)

−
N∑

n=1

L∑
ln=1

qn(ln) log qn(ln). (1.72)

To simplify the notation in Eq. (1.72), let λn,ln = qn(ln), so the lower bound can be
written as

L(λ, �) =
N∑

n=1

L∑
ln=1

λn,ln log p(Yn|θln) −
N∑

n=1

L∑
ln=1

∑
j∈Nn

L∑
lj=1

λn,lnλj,lj
neigh(ln, lj)

−
N∑

n=1

L∑
ln=1

λn,ln log λn,ln . (1.73)

Variational EM proceeds as follows. We begin with the variational E-step where we
estimate λn,ln to maximize the lower bound L. We add a Lagrange multiplier ηn to
ensure that

∑
ln λn,ln = 1 for all n. We denote the current estimate of our parameters

as �t. The lower bound can be written as

L(λ, �t) =
N∑

n=1

L∑
ln=1

λn,ln log p(Yn|θ t
ln

) −
N∑

n=1

L∑
ln=1

∑
j∈Nn

L∑
lj=1

λn,lnλj,lj
neigh(ln, lj)

−
N∑

n=1

L∑
ln=1

λn,ln log λn,ln +
N∑

n=1

ηn

⎛
⎝ L∑

ln=1

λn,ln − 1

⎞
⎠ . (1.74)
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We will estimate λm,k for each brain region m ∈ {1, . . . , N} and label k ∈ {1, . . . , L}
by differentiating Eq. (1.74) and setting the derivative to 0:

∂L(λ, �t)

∂λm,k
= log p(Ym|θ t

k) − 2
∑

j∈Nm

L∑
lj=1

λj,lj
neigh(lm = k, lj)

− 1 − log λm,k + ηm = 0. (1.75)

Note the factor of 2 in the second term, which arises because we assume that if xn

is a neighbor of xm, then xm is also a neighbor of xn and because of the symmetric
nature of the Potts model. Rearranging the above equation, we get

log λt+1
m,k ∝ log p(Ym|θ t

k) − 2
∑

j∈Nm

L∑
lj=1

λj,lj
neigh(lm = k, lj), (1.76)

λt+1
m,k ∝ p(Ym|μt

k, κ t)e
−2

∑
j∈Nm

∑L
lj=1 λj,lj
neigh(lm=k,lj)

. (1.77)

Since the update for λt+1
m,k depends on λj,lj , we estimate λt+1

m,k via fixed point iterations
using Eq. (1.77), and normalizing λs in each iteration so that

∑
ln λn,ln = 1 for all n.

In the variational M-step, we compute the parameters �t+1 with the lower bound
(Eq. 1.73) based on the current estimate λt+1

1:N,1:L. By dropping the terms that do not
contain the parameters �, we get

�t+1 = arg max
�

L(λt+1, �) = arg max
μ1:L,κ

N∑
n=1

∑
ln

λt+1
n,ln

log p(Yn|θln). (1.78)

Using the Lagrange multiplier βl for constraints μT
l μl = 1, we can write the above

lower bound as separate optimizations over μ1:L and κ:

Lμ =
N∑

n=1

L∑
l=1

λt+1
n,l (κμT

l Yn) +
L∑

l=1

βl(1 − μT
l μl), (1.79)

Lκ =
N∑

n=1

L∑
l=1

λt+1
n,l log zD(κ) +

N∑
n=1

L∑
l=1

λt+1
n,l (κμT

l Yn). (1.80)

To compute μt+1
l we take the derivative of Lμ:

∂Lμ

∂μl
=

N∑
n=1

λt+1
n,l κYn − 2βlμl = 0, (1.81)
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μt+1
l =

∑N
n=1 λt+1

n,l κYn

2βl
. (1.82)

Just like in the case of the mixture model (Section 1.3), the Lagrange multiplier βl is
determined by the fact that μl should be unit norm, and so we get

μt+1
l =

∑N
n=1 λt+1

n,l Yn

‖∑N
n=1 λt+1

n,l Yn‖ . (1.83)

To estimate κ t+1, we set the derivative of Lκ to 0:

∂Lκ

∂κ
=

N∑
n=1

L∑
l=1

λt+1
n,l

z′D(κ)

zD(κ)
+

N∑
n=1

L∑
l=1

λt+1
n,l μT

l Yn (1.84)

= N
z′D(κ)

zD(κ)
+

N∑
n=1

L∑
l=1

λt+1
n,l μT

l Yn = 0. (1.85)

We can again use the approximation given by Lashkari et al. (2010):

κ t+1 ≈ (D − 2)�

1 − �2
+ (D − 1)�

2(D − 2)
, (1.86)

where � = 1
N

∑N
n=1 δ(ln, l)YT

n μl and δ(ln, l) = 1, ∃n : xn = l; 0 otherwise.
We iterate between estimating the parameters � = {μ1:L, κ} (using Eqs. 1.83

and 1.86), and λn,ln for each location xn and label ln (using Eq. 1.78). To generate
a final parcellation, for each brain location n, the label ln with highest λn,ln can be
chosen.

1.5 SUMMARY
Human brain parcellation is one of the major challenges in systems neuroscience
and key for understanding complex human behavior. Machine learning has been
and will continue to be a central element in deriving human brain parcellations
as the underlying datasets become larger and more diverse. Here, we have
focused on mixture and MRFs, which can be easily combined and extended to
match a wide range of applications. These models can, for example, be used to
create personalized brain parcellations while using population priors to increase
stability (Jbabdi et al., 2009; Liu et al., 2011, 2014; Harrison et al., 2015).
The resulting single subject parcellations can address the strong intersubject
variability in brain organization and therefore improve sensitivity in clinical
applications.
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