Variational BayesianModel Selectionfor Mixtur e Distrib utions

Adrian Corduneanu*

Christopher M. Bishop

Microsoft Research
St. GeogeHouse,1 Guildhall Street
CambridgeCB2 3NH, U.K.

adrianc@n t. edu

Abstract

Mixture models,in which a probability distribu-
tion is representedhs a linear superpositionof
componendistributions,arewidely usedin sta-
tistical modeling and patternrecognition. One
of the key tasksin the applicationof mixture
modelsis the determinatiorof a suitablenumber
of components.Corventionalapproachebased
on cross-alidation are computationallyexpen-
sive, are wasteful of data, and give noisy esti-
matesfor the optimal numberof components.
A fully Bayesiantreatment,basedon Markov
chainMonte Carlomethoddor instancewill re-
turn a posteriordistribution over the numberof
components.However, in practicalapplications
it is generallyconvenient,or even computation-
ally essentialto selecta single, mostappropri-
ate model. Recentlyit hasbeenshawn, in the
context of linear latentvariablemodels,thatthe
useof hierarchicapriorsgovernedby continuous
hyperparameterarhosevaluesare set by type-
II maximumlikelihood,canbe usedto optimize
modelcompleity. In this paperwe extendthis
framawork to mixture distributionsby consider
ing the classicaltask of density estimationus-
ing mixtures of Gaussians. We show that, by
settingthe mixing coeficientsto maximizethe
mauginal log-likelihood, unwanted components
can be suppressedand the appropriatenumber
of component$or themixturecanbedetermined
in asingletrainingrunwithout recourseo cross-
validation.Our approachusesavariationaltreat-
mentbasedon a factorizedapproximatiorto the
posteriordistribution.

cnbi shop@ri crosoft. com

1 Intr oduction

Mixture modelsare widely usedas computationallycon-
venientrepresentationfor modelingcomplex probability
distributions, and are basedon a linear combinationof
somenumberM of simpler componentdistributions. In
this paperwe shallfocuson the casein which the compo-
nentsof the mixture are multivariatenormal distributions
N (z|p, T') wherez is acontinuousmultidimensionabari-
able,andy andT arethe meanandinversecovariancepa-
rametersespectiely. Themixturedistributionfor M com-
ponentds then

|7T w, T Zﬂz T|,u27 z 1)

where; are called mixing coeficients, and satisfy 0 <
m <1 andZM1 m; = 1. Notethatwe user to denotethe
set{m;}M,, andsimilarly for u = {u;} andT" = {T;}.

Consideran obsened dataset D comprisingN obsena-
tions xz,,, wheren = 1,..., N, which areassumedo be
drawvnindependentlyrom themixturedistribution(1). The
probability of the obseneddataset,giventhe mixing coef-
ficientsandthe parametersf the componentss thengiven

by

N
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Viewed asa functionof (r, u, T), thisis calledthe likeli-
hoodfunction.

The maximumlik elihoodframewnork choosespecificval-
uesfor themodelparametersvhich correspondo a (local)
maximumof thelik elihoodfunction. A powerful approach
to finding maximumlik elihoodsolutionsis basedntheit-
eratve EM (expectation-maximizatiorglgorithmin which
themixturedistributionis re-interpretecsalatentvariable
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model(asdiscussedn the next Section). This interpreta-
tion alsoformsthe basisof our Bayesiarvariationaltreat-
mentof themixture model.

Onedifficulty with this procedurds thatmaximumlik eli-

hoodis strictly notwell defineddueto the presencef sin-

gularitiesin thelik elihoodfunctionin which one(or more)
of the componentdensitiescollapsesonto a specificdata
point (its meanu; become®qualto thedatavectorz,, and
the correspondingovariancegoesto zerothus assigning
infinite densityat the locationof the datapoint). In prac-
tice we mustseeka goodlocal maximumof thelikelihood
function, often with the useof heuristicsto avoid encoun-
teringthe singularitiesof thelik elihoodfunction. It should
alsobe notedthat,in additionto the singularities the lik e-

lihood functionis typically characterizedy multiple local

maxima,andthatgoodinitialization heuristicsfor EM (for

examplebasedntheK-meansalgorithm)canbeimportant
in orderto consistenthyfind goodsolutions.

A furtherlimitation of maximumlikelihoodis thatit does
not provide ary guidanceon the choiceof the modelorder
M. Largervaluesof M allow the modelto achieve better
fits to thetrainingdataandhenceto assignlargervaluesof
thelikelihoodfunctionfor the obseneddataset. However,
the generalizatiortapabilityof the model,i.e. its ability to
assigna high probabilityto a datasetdravn independently
from the samedistribution asthe training set, is bestfor
somespecificvalueof M, with larger (aswell assmaller)
valueshaving poorergeneralization Determinationof the
optimum model order for a specificproblemis a central
goalof theresearctpresentedh this paper

Many traditionalapproacheto suchmodelselectionprob-
lemsarebasedn cross-alidationin which arangeof can-
didatemodelsareoptimizedto atraining setandtheir pre-
dictive performancsubsequentlgomparesdnanindepen-
dentvalidationset. This approachs both computationally
expensve and wastefulof valuabledatathat could other
wisebeusedfor training. Furthermoreit is only applicable
if thereareone,or perhapgwo, discretemodelcomplexity
parametero beoptimized,sinceanexhaustie searctover
the combinatoriallylarge spaceof severalsuchparameters
would be computationallyprohibitive.

A fully Bayesiartreatmeniof the mixture modelingprob-
lem involves the introduction of prior distributions over
the mixing coeficientsandthe parameter®f the compo-
nentdistributions, aswell asover the numberof compo-
nentsin the mixture. Conditioningon the obsened data
leadsto a posteriordistribution over the numberof com-
ponentswhereit is hopedthatthe mostprobablenumber
correspondso the modelwith the bestgeneralization Ef-

fectively this approachmust considerall possiblevalues
of the numberof componentsi/ up to somemaximum
value.Iln morecomplex modelswheretheremaybeseveral
suchdiscreteparameterssuchanapproacttanbecomen-

tractable (althoughsampling methodscould in principle
samplepreferentiallyfrom the regions of high posterior
probability).

In theneuralnetworksliteratureMacKayandNealhave ad-
vocatedthe useof continuoushyperparameterasa mech-
anismfor avoiding discretemodelsearch[10]. They call
this proceduréautomaticrelevancedetermination(ARD).
Valuesof the hyperparameterare determinedusing ‘type
2" maximumlikelihoodin which the valuesof the hyper
parametersre choserno optimizethe mamginal likelihood
of the obsened datain which the model parameterhave
beenintegratedout. Althoughthis approacthasmetwith
limited successn the context of neuralnetworks (proba-
bly dueto the compleity of thelikelihoodfunction)it has
subsequentlyprovedto be very successfuin the Bayesian
treatmenbf principalcomponenganalysig§PCA)[2]. Here
a separatéhyperparameterepresentinghe inversevari-
ance,was introducedfor eachpotentialprincipal compo-
nent. In the posteriordistribution, hyperparametersith
large meansrepresenicomponentsvhich are suppressed
with high probability. Thusonly a singlemodelis consid-
ered(the onewith the largestnumberof principal compo-
nents)andthe meanof the posteriordistribution captures
the most probablemodel complexity. This approachhas
beenextendedo a mixture of (afixednumberof) Bayesian
PCA models[2, 4] in which eachmodel can indepen-
dently determineits own effective dimensionality some-
thingwhichwould becomputationallyprohibitive to tackle
usingcross-alidation.

In this paperwe extend the continuoushyperparameter
frameawork to addresghe problemof choosingthe num-
ber of componentsn a Gaussiarmixture model. Corven-
tionally this problemmay be solved by exhaustve cross-
validationin the numberof componentsip to somemax-
imum value. Alternatively statisticaltestsmay be used,
for examplePolymenisandTitterington[11] describeare-
centapproachandalsoprovide a suney of the history of
this area.Techniquedbasedon compleity criteriaaredis-
cussedy Figueiredoand Jain[5] andreferencegherein.
The problemhasalso beenapproachedrom a Bayesian
perspectie using reversible jump Markov chain Monte
Carlo[7] andusingvariationalmethodd1, 6, 4]. Both ap-
proachegeturn a posteriordistribution (or samplesfrom
the posterior)over the numberof componentgup to some
maximum), and thereforethesemethodseffectively con-
siderall possibleintermediatemodelsexplicitly .

Our approachinvolvesthe useof a mixture modelhaving
afixed numberof potentialcomponentgcorrespondindo
themaximumnumberconsidere@bove),in whichthemix-
ing coeficientsareoptimizedusingtype 2 maximumlik e-
lihood. This causeghe mixing coeficientscorresponding
to unwantedcomponentgo go to zero. The meansand
variancef the Gaussiarcomponentsaswell asthe dis-
cretelatentvariablesaremarginalizedoutusingvariational



techniques.Our resultsindicatethat this approachs able
to recover the appropriatenumberof componentsn syn-
theticdataproblems,andthatit alsoprovidesa usefuland
practicalapproacho densityestimationin realworld data
sets.

2 BayesianMixtur e Model

We begin ourtreatmenbf Gaussiamixturesby settingout
the probabilisticspecificationof our modelin Section2.1.
This specifieghejoint distributionp(D, u1, T', s|7) overthe
datasetD, thecomponenimeansu, theinversecovariances
T andthe discretelatent variabless, conditionedon the
mixing coeficients7. Our goalis to optimize the values
of the mixing coeficientst by maximizingthe maminal
likelihoodof the datagivenby p(D|r) which requiresthat
we mamginalizeover p, T and s. Sincethis mamginaliza-
tion is intractable,we resortto a variationalapproxima-
tion schemebasedon maximizationof a lower boundon
In P(D|r), discussedn Section2.2. Theevaluationof the
lower bounditself is discussedn Section2.3,andthe pro-
cedurefor optimizing the mixing coeficientsis discussed
in Section2.4.

2.1 Model Specification

It is corvenientto re-interpretthe mixture distribution asa
latentvariablemodel,in which we introduce for eachdata
pointz,, asetof binarylatentvariabIeSS,n € {0,1} where
t=1,..., M, andzz 1 Sin = 1. Fromageneratie per
spectve theselatentvanablesdescnbewhlch component
in themixture gaveriseto eachof thedatapoints,sothatif
a givendatapoint z,, is generatedrom component; then
sin = 11if i = jands,, = 0if ¢ # j. Conditional
ons = {sin}, thedatapointsareassumedo be indepen-
dently drawvn from a Gaussiardistribution with meany;
andinversecovariancel; sothat

N M
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The latentvariables{s;, } aregiven discretedistributions
governedby the mixing coeficients;

P(D|u, T, s)

M N
=TI 1= 4)
i=1n=1
If we maminalize (3) over the s;,,, weightedby the prior
(4), then we recover the expression(2) for the mamginal
distribution of theobseneddata,conditionedonthemixing
coeficientsandthe componentmeansandcovariances.

The modelspecificationis completedby introducingcon-
jugatepriorsoverthe meansandinversecovariances

M
= [V (uilo, 5T) (5)

M
=[w@ivv) (6)

i=1
whereg is afixedparametewith asmallvaluecorrespond-
ing to abroadprior over y, I is theunit matrix, W denotes
the Wishartdistribution, and v and V' are the degreesof
freedomandscalematrix againchoserto give abroadprior
for T

Thusthe joint distribution of all of the randomvariables,
conditionedon the mixing coeficients,is givenby

P(Dlp, T, s)P(s|m)P(n)P(T). (7)

This modelcanbe expressedasa directedgraph,asillus-
tratedin Figurel.

P(D7/’(’5 T? S‘ﬂ.) =
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Figurel: Representationf the Gaussiammixture modelas
adirectedagyclic graph.Theobsenedvariablex is shovn
by the shadechode,while the box denotesa ‘plate’ repre-
sentingthe IV independensampledrom the dataset.

2.2 Variational Approximation

In orderto evaluateP(D|n) we mustmamginalize(7) with

respecto s, 4 andT” which is analyticallyintractable.We

thereforeusevariationalmethodg9, 3] to find atractable
lowerboundon P(D|x). To simplify thenotationwe used

todenotehe{u, T, s}. Thenthemaminallikelihoodwhich

we wish to evaluateis givenby

P(D|r) = /P(D,6|7r) i

Notethatwe useanintegral to denotethejoint integration
over {u, T} andsummationover s. Variationalmethods
involve the introductionof a distribution Q(6) which, as
we shallseeshortly, providesanapproximatiorto thetrue
posteriordistribution. Considerthe following transforma-
tion appliedto thelog maminallik elihood

InP(D|r) = 1n/P(D,9|7r)d9

N

D 9|7r) 50
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wherewe have appliedJensers inequality We seethatthe
function £(Q) forms a rigorouslower boundon the true
log maminal likelihood. The significanceof this transfor
mationis that,througha suitablechoicefor the ) distribu-
tion, the quantity £(Q) may betractableto compute even
thoughthe original log-likelihood function is not. From
(8) it is easyto seethat the differencebetweenthe true
log mamginal likelihoodln P(D|x) andthebound£(Q) is
givenby

-Jaw 9D)

which is the Kullback-Leibler (KL) divergencebetween
the approximatingdistribution Q(#) andthe true posterior
P(6|D, ). Therelationshipbetweerthevariousquantities
is shovnin Figure2.

L(Q|P) = POD.7) 4 Q)

KL(Q||P)

A

In P(D|D)
£(Q)

Figure 2: The quantity £(Q) provides a rigorous lower
boundon thetruelog maminal likelihoodln P(D|x), with
the differencebeing given by the Kullback-Leiblerdiver-
genceKL(Q|P) betweenthe approximatingdistribution
Q(0) andthetrueposteriorP(0|D, 7).

The goalin a variationalapproachis to choosea suitable
form for Q(6) which is sufiiciently simple that the lower
bound£(Q) canreadilybe evaluatedandyetwhich is suf-
ficiently flexible thattheboundis reasonablyight. We gen-
erally choosesomefamily of @ distributionsandthenseek
the bestapproximationwithin this family by maximizing
thelower bound. Sincethe truelog likelihoodis indepen-
dentof @@ we seethatthis is equivalentto minimizing the
Kullback-Leiblerdivergence.

Supposewe considera completelyfree-formoptimization
over @, allowing for all possibleR distributions.Usingthe
well-known resultthattheKL divergencebetweertwo dis-
tributions Q(#) and P(6) is minimizedby Q(0) = P(0)

we seethatthe optimal @ distribution is given by the true
posterior in which casethe KL divergenceis zeroandthe

boundbecomesexact. However, this will not leadto ary
simplificationof the problem.In orderto make progresst
is necessaryo considera morerestrictedrangeof () distri-
butions.

Herewe considera constrainedamily of variationaldistri-
butionsby assuminghatQ () factorizesover subsetq6; }
of thevariablesn 6, sothat

0) = HQi(a

TheKL divergencecanthenbeminimizedoverall possible
factorialdistributionsby performingafree-formminimiza-
tion overthe ;, leadingto thefollowing result

(10)

exp < In P(D, 9)>k7£11 (11)

Qulbi) = [exp (I P(D,0)), . db;

where( - ).»; denotesan expectationwith respecto the

distributionsQy, (6, ) for all k # i. Notethatthis approach
makesno assumptionsiboutthe form of the posteriordis-

tribution beyondthe factorizationimplied by (10).

It is easilyseenthat,for conjugatehierarchicaimodels the
expressionson the right handside of (11) will have the
samédunctionalformsasin thepriors. Thesuficientstatis-
tics of eachdistribution @; will dependon momentf the
otherdistributions@ ;; andsothe expressiong11) repre-
sentanimplicit solutionfor thevariationalposterior These
coupledequationscanbe solved by choosingsomeinitial-
izationfor thesufficient statisticof thefactors andthenit-
eratvely updatinghemby takingeachfactorin turnandre-
placingits sufficientstatisticsy revisedestimategjivenby
theabove equationsAt eachstepof this re-estimatiorpro-
cess,the lower boundwill increaseunlessthe variational
posterioris alreadyat a maximumof thebound.

We canapplythis approacho the Gaussiammixture model
by introducing a variational posteriordistribution of the
form

Q(Ma T, S) = QIL (M)QT (T)Qs (8) (12)

Application of (11) thengivesthe following solutionsfor
thefactorsof thevariationalposterior

N M
=TI 11z (13)

n=1i=1
Q}L HN ,Uz m(l T(z ) (14)
T) = H W(Ti|vs?, Vi) (15)

=1
wherewe have defined

ﬁ'm

Pin = 351 < (16)
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n=1
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Z (Sin) 4+ (pipur Z sin).  (21)

The expectedvaluesin the abore formulasaregivenby

(Sin) = Din (22)
(i) =m (23)
i)—1 i )T
(uipd) =T +mPmp (24)
(1) = PV (25)
d .
T = S o +1-5)/2)
s=1
+dIn2 —In V). (26)

Thus we seethat the solutionsfor the variationalfactors
Qu, Qr and @, given by (13), (14) and (15) respec-
tively, are mutually coupledthroughtheir dependencen

momentsof the otherfactors. Thesecanbe solved itera-

tively asdiscusse@bove. Notethattherewill typically be

multiple maximain the variationalboundandsoin princi-

pleit maybebeneficialto runtheoptimizationanumberof

timesusingdifferentinitializationsin orderto find a good
maximum. In practicewe have found that, for the appli-

cationsconsideredn this paper a single initialization is

sufficientto give goodresults.

2.3 Lower Bound on Mar ginal Lik elihood

Giventhe functionalforms for the variationalfactors@,,,
Q7 andqQ); it is straightforwardto evaluatethelowerbound
(8) to give

L = (In P(D|u, T, s)) + (In P(s))

+(In P(u)) + (In P(T')) — (In Qs(s))
—(nQu(p)) — mQr(T)) (27)
where
M N
(i P} T.9) = 3 3 s) { n i)
i=1n=1
_g’ In(2r) — %Tr((Ti)(anE
—an(pi) = (pi)aey + (mipi)))}  (28)
M N
(InP(s)) => > (sin)Inm, (29)
i=1 n=1
Md, (B By
(InP(p)) =2—=1n <%> -3 ;WZ pi) (30
mp@»ZM{—ﬁ12_“d1Hn
d
,;mr (V+; g) + gln|V|} +
M
g i)
M -
——Tr <V Z<Ti>> (31)
M N
<ln QS(5)> = Z<Sm> ln<5m> (32)

=1
(33)
M P d(d—1
<anT(T)):Z{ T~ 1n2 (4 ) 1n
i=1
d (i) (i)
S mr (& +21 8) + 2y )
s=1
(i)
2 )
1 (i)
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2.4 Optimizing the Mixing Coefficients

We have now obtaineda variational lower bound £(Q)
which approximatesthe true mamginal log-likelihood



In P(D|x). By maximizingthisboundwith respecto = we
obtain our requiredestimatedor the mixing coeficients.
However, the solutionsfor the factorsof the variational
posterior andhencethe valueof thelower bound,will de-
pendon thevaluesof 7. We thereforeadoptan EM proce-
durein whichwe alternatelymaximizedZ(Q) with respect
to 7 (maximizationstep)andthenoptimize ) by iterative
updatingof the variationalsolutionsfor @, Qr and Q)
(expectationstep). For computationalefficiency we per
form just onere-estimatiorof eachof the variationalfac-
torsin eachE-step beforere-estimatingr in the M-step.

There-estimatiorM-stepequationgor updatingthe = are
obtainedby settingthe derivative of the lower boundwith
respecto « to zero,giving

1 N
T, = N ;pm (35)

Numericalevaluationof the lower bound £ after eachM-
stepand after eachupdatewithin eachE-stepprovidesa
usefulcheckonthe softwareimplementationany suchup-
dateshouldnotleadto a decreasef £. Theimprovement
in £ during the EM optimizationcanbe usedto monitor
cornvergenceandto seta suitablestoppingcriterion.

3 Results

We verify through experimentsboth that the maximum
variational bound is a good score for model selection,
and that the proposediterative algorithm achieves maxi-
mum bound. We testthe algorithm on syntheticandreal
datasets: 600 datapoints from a mixture of five Gaus-
sians(means|0, 0], [3,—3], [3,3], [-3,3], [-3,—3] and
covariancesl1,0;0,1], [1,0.5;0.5,1], [1,—0.5;—0.5,1],
[1,0.5;0.5,1], [1,—0.5; —0.5,1]); 900 data points from
threemixturesof means|0, —2J,]0, 0], [0, 2] and sameco-
variance[2, 0;0,0.2] from [5]; 400 datapointsfrom three
mixturesof samemean|0, 0] andcovarianceg1,0; 0,0.2],
[0.02, —0.08; —0.08, 1.5], [0.5, 0.4; 0.05, 0.05]; “Enzime”,
“Acidity” and“Galaxy” univariatedatasetsfrom [12], and
“Old Faithful” bivariatedatafrom [8].

As a first check, we ran the variational optimization on

a fixed numberof componentsvithout updatingthe mix-

ing coeficients,with aninitial valueselectedhroughplain

EM. Under this setting the variational likelihood bound
becomesa model selectionscore. We comparedhe best
model given by this scorewith the one selectedthrough
EM and cross-alidation, and found that the variational
scorewas invariantly maximumat the correctnumberof

component®n all of 100 instancesf the 5-mixture syn-
theticdataset(Figure3). Thesamequalitative resultswere
achieved on all considereddatasets,indicating that find-

ing the globalmaximumof the variationallikelihooddoes
selectthe correctmodel.

20
210
52800 ¢ 200
Sum0

% 180

160|

Figure 3: Bestvariationallikelihoodboundandplain EM
cross-alidation scoreas a function of the fixed assumed
numberof mixture component®n 600 pointsdravn from
amixtureof 5 bivariateGaussians.

However, the power of our methodconsistdn its ability to

optimize mixing coeficientsand variationalscorejointly.

This couldbe a very difficult taskbecaus®f the comple-

ity of the likelihood manifold; for instance,n the caseof

plain EM it is very commonto corverge to a non-global
maximum,especiallyif thenumberof componentss large.
Moreover, thevariationallik elihoodmanifoldis very com-
plex becausef its symmetrywith respecto mixture per

mutationswhich replicatesboth globalandlocal maxima.
Ourhopeis thatintegratingoutthe parametersf the Gaus-
siansto derive thevariationallik elihoodsmoothedhelik e-
lihood manifoldremoving mostlocal maxima.

The possibility of local extremamalkesthe initial choice
of mixture parametersmportant. If the initial meansare
equalor tooclose,it becomedhardto differentiatebetween
componentsduring the optimization. Under thesecir-
cumstanceshe variationalapproximationcorvergesvery
slowly, andasaresulttoo mary mixturecomponentgould
getremoved. This may happenbecauseve updatemix-
ing coeficientsafter eachvariationaliteration beforefull
optimization,and a componenthat is out of placecould
be eventuallyremovedif it doesnot find its placequickly
enough. We approactthis issueby initializing the means
throughK-meansclustering.In orderto avoid a strongini-
tial bias from the assignmentf componentgo K-means
clusterswe choosdargeinitial covariancematricespther
wisein the beginning eachGaussiarwould be confinedto
its local clustey andcould remainin alocal minimum. We
found that K-meanswith large covarianceinitialization is
enoughto avoid local maxima.

We initialize the algorithmwith a mixture of mary com-
ponents(15 in this paper)with equalmixing coeficients.
Theoptimizationhasthe propertythatGaussiansvith sim-
ilar parameteréitting the sameclusterbecomeunbalanced
until onedominatesandthe othersgetremoved. In addi-
tion, whena mixing coeficientis closeto 0, it corverges
to 0 fasterandfasterthereforewe canremove components
with very small mixing coeficients(< 10~?). During the
optimization,the variationalboundincreasesvith eachit-
eration,by smallamountavhenall mixing coeficientsare
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Figure4: Variationallikelihoodboundover the modelop-
timization of 900 datapoints dravn from a mixture of 3
same-cgariancebivariate Gaussians.Initially the model
had 15 mixtures. Vertical lines indicate cancellationof
components.

large, and very fastwhen one coeficient is closeto and
dropsto 0 (Figure 4). Although the corvergenceof the
variationalapproximationcanbe quite slow, it was never
slowerthanEM onthe samemixing andGaussiarparame-
ters.If necessaryptimizationcanbe madefasterby spec-
ulating that small and decreasingnmixing coeficientscon-
vergeto 0, andverifying directly if thereis anincreasdn

variationalboundwith sucha change.Neverthelesssuch
heuristicoof combiningdiscretesearchwith continuousop-

timizationwerenotemployedin theresultspresentedhere.

We foundthatthe modeloptimizationautomaticallyrecov-

eredthenumberof generatingnixturesin all proposedyn-
thetic datasets(Figure5). In the caseof the datasetfrom

[5], we recover the generatingmixture even when given
only 200 samples:'Old Faithful” datawasfitted with three
componentgmixing 0.63, 0.33, 0.04). Also, the univari-
atedatasetshave beenfitted with similar resultsasin [12]

(Figure®6).

One adwvantageof the variationalapproximationis that it
not only providesa likelihoodboundbut it alsogivesex-
plicit valuesfor meansndcovariancegrom thevariational
parameters We testhow closethe variationalparameters
areto themaximumlik elihoodonesby comparingthelog-
likelihoodof the data: underthe bestmodelfound by the
variational iteration; after running EM starting from the
bestvariationalparameterandkeepingmixing coeficients
fixed;andafterrunningfull EM initialized to the bestvari-
ational parameters.Table 1 shavs that EM doesnot sig-
nificantly increasehelik elihood,exceptfor the caseof the
threemixtureswith equalmeans.This is probablydueto
aninaccuratevariationalapproximatiorfor highly overlap-
ping GaussiansNeverthelessthe numberof mixturecom-
ponentsquickly cornvergesto the correctonealsofor this
dataset.

Iteration: 1 Iteration: 183

20 -10 -5 0 5 10
Iteration: 307

10 -5 0 5 10 -5 0 5 10
Iteration: 74

Figure 5: Initial and final configurationsfor the model
optimization of three generatecand one real dataset: 5
Gaussiang$600 points),3 same-cwarianceGaussian$900
points),3 same-meaGaussiang400 datapoints)andthe
“Old Faithful” dataset.

As alastremark we foundthatthenumberof mixturecom-
ponentsselectedy thealgorithmwasnotsensitveto large
variationsin the non-informatve priors for the meansand
covariancematrices.

4 Conclusions

In this paperwe have shovn how a discretesearchover
the numberof componentdn a mixture distribution can
be avoided through the introduction of continuoushy-
perparametersvhosevaluesare chosento maximizethe
mauginal likelihood. The framework hasbeendeveloped
for the caseof mixtures of multivariate normal distri-
butions. It is easily generalizedto mixtures of models
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Figure6: Model optimizationof the “Enzime”, “Acidity”,
and“Galaxy” datasets.

Dataset Variational EM (fixed) EM (full)

5 mixtures -2577.51  -2577.46 -2577.46

3 mixtures(1%t)  -3080.72  -3080.65 -3080.65
3mixtures(2"d)  -712.213  -691.924 -689.619
Old Faithful -1122.44  -1119.49 -1119.64
Enzime -47.8791  -47.8504 -47.8268
Acidity -178.917  -178.869 -178.754
Galaxy -203.634  -203.482 -203.482

Tablel: Thelog-likelihoodof thedatasetsunderamixture
of Gaussianspecifiedby: the bestvariationalparameters;
EM initialized to the bestvariational parametersithout
changingmixing coeficients; and sameEM without the
mixing constraint.

which canbespecifiedasdirectedagyclic graphsof linear
Gaussiamunitswith Wishartpriors. Examplesncludemix-
turesof Kalmanfilters, andmixturesof Bayesiarprincipal
componenganalysisor factoranalysismodels.

Finally, we notethat,dueto the maminalizationover com-
ponentparametersour approachdoesnot suffer from the
problem of singularitiesthat plaguescornventional maxi-
mumlikelihood.
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