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Abstract

Mixture models,in which a probabilitydistribu-
tion is representedas a linear superpositionof
componentdistributions,arewidely usedin sta-
tistical modelingand patternrecognition. One
of the key tasks in the applicationof mixture
modelsis thedeterminationof asuitablenumber
of components.Conventionalapproachesbased
on cross-validation are computationallyexpen-
sive, are wastefulof data,and give noisy esti-
matesfor the optimal numberof components.
A fully Bayesiantreatment,basedon Markov
chainMonteCarlomethodsfor instance,will re-
turn a posteriordistribution over the numberof
components.However, in practicalapplications
it is generallyconvenient,or even computation-
ally essential,to selecta single,mostappropri-
ate model. Recentlyit hasbeenshown, in the
context of linear latentvariablemodels,that the
useof hierarchicalpriorsgovernedby continuous
hyperparameterswhosevaluesare set by type-
II maximumlikelihood,canbeusedto optimize
modelcomplexity. In this paperwe extendthis
framework to mixture distributionsby consider-
ing the classicaltask of densityestimationus-
ing mixtures of Gaussians.We show that, by
settingthe mixing coefficients to maximizethe
marginal log-likelihood, unwantedcomponents
can be suppressed,and the appropriatenumber
of componentsfor themixturecanbedetermined
in asingletrainingrunwithout recourseto cross-
validation.Ourapproachusesavariationaltreat-
mentbasedon a factorizedapproximationto the
posteriordistribution.

1 Intr oduction

Mixture modelsarewidely usedascomputationallycon-
venientrepresentationsfor modelingcomplex probability
distributions, and are basedon a linear combinationof
somenumber

�
of simpler, componentdistributions. In

this paperwe shall focuson thecasein which thecompo-
nentsof the mixture aremultivariatenormaldistributions������� 	�

���

where
�

is acontinuousmultidimensionalvari-
able,and

	
and

�
arethemeanandinversecovariancepa-

rametersrespectively. Themixturedistributionfor
�

com-
ponentsis then

� ����� ��

	�
��������
�����
� � ������� 	 � 
�� � � (1)

where
� � are called mixing coefficients, and satisfy ���� � ��� and ������ � � � � . Notethatweuse

�
to denotethe

set  � �"! ������ , andsimilarly for
	$#  	 �"! and

�%#  � �
! .
Consideran observed dataset & comprising ' observa-
tions

�)(
, where * � � 
,+-+,+.
 ' , which areassumedto be

drawn independentlyfrom themixturedistribution(1). The
probabilityof theobserveddataset,giventhemixing coef-
ficientsandtheparametersof thecomponentsis thengiven
by

� � & � ��
�	�

�����0/( ��� �
�����
� � �����1()� 	 � 
�� � � + (2)

Viewed asa functionof
�2��
�	�

���

, this is calledthe likeli-
hoodfunction.

Themaximumlikelihoodframework choosesspecificval-
uesfor themodelparameterswhichcorrespondto a(local)
maximumof thelikelihoodfunction.A powerful approach
to findingmaximumlikelihoodsolutionsis basedontheit-
erativeEM (expectation-maximization)algorithmin which
themixturedistribution is re-interpretedasalatentvariable3
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model(asdiscussedin the next Section). This interpreta-
tion alsoforms thebasisof our Bayesianvariationaltreat-
mentof themixturemodel.

Onedifficulty with this procedureis thatmaximumlikeli-
hoodis strictly not well defineddueto thepresenceof sin-
gularitiesin thelikelihoodfunctionin whichone(or more)
of the componentdensitiescollapsesonto a specificdata
point (its mean

	 � becomesequalto thedatavector
� (

and
the correspondingcovariancegoesto zero thusassigning
infinite densityat the locationof the datapoint). In prac-
tice we mustseeka goodlocal maximumof thelikelihood
function,oftenwith theuseof heuristicsto avoid encoun-
teringthesingularitiesof thelikelihoodfunction. It should
alsobenotedthat,in additionto thesingularities,thelike-
lihood functionis typically characterizedby multiple local
maxima,andthatgoodinitializationheuristicsfor EM (for
examplebasedontheK-meansalgorithm)canbeimportant
in orderto consistentlyfind goodsolutions.

A further limitation of maximumlikelihoodis that it does
not provideany guidanceon thechoiceof themodelorder�

. Largervaluesof
�

allow themodelto achieve better
fits to thetrainingdataandhenceto assignlargervaluesof
thelikelihoodfunctionfor theobserveddataset.However,
thegeneralizationcapabilityof themodel,i.e. its ability to
assigna highprobabilityto adatasetdrawn independently
from the samedistribution as the training set, is bestfor
somespecificvalueof

�
, with larger(aswell assmaller)

valueshaving poorergeneralization.Determinationof the
optimum model order for a specificproblemis a central
goalof theresearchpresentedin this paper.

Many traditionalapproachesto suchmodelselectionprob-
lemsarebasedoncross-validationin whicharangeof can-
didatemodelsareoptimizedto a trainingsetandtheir pre-
dictiveperformancesubsequentlycomparedonanindepen-
dentvalidationset.This approachis bothcomputationally
expensive andwastefulof valuabledatathat could other-
wisebeusedfor training.Furthermore,it is only applicable
if thereareone,or perhapstwo, discretemodelcomplexity
parametersto beoptimized,sinceanexhaustivesearchover
thecombinatoriallylargespaceof severalsuchparameters
wouldbecomputationallyprohibitive.

A fully Bayesiantreatmentof themixturemodelingprob-
lem involves the introduction of prior distributions over
the mixing coefficientsandthe parametersof the compo-
nentdistributions,aswell asover the numberof compo-
nentsin the mixture. Conditioningon the observed data
leadsto a posteriordistribution over the numberof com-
ponents,whereit is hopedthat the mostprobablenumber
correspondsto themodelwith thebestgeneralization.Ef-
fectively this approachmust considerall possiblevalues
of the numberof components

�
up to somemaximum

value.In morecomplex modelswheretheremaybeseveral
suchdiscreteparameters,suchanapproachcanbecomein-

tractable(althoughsamplingmethodscould in principle
samplepreferentiallyfrom the regions of high posterior
probability).

In theneuralnetworksliteratureMacKayandNealhavead-
vocatedtheuseof continuoushyperparametersasa mech-
anismfor avoiding discretemodelsearch[10]. They call
thisprocedure‘automaticrelevancedetermination’(ARD).
Valuesof the hyperparametersaredeterminedusing‘type
2’ maximumlikelihoodin which the valuesof the hyper-
parametersarechosento optimizethemarginal likelihood
of the observed datain which the modelparametershave
beenintegratedout. Althoughthis approachhasmetwith
limited successin the context of neuralnetworks (proba-
bly dueto thecomplexity of thelikelihoodfunction)it has
subsequentlyprovedto bevery successfulin theBayesian
treatmentof principalcomponentanalysis(PCA) [2]. Here
a separatehyperparameter, representingthe inversevari-
ance,was introducedfor eachpotentialprincipal compo-
nent. In the posteriordistribution, hyperparameterswith
large meansrepresentcomponentswhich are suppressed
with high probability. Thusonly a singlemodelis consid-
ered(theonewith the largestnumberof principalcompo-
nents)andthe meanof the posteriordistribution captures
the most probablemodel complexity. This approachhas
beenextendedto amixtureof (afixednumberof) Bayesian
PCA models [2, 4] in which eachmodel can indepen-
dently determineits own effective dimensionality, some-
thingwhichwouldbecomputationallyprohibitiveto tackle
usingcross-validation.

In this paper we extend the continuoushyperparameter
framework to addressthe problemof choosingthe num-
berof componentsin a Gaussianmixturemodel. Conven-
tionally this problemmay be solved by exhaustive cross-
validationin the numberof componentsup to somemax-
imum value. Alternatively statisticaltestsmay be used,
for examplePolymenisandTitterington[11] describea re-
centapproach,andalsoprovide a survey of the historyof
this area.Techniquesbasedon complexity criteriaaredis-
cussedby FigueiredoandJain[5] andreferencestherein.
The problemhasalso beenapproachedfrom a Bayesian
perspective using reversible jump Markov chain Monte
Carlo[7] andusingvariationalmethods[1, 6, 4]. Both ap-
proachesreturn a posteriordistribution (or samplesfrom
theposterior)over thenumberof components(up to some
maximum),and thereforethesemethodseffectively con-
siderall possibleintermediatemodelsexplicitly.

Our approachinvolvesthe useof a mixture modelhaving
a fixednumberof potentialcomponents(correspondingto
themaximumnumberconsideredabove),in whichthemix-
ing coefficientsareoptimizedusingtype2 maximumlike-
lihood. This causesthemixing coefficientscorresponding
to unwantedcomponentsto go to zero. The meansand
variancesof the Gaussiancomponents,aswell asthe dis-
cretelatentvariables,aremarginalizedoutusingvariational



techniques.Our resultsindicatethat this approachis able
to recover the appropriatenumberof componentsin syn-
theticdataproblems,andthat it alsoprovidesa usefuland
practicalapproachto densityestimationin realworld data
sets.

2 BayesianMixtur e Model

Webegin our treatmentof Gaussianmixturesby settingout
theprobabilisticspecificationof our modelin Section2.1.
Thisspecifiesthejoint distribution 4 � & 

	�
��5
-67� �8� overthe
dataset & , thecomponentmeans

	
, theinversecovariances�

and the discretelatent variables
6
, conditionedon the

mixing coefficients
�

. Our goal is to optimize the values
of the mixing coefficients

�
by maximizing the marginal

likelihoodof thedatagivenby 4 � & � �8� which requiresthat
we marginalizeover

	
,
�

and
6
. Sincethis marginaliza-

tion is intractable,we resort to a variationalapproxima-
tion schemebasedon maximizationof a lower boundon9�: � � & � �8� , discussedin Section2.2. Theevaluationof the
lower bounditself is discussedin Section2.3,andthepro-
cedurefor optimizing the mixing coefficientsis discussed
in Section2.4.

2.1 Model Specification

It is convenientto re-interpretthemixturedistribution asa
latentvariablemodel,in which we introduce,for eachdata
point

� (
, asetof binarylatentvariables

6 � (<;  ,� 
 � ! where= � � 
-+,+,+,
 � , and ������ 6 � ( � � . Froma generative per-
spective theselatent variablesdescribewhich component
in themixturegaveriseto eachof thedatapoints,sothatif
a givendatapoint

� (
is generatedfrom component> then6 � ( � � if

= � > and
6 � ( � � if

=�?� > . Conditional
on
6@�  6 � ( ! , the datapointsareassumedto be indepen-

dently drawn from a Gaussiandistribution with mean
	 �

andinversecovariance
� � sothat

� � & � 	�
��5
-6A��� /( ��� ��B�8� �����
( � 	 � 

� � �DCFEHGI+ (3)

The latentvariables 6 � ( ! aregiven discretedistributions
governedby themixing coefficients

� �
� ��6A� �8���J�

�����
/( ��� �

CFEHG� +
(4)

If we marginalize(3) over the
6 � ( , weightedby the prior

(4), then we recover the expression(2) for the marginal
distributionof theobserveddata,conditionedonthemixing
coefficientsandthecomponentmeansandcovariances.

The modelspecificationis completedby introducingcon-
jugatepriorsover themeansandinversecovariances

� ��	8���J�
�����
���2	 � � � 

K1LM� (5)

� ���N���J�
����� O

�2� � ��PQ
,R�� (6)

where
K

is afixedparameterwith asmallvaluecorrespond-
ing to abroadprior over

	
,
L

is theunit matrix,
O

denotes
the Wishart distribution, and

P
and

R
are the degreesof

freedomandscalematrixagainchosento giveabroadprior
for
�

.

Thusthe joint distribution of all of the randomvariables,
conditionedon themixing coefficients,is givenby� � & 

	�
��5
-6A� �8��� � � & � 	�
��S
,6T� � �
67� �8� � �2	8� � �2����+ (7)

This modelcanbeexpressedasa directedgraph,asillus-
tratedin Figure1.
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π

Figure1: Representationof theGaussianmixturemodelas
a directedacyclic graph.Theobservedvariable

�
is shown

by theshadednode,while thebox denotesa ‘plate’ repre-
sentingthe ' independentsamplesfrom thedataset.

2.2 Variational Approximation

In orderto evaluate
� � & � �8� we mustmarginalize(7) with

respectto
6
,
	

and
�

which is analyticallyintractable.We
thereforeusevariationalmethods[9, 3] to find a tractable
lowerboundon

� � & � �8� . To simplify thenotationweuseU
to denotethe  	�

�5
,6 ! . Thenthemarginallikelihoodwhich
we wish to evaluateis givenby

� � & � �8�V� � � & 
 U � �8�XW U +
Notethatwe usean integral to denotethejoint integration
over  	�

� ! andsummationover

6
. Variationalmethods

involve the introductionof a distribution Y � U � which, as
we shallseeshortly, providesanapproximationto thetrue
posteriordistribution. Considerthe following transforma-
tion appliedto thelog marginal likelihood

9H: � � & � �8�Z� 9�: � � & 
 U � �8�XW U
� 9�: Y � U � � � & 
 U � �8�Y � U � W U



[ Y � U � 9H: � � & 
 U � �8�Y � U � W U� \]� Y � (8)

wherewehaveappliedJensen’s inequality. We seethatthe
function

\]� Y � forms a rigorouslower boundon the true
log marginal likelihood. The significanceof this transfor-
mationis that,throughasuitablechoicefor the Y distribu-
tion, thequantity

\^� Y � maybetractableto compute,even
thoughthe original log-likelihood function is not. From
(8) it is easyto seethat the differencebetweenthe true
log marginal likelihood

9�: � � & � �8� andthebound
\^� Y � is

givenby

_]` � Yba � �c��d Y � U � 9�: � � U � & 

�8�Y � U � W U (9)

which is the Kullback-Leibler (KL) divergencebetween
theapproximatingdistribution Y � U � andthetrueposterior� � U � & 

�8� . Therelationshipbetweenthevariousquantities
is shown in Figure2.
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Figure 2: The quantity
\^� Y � provides a rigorous lower

boundon thetruelog marginal likelihood
9H: � � & � �8� , with

the differencebeinggiven by the Kullback-Leiblerdiver-
gence

_]` � Yba � � betweenthe approximatingdistributionY � U � andthetrueposterior
� � U � & 
��8� .

The goal in a variationalapproachis to choosea suitable
form for Y � U � which is sufficiently simple that the lower
bound

\^� Y � canreadilybeevaluatedandyetwhich is suf-
ficientlyflexible thattheboundis reasonablytight. Wegen-
erallychoosesomefamily of Y distributionsandthenseek
the bestapproximationwithin this family by maximizing
the lower bound.Sincethe true log likelihoodis indepen-
dentof Y we seethat this is equivalentto minimizing the
Kullback-Leiblerdivergence.

Supposewe considera completelyfree-formoptimization
over Y , allowing for all possibleY distributions.Usingthe
well-known resultthattheKL divergencebetweentwo dis-
tributions Y � U � and

� � U � is minimizedby Y � U ��� � � U �
we seethat theoptimal Y distribution is givenby the true
posterior, in which casetheKL divergenceis zeroandthe

boundbecomesexact. However, this will not leadto any
simplificationof theproblem.In orderto make progressit
is necessaryto consideramorerestrictedrangeof Y distri-
butions.

Hereweconsideraconstrainedfamily of variationaldistri-
butionsby assumingthat Y � U � factorizesoversubsets TU � !
of thevariablesin U , sothat

Y � U �V� � Y �
� U � ��+ (10)

TheKL divergencecanthenbeminimizedoverall possible
factorialdistributionsby performingafree-formminimiza-
tion over the Y � , leadingto thefollowing result

Y � � U � �V� },~X� 9�: � � & 
 U � ������
},~X� 9H: � � & 
 U � �T���� W U � (11)

where ����� �T���� denotesanexpectationwith respectto the
distributions Y � � U � � for all � ?� = . Notethat this approach
makesno assumptionsabouttheform of theposteriordis-
tributionbeyondthefactorizationimpliedby (10).

It is easilyseenthat,for conjugatehierarchicalmodels,the
expressionson the right handside of (11) will have the
samefunctionalformsasin thepriors.Thesufficientstatis-
tics of eachdistribution Y � will dependon momentsof the
otherdistributions Y ������ andsotheexpressions(11) repre-
sentanimplicit solutionfor thevariationalposterior. These
coupledequationscanbesolvedby choosingsomeinitial-
izationfor thesufficientstatisticsof thefactors,andthenit-
erativelyupdatingthemby takingeachfactorin turnandre-
placingits sufficientstatisticsby revisedestimatesgivenby
theaboveequations.At eachstepof this re-estimationpro-
cess,the lower boundwill increaseunlessthe variational
posterioris alreadyat amaximumof thebound.

We canapplythisapproachto theGaussianmixturemodel
by introducing a variationalposteriordistribution of the
form Y ��	�

�5
,6T��� YS� �2	8� Y5� ���N� Y C ��6T�
+ (12)

Application of (11) thengivesthe following solutionsfor
thefactorsof thevariationalposterior

Y C ��6T�V� /( ��� ������ 4
CFEHG� ( (13)

Y � ��	8�V���
�����
���2	 � � ��� �B�� 

��� ���� �

(14)

Y � ���N�c�������� O ��� � ��P � �B�� 
,R � ���� �
(15)

wherewehavedefined

4 � ( � 4 � (
�� ��� 4 � ( (16)



4 � ( �
exp
� � 9�: � � � � �
�-��� 9�: � �d ��M���  �� ��� � � ~X�T~X�� d � 	 � � ~���d��1( � 	 � � � ��� 	 � 	 � � � � ! � (17)

��� �B�� ��K1L � � � � � /( ��� � 6 � ( � (18)

� � �B�� �$��� ����¢¡ � � � � � /( �8� � ( � 6 � ( � (19)

P � ���� �£P � /( ��� � 6 � ( � (20)

R � ���� �¤R � /( ��� �1(Q� � ( � 6 � ( � d /( ��� �)( � 6 � ( �"� 	 � � �
d � 	 � � /( ��� � � ( � 6 � ( �M��� 	 � 	 � � � /( ��� � 6 � ( � + (21)

Theexpectedvaluesin theaboveformulasaregivenby

� 6 � ( � � 4 � ( (22)

� 	 � � ��� � �B�� (23)

� 	 � 	 � � � �$� � ����¥¡ � � � � �B�� � � ���� � (24)

� � � � �¤P � ���� R � �B�� ¡ � (25)

� 9�: � � � � � � ¦
C �8��§

�"�
P � ���� ��� d�6T� �-� �
� W 9�: � d 9�: �HR � ���� ��+

(26)

Thus we seethat the solutionsfor the variationalfactorsY � , Y � and Y C , given by (13), (14) and (15) respec-
tively, aremutually coupledthroughtheir dependenceon
momentsof the other factors. Thesecanbe solved itera-
tively asdiscussedabove. Notethat therewill typically be
multiple maximain thevariationalboundandsoin princi-
ple it maybebeneficialto runtheoptimizationanumberof
timesusingdifferentinitializationsin orderto find a good
maximum. In practicewe have found that, for the appli-
cationsconsideredin this paper, a single initialization is
sufficient to givegoodresults.

2.3 Lower Bound on Mar ginal Lik elihood

Given the functionalforms for the variationalfactors Y5� ,Y � and Y C it is straightforwardto evaluatethelowerbound
(8) to give

\¨� � 9H: � � & � 	�
��5
-6T� �1��� 9�: � ��6T� �
�^� 9H: � �2	8� �M��� 9�: � �2��� � d � 9�: Y C ��6T� �d � 9H: Y � �2	8� � d � 9H: Y � ����� � (27)

where

� 9�: � � & � 	�
��5
-6T� � ���
�B�8�

/( ��� � 6 � ( � �� � 9H: � � � � �
d W� 9�: � � �8�)d ��1��� � � ��� � � ~X�T~X�� dd$� ( � 	 � � � d � 	 � � � � ( ��� 	 � 	 � � � �"� (28)

� 9�: � �
6A� � �©�
�B���

/( �8� � 6 � ( � 9�: � � (29)

� 9�: � ��	8� � � � � W� 9�: K
� � d K � �

����� �
	 � � 	 � � (30)

� 9�: � ����� � � � d PIW� 9H: � d
Wª��W5d � �« 9H: �

d ¦
C ���

9�:�¬ P �­� d 6� � P� 9H: �HR�� �
� P®d�W5d �� �

�B�8� � 9�:
� � � � �

d �� �c� ¯
°
� ���
� ��� � (31)

� 9�: Y C �
6T� � ���
�����

/( ��� � 6 � ( � 9H: � 6 � ( � (32)

� 9H: Y � �2	8� � � �
�����

d W� � ��� 9H: � � �8�±� � �� 9H: � ���
���� �

(33)

� 9�: Y � �2��� � � �
����� d P � ���� W� 9�: � d WX�
W5d � �« 9�: �

d ¦
C ���

9�:�¬ P � �B�� �­� d 6� � P
� �B��� 9�: �HR � ���� �

� P
� ���� d WSd �� � 9H: � � � � �

d �� �c� ¯
� � �� � � � � (34)

2.4 Optimizing the Mixing Coefficients

We have now obtaineda variational lower bound
\^� Y �

which approximates the true marginal log-likelihood



9�: � � & � �8� . By maximizingthisboundwith respectto
�

we
obtain our requiredestimatesfor the mixing coefficients.
However, the solutionsfor the factorsof the variational
posterior, andhencethevalueof thelower bound,will de-
pendon thevaluesof

�
. We thereforeadoptanEM proce-

durein whichwealternatelymaximized
\^� Y � with respect

to
�

(maximizationstep)andthenoptimize Y by iterative
updatingof the variationalsolutionsfor Y � , Y � and Y C
(expectationstep). For computationalefficiency we per-
form just onere-estimationof eachof the variationalfac-
torsin eachE-step,beforere-estimating

�
in theM-step.

There-estimationM-stepequationsfor updatingthe
�

are
obtainedby settingthederivative of the lower boundwith
respectto

�
to zero,giving

� � � �' /( �8� 4 � ( + (35)

Numericalevaluationof the lower bound
\

after eachM-
stepandafter eachupdatewithin eachE-stepprovidesa
usefulcheckon thesoftwareimplementation,any suchup-
dateshouldnot leadto a decreaseof

\
. The improvement

in
\

during the EM optimizationcanbe usedto monitor
convergenceandto seta suitablestoppingcriterion.

3 Results

We verify through experimentsboth that the maximum
variational bound is a good score for model selection,
and that the proposediterative algorithm achieves maxi-
mum bound. We test the algorithmon syntheticandreal
datasets: 600 datapoints from a mixture of five Gaus-
sians(means ² � 
 �Q³ , ² ´ 
-d ´Q³ , ² ´ 
 ´�³ , ² d ´ 
 ´�³ , ² d ´ 
µd ´�³ and
covariances ²�� 
 �·¶
� 
 �.³ , ²�� 
 � + ¸ ¶�� + ¸¹
 �.³ , ²H� 
-d � + ¸ ¶ d � + ¸º
 �»³ ,²�� 
 � + ¸ ¶�� + ¸¹
 �»³ , ²H� 
-d � + ¸ ¶ d � + ¸º
 �»³ ); 900 data points from
threemixturesof means² � 
-d ��³ , ² � 
 ��³ , ² � 
 �Q³ andsameco-
variance² � 
 �¼¶�� 
 � + ��³ from [5]; 400datapointsfrom three
mixturesof samemean² � 
 �Q³ andcovariances²�� 
 �·¶
� 
 � + �Q³ ,² � + ��� 
µd � + ��½¼¶ d � + ��½ 
 � + ¸ ³ , ² � + ¸¹
 � + « ¶�� + � ¸¹
 � + � ¸ ³ ; “Enzime”,
“Acidity” and“Galaxy” univariatedatasetsfrom [12], and
“Old Faithful” bivariatedatafrom [8].

As a first check, we ran the variationaloptimization on
a fixed numberof componentswithout updatingthe mix-
ing coefficients,with aninitial valueselectedthroughplain
EM. Under this setting the variational likelihood bound
becomesa modelselectionscore. We comparedthe best
model given by this scorewith the one selectedthrough
EM and cross-validation, and found that the variational
scorewas invariantly maximumat the correctnumberof
componentson all of 100 instancesof the 5-mixturesyn-
theticdataset(Figure3). Thesamequalitativeresultswere
achieved on all considereddatasets,indicating that find-
ing theglobalmaximumof thevariationallikelihooddoes
selectthecorrectmodel.
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Figure3: Bestvariationallikelihoodboundandplain EM
cross-validationscoreas a function of the fixed assumed
numberof mixturecomponentson 600pointsdrawn from
a mixtureof 5 bivariateGaussians.

However, thepowerof our methodconsistsin its ability to
optimizemixing coefficientsandvariationalscorejointly.
This couldbea very difficult taskbecauseof thecomplex-
ity of the likelihoodmanifold; for instance,in the caseof
plain EM it is very commonto converge to a non-global
maximum,especiallyif thenumberof componentsis large.
Moreover, thevariationallikelihoodmanifoldis verycom-
plex becauseof its symmetrywith respectto mixture per-
mutations,which replicatesbothglobalandlocal maxima.
Ourhopeis thatintegratingout theparametersof theGaus-
siansto derivethevariationallikelihoodsmoothedthelike-
lihoodmanifoldremoving mostlocal maxima.

The possibility of local extremamakes the initial choice
of mixture parametersimportant. If the initial meansare
equalor tooclose,it becomeshardto differentiatebetween
componentsduring the optimization. Under thesecir-
cumstancesthe variationalapproximationconvergesvery
slowly, andasaresulttoomany mixturecomponentscould
get removed. This may happenbecausewe updatemix-
ing coefficientsafter eachvariationaliterationbeforefull
optimization,anda componentthat is out of placecould
be eventuallyremovedif it doesnot find its placequickly
enough.We approachthis issueby initializing the means
throughK-meansclustering.In orderto avoid a strongini-
tial bias from the assignmentof componentsto K-means
clusters,wechooselargeinitial covariancematrices;other-
wisein thebeginningeachGaussianwould beconfinedto
its local cluster, andcouldremainin a local minimum.We
found that K-meanswith large covarianceinitialization is
enoughto avoid local maxima.

We initialize the algorithmwith a mixture of many com-
ponents( � ¸ in this paper)with equalmixing coefficients.
TheoptimizationhasthepropertythatGaussianswith sim-
ilar parametersfitting thesameclusterbecomeunbalanced
until onedominatesandthe othersget removed. In addi-
tion, whena mixing coefficient is closeto � , it converges
to � fasterandfaster;thereforewecanremovecomponents
with very smallmixing coefficients( ¾¿�.� ¡IÀ ). During the
optimization,thevariationalboundincreaseswith eachit-
eration,by smallamountswhenall mixing coefficientsare
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Figure4: Variationallikelihoodboundover themodelop-
timization of 900 datapointsdrawn from a mixture of 3
same-covariancebivariateGaussians.Initially the model
had 15 mixtures. Vertical lines indicate cancellationof
components.

large, and very fast when one coefficient is closeto and
dropsto � (Figure 4). Although the convergenceof the
variationalapproximationcanbe quite slow, it wasnever
slower thanEM onthesamemixing andGaussianparame-
ters.If necessary, optimizationcanbemadefasterby spec-
ulating that small anddecreasingmixing coefficientscon-
vergeto � , andverifying directly if thereis an increasein
variationalboundwith sucha change.Nevertheless,such
heuristicsof combiningdiscretesearchwith continuousop-
timizationwerenotemployedin theresultspresentedhere.

Wefoundthatthemodeloptimizationautomaticallyrecov-
eredthenumberof generatingmixturesin all proposedsyn-
theticdatasets(Figure5). In thecaseof thedatasetfrom
[5], we recover the generatingmixture even when given
only �Q��� samples.“Old Faithful” datawasfittedwith three
components(mixing � + Á ´ , � + ´Q´ , � + � « ). Also, the univari-
atedatasetshavebeenfitted with similar resultsasin [12]
(Figure6).

One advantageof the variationalapproximationis that it
not only providesa likelihoodboundbut it alsogivesex-
plicit valuesfor meansandcovariancesfrom thevariational
parameters.We testhow closethe variationalparameters
areto themaximumlikelihoodonesby comparingthelog-
likelihoodof the data: underthe bestmodelfound by the
variational iteration; after running EM starting from the
bestvariationalparametersandkeepingmixing coefficients
fixed;andafterrunningfull EM initialized to thebestvari-
ationalparameters.Table1 shows that EM doesnot sig-
nificantly increasethelikelihood,exceptfor thecaseof the
threemixtureswith equalmeans.This is probablydueto
aninaccuratevariationalapproximationfor highly overlap-
pingGaussians.Nevertheless,thenumberof mixturecom-
ponentsquickly convergesto the correctonealsofor this
dataset.
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Figure 5: Initial and final configurationsfor the model
optimizationof threegeneratedand one real dataset: 5
Gaussians(600points),3 same-covarianceGaussians(900
points),3 same-meanGaussians(400datapoints)andthe
“Old Faithful” dataset.

As alastremark,wefoundthatthenumberof mixturecom-
ponentsselectedby thealgorithmwasnotsensitiveto large
variationsin thenon-informativepriors for themeansand
covariancematrices.

4 Conclusions

In this paperwe have shown how a discretesearchover
the numberof componentsin a mixture distribution can
be avoided through the introduction of continuoushy-
perparameterswhosevaluesare chosento maximize the
marginal likelihood. The framework hasbeendeveloped
for the caseof mixtures of multivariate normal distri-
butions. It is easily generalizedto mixtures of models



0.5 1 1.5 2 2.5
0

2

4

de
ns

ity
Enzime

3 3.5 4 4.5 5 5.5 6 6.5 7
0

0.5

1

de
ns

ity

Acidity

10 15 20 25 30
0

0.2

0.4

de
ns

ity

Galaxy

Figure6: Model optimizationof the“Enzime”, “Acidity”,
and“Galaxy” datasets.

Dataset Variational EM (fixed) EM (full)
5 mixtures -2577.51 -2577.46 -2577.46

3 mixtures( �.ÂÄÃ ) -3080.72 -3080.65 -3080.65
3 mixtures(� �,Å ) -712.213 -691.924 -689.619

Old Faithful -1122.44 -1119.49 -1119.64
Enzime -47.8791 -47.8504 -47.8268
Acidity -178.917 -178.869 -178.754
Galaxy -203.634 -203.482 -203.482

Table1: Thelog-likelihoodof thedatasetsunderamixture
of Gaussiansspecifiedby: thebestvariationalparameters;
EM initialized to the bestvariationalparameterswithout
changingmixing coefficients; and sameEM without the
mixing constraint.

whichcanbespecifiedasdirectedacyclic graphsof linear-
Gaussianunitswith Wishartpriors.Examplesincludemix-
turesof Kalmanfilters,andmixturesof Bayesianprincipal
componentanalysisor factoranalysismodels.

Finally, we notethat,dueto themarginalizationovercom-
ponentparameters,our approachdoesnot suffer from the
problemof singularitiesthat plaguesconventionalmaxi-
mumlikelihood.
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