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Qi = satisfies check operator?
Errors change the state ρ → ρ�

Does   satisfy check     ?ρ� Qi

p(Yes) = Tr(ρ�Qi)

ρ|Yes =
Qiρ�Qi

p(Yes)
∝ Qi �

1 ρ�

p(No) = Tr(ρ�Q̄i)

ρ|No =
Q̄iρ�Q̄i

p(No)
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1 ρ�

Given error syndrome                                is a quantum
graphical model✢

1

Z
Q1 � Q̄2 � . . . Qn � ρ�

✢Assuming iid quantum channel
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YES, when underlying graph is a tree

(Works well on graphs with only large loops too...)

This is only true for the product ★n with n=1

(e.g. quantum error correction)

The general case requires a Markov condition



Stat mech
H(x1, x2, ...) = h(x1, x2) + h(x2, x3) + ...



Stat mech
H(x1, x2, ...) = h(x1, x2) + h(x2, x3) + ...

Z =
�

x1,x2,...

e−H(x1,x2,...)



Stat mech
H(x1, x2, ...) = h(x1, x2) + h(x2, x3) + ...

Z =
�

x1,x2,...

e−H(x1,x2,...)

=
�

x2,x3,...

��

x1

e−h(x1,x2)
�
e−h(x2,x3)−h(x3,x4)−...



Stat mech
H(x1, x2, ...) = h(x1, x2) + h(x2, x3) + ...

Z =
�

x1,x2,...

e−H(x1,x2,...)

=
�

x2,x3,...

��

x1

e−h(x1,x2)
�
e−h(x2,x3)−h(x3,x4)−...

Distributive law



Stat mech
H(x1, x2, ...) = h(x1, x2) + h(x2, x3) + ...

Z =
�

x1,x2,...

e−H(x1,x2,...)

=
�

x2,x3,...

��

x1

e−h(x1,x2)
�
e−h(x2,x3)−h(x3,x4)−...

m1→2(x2)
{ Distributive law



Stat mech
H(x1, x2, ...) = h(x1, x2) + h(x2, x3) + ...

Z =
�

x1,x2,...

e−H(x1,x2,...)

=
�

x2,x3,...

��

x1

e−h(x1,x2)
�
e−h(x2,x3)−h(x3,x4)−...

=
�

x3,x4,...

��

x2

m1→2(x2)e
−h(x2,x3)

�
e−h(x3,x4)−h(x4,x5)−...

m1→2(x2)
{ Distributive law



Stat mech
H(x1, x2, ...) = h(x1, x2) + h(x2, x3) + ...

Z =
�

x1,x2,...

e−H(x1,x2,...)

=
�

x2,x3,...

��

x1

e−h(x1,x2)
�
e−h(x2,x3)−h(x3,x4)−...

=
�

x3,x4,...

��

x2

m1→2(x2)e
−h(x2,x3)

�
e−h(x3,x4)−h(x4,x5)−...

m1→2(x2)
{

m2→3(x3)
{

Distributive law



Stat mech
H(x1, x2, ...) = h(x1, x2) + h(x2, x3) + ...

Z =
�

x1,x2,...

e−H(x1,x2,...)

=
�

x2,x3,...

��

x1

e−h(x1,x2)
�
e−h(x2,x3)−h(x3,x4)−...

=
�

x3,x4,...

��

x2

m1→2(x2)e
−h(x2,x3)

�
e−h(x3,x4)−h(x4,x5)−...

m1→2(x2)
{

m2→3(x3)
{

Distributive law

=
�

xN

mN−1→N (xN )e−h(xN−1,xN )

...



Quantum stat mech
HABC... = hAB + hBC + ...

hABhBC = hBChAB



Quantum stat mech
HABC... = hAB + hBC + ...

hBC = IA ⊗ hBC ⊗ ID ⊗ ...

Two-body hermitian operator

hABhBC = hBChAB



Quantum stat mech
HABC... = hAB + hBC + ...

hABhBC = hBChAB



Quantum stat mech
HABC... = hAB + hBC + ...

Z = Tre−HABC...

hABhBC = hBChAB



Quantum stat mech
HABC... = hAB + hBC + ...

Z = Tre−HABC...

= TrBC...

�
TrA(e

−hAB )e−hBC−hCD−...
�

hABhBC = hBChAB



Quantum stat mech
HABC... = hAB + hBC + ...

Z = Tre−HABC...

= TrBC...

�
TrA(e

−hAB )e−hBC−hCD−...
�

hABhBC = hBChAB



Quantum stat mech
HABC... = hAB + hBC + ...

Z = Tre−HABC...

= TrBC...

�
TrA(e

−hAB )e−hBC−hCD−...
�

Distributive law only holds with commuting terms 
hABhBC = hBChAB



Quantum stat mech
HABC... = hAB + hBC + ...

Z = Tre−HABC...

= TrBC...

�
TrA(e

−hAB )e−hBC−hCD−...
�

Distributive law only holds with commuting terms 
hABhBC = hBChAB

More generally, it holds on Markov networks
I(A:CD...|B) = 0
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ρ =

1

Z
e−βH

H = Nearest neighbor

I(A:B|C)≠0I(A:B|C’)≈0

Entanglement area law

I(A:B|C’)=0 ⇒ Entropy = Sum of local terms S =
�

i

S(i|Ni)

Gibbs state

Variational dual to BP     min
{ρNi}consistent

�

i

�
Tr(ρNihNi)− TS(i|Ni)

�
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      is a Markov Network(p,G)

Hammersley-Clifford
When is a Gibbs state associated to a local 

Hamiltonian a Markov network?

Classically: ALWAYS Quantum: ??

      is a Markov Network(ρ, G)

⇐

ρ =
1

Z
e−H

H =
�

C∈cliques

hC

p(x1, x2, ...) =
1

Z
e−H(x1,x2,...)

⇔

H =
�

C∈cliques

hC({xi ∈ C})

When all     commute, the other direction follows hC
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If G is a graph with only two-vertices cliques (square lattice)

           is a Markov chain

Quantum Hammersley-Clifford
I(A:B|C)=0 ⇒
ρ = σABσBC = σBAσAB

H = hAB + hBC , [hAB , hBC ] = 0

Holds for any cut

ρ =
1

Z
e−H

H =
�

C∈cliques

hC

⇔

hChC� = hC�hC
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Can we always recover the Hammersley-Clifford 

theorem by coarse graining?

Coarse graining the lattice eliminates this problem

•H.-C. stable under coarse graining
•Consistent with entanglement area law
•If not, new quantum phase of matter 
(quantum non-locality without entanglement)
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Conclusion

•Non-commutativity of quantum mechanics
‣Different types of quantum graphical models
‣Useful in different applications
‣No distributive law in general
•Quantum belief propagation
‣Straightforward generalization, correct operator ordering
‣Applications in quantum error correction & stat mech
‣Convergence conditions much more intricate
•Markov networks & Gibbs states
‣Direction ⇒ always implied
‣Direction ⇐ implied for commuting terms
‣Complete ⇔ for graph with two-site cliques
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