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Lecture 20 

𝑃(𝑥|𝜃) = ∑ 𝑁(𝑥, 𝜇𝑧, 𝜎2)

𝑘

𝑧=1

 

We wrote this in a different way focusing on the means. See Figure 1 below: 

𝑃(𝑥|𝜃) = 𝐸𝜇∈𝐺̃{𝑁(𝑥; 𝜇, 𝜎2} 

 

Density is the random variable we are interested in. 

Dirichlet processes 
Samples from the process they look like the graph in Figure 1, spikey densities with a finite number of spikes. 

𝐺~𝐷𝑃(𝛼, 𝐺0) where 𝐺0 is the prior density (not necessarily Dirichlet) 

 

 

Why is this even called a Dirichlet process? We’ll see later. 
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𝐴𝑖 ∩ 𝐴𝑗 = ∅, 𝑖 ≠ 𝑗 

⋃𝑖=1
𝑘 𝐴𝑖 = (−∞, ∞) 

What is 𝐺(𝐴𝑖)? 

Why? 

𝐺(𝐴𝑖) = ∫ 𝐺(𝜇)𝑑𝜇
𝐴𝑖

 

How are these distributed in 𝐴𝑖? Exactly like a Dirichlet, for any partition. 

[
𝐺(𝐴1)

⋮
𝐺(𝐴𝑘)

] ~Dirichlet(𝛼𝐺0(𝐴1), … , 𝛼𝐺0(𝐴𝑘)) 

If I now have three partitions 𝐴1, 𝐴2, 𝐴3 and I combine them as 𝐴1 ∪ 𝐴2 and 𝐴3, it corresponds to: 

[
𝐺(𝐴1) + 𝐺(𝐴2)

𝐺(𝐴3)
] ~Dirichlet(𝛼𝐺0(𝐴1) + 𝛼𝐺0(𝐴2), 𝛼𝐺0(𝐴3)) 

[

𝜃1

𝜃2

𝜃3

] , [
𝜃1 + 𝜃2

𝜃3
] 

Let’s draw samples from 𝐺 (the dirichlet process) 

 
In the finite mixture model, we will now: 

- Select 𝐺̃ 

- Sample 𝑛 means 𝜇𝑖~𝐺̃ 
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- Sample the 𝑥𝑖’s from 𝑁(𝑥; 𝜇𝑖 , 𝜎2) 

 

How do these means co-vary? How does the choice of a mean for a particular sample correlate with another choice for a 

mean. Many of them are exactly the same, according to the Chinese Restaurant process. 

𝑃(𝜇𝑖 = 𝜇 | 𝜇−𝑖) =
1

𝛼 + 𝑛 − 1
∑ 𝛿𝜇𝑗

(𝜇)

𝑗≠𝑖

+
𝛼

𝛼 + 𝑛 − 1
𝐺0(𝜇) 

With high probability I’m going to reuse means that I’ve already sampled. Any new spike that I generate is generated 

from the 𝐺0. 

Expected number of spikes: ∑
𝛼

𝛼+𝑛−1
𝑁
𝑛=1 ~ log(𝑛) 

I’m going to resist including a lot of mixture components as the number of data points increases. 

If 𝛼 is vey large, if I have 𝑛 means to sample, I will get exactly 𝑛 unique spikes. 

Only by reusing spikes I’m starting to cluster the points. So it’s important that this grows very slowly. 

 

Let’s make this a mixture model and add observations  

If I know the samples, what can I say about the means? How are the data points clustered? I have to infer how the 

generative process works given that I see the data (the 𝑥 values). 

How do I modify the Gibbs sampling so I can sample from the posterior distribution of the means given the data? 

Now it’s important to understand the independence properties in the graph. 

If I know 𝑛 − 1 means does that evidence impact the 1st mean? No, because they are independent in the graph. 

http://people.csail.mit.edu/~alinush


Alin Tomescu, http://people.csail.mit.edu/~alinush 
6.867 Machine learning | Prof. Tommi Jaakkola | Week 11, Thursday, November 14th, 2013| Lecture 20 

Page | 4 
 

Gibbs sampling procedure 
I wish to sample a mean, fix all the values for the rest, and I condition on all the observation: 

𝑃(𝜇𝑖 = 𝜇|𝜇−𝑖, 𝑥𝑖) ∝ 𝑃(𝜇𝑖 = 𝜇|𝜇−𝑖)𝑃(𝑥𝑖|𝜇) 

𝑃(𝑥𝑖|𝜇) = 𝑁(𝑥𝑖, 𝜇, 𝜎2) 

 

This Dirichlet process model adapts to the data. You don’t have to specify the number of Gaussians for instance, it just 

comes out of the mean sampling as the number of unique means and is expected to be ~ log 𝑛 for 𝑛 data points. 

 

𝑃(𝑧𝑖 = 𝑙|𝑧−𝑖) = {

𝑛−𝑖(𝑙)

𝛼 + 𝑛 − 1
, 𝑖𝑓 𝑛−𝑖(𝑙) > 0

𝛼

𝛼 + 𝑛 − 1
, 𝑖𝑓 𝑙 = 𝑛𝑒𝑤

 

The infinite number of means in figure 9 is really at most 𝑛 since we only need 𝑛 distinct means at most. 

Structured probability models, inference problems, Hidden Markov Models 
One property of all these models is that if I change the order I get exactly the same distribution. It’s exchangeable. We 

are not modelling anything that has dependence as a sequence. 

 

Look at models… 

I want to look at how the topic choices evolve as I choose words? 
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Example of a HMM: Think of modelling speeds. Every 10 milliseconds I take that waveform and I take a FTT of that and I 

get what frequencies are present within that time window. I get frequency spectrum as a function of time 

(spectrogram). I will need to compute some properties of those frequencies. 
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