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Because this is how nature really behaves.
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Positive operators

pascp. = [[vx ] pxv

XevV  (X,Y)EE

eOperator product non-commutative

*Product of positive operators not necessarily positive




- Quantum graphical models

Many distinct ways to fixe these problems




- Quantum graphical models

Many distinct ways to fixe these problems

Classical OAB = VAVBIAB



- Quantum graphical models

Many distinct ways to fixe these problems

Classical OAB = VAVBIAB
1 1
PAB = UAgVAVBM AR



- Quantum graphical models

Many distinct ways to fixe these problems

Classical OAB = VAVBIAB
1 1
PAB = UAgVAVBM AR

paB = explha +hp + Jap}



Quantum graphical models

Many distinct ways to fixe these problems

Classical OAB = VAVBIAB
1 1
PAB — ,UABVAVB/&%{

1 1 1 1 n
n 2n
PAB = (MABVA Vp MAB)

paB = explha +hp + Jap}



Quantum graphical models

Many distinct ways to fixe these problems

Classical OAB = VAVBIAB

1 1
PAB = UiRVAVBHU AR

n 2n

1 1 1 1 n
PAB = (MABVA Vp MAB)

hg + Jap}

Quantum stat mech paB = explha



Quantum graphical models

Many distinct ways to fixe these problems

Classical OAB = VAVBIAB

1

1 1
Quantum error correction pap = 2 zVaVBia 5

1 1 1 1 n
- 2n n n 2n
PAB — (IUABVA Vp luAB)

Quantum stat mech pap = explha +hp + Jap}



Quantum graphical models

Many distinct ways to fixe these problems

Classical OAB = VAVBIAB

1

1 1
Quantum error correction pap = 2 zVaVBia 5

1 1 1 1 n
Trotter-Lie formula PAB = (uﬁ(}’g% Vg Mi%)

Quantum stat mech pap = explha +hp + Jap}
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Many distinct ways to fixe these problems

Classical DAB = VAVBILARB

1

1 1
Quantum error correction pap = p%gVaVBiiis

1 1 1 1 \N
Trotter-Lie formula PAB = (uj&;ug VA uj%)
Quantum stat mech pap = explha +hp + Jap}

). ¢ product

A" B = (A2 Bn Bz )"
all equal when AB = BA
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Quantum belief propagation

€2 C r

Quantum Belief Propagation

*Replace sums by traces
*Replace product by % product
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Code state p(Q;) = Tr(Q;p) =1

(: = satisfies check operator?
Errors change the state p — ¢’

Does p’satisfy check Q; ?

. 1 ] |
Given error syndrome —Q1 x Q2 *...Q, *p’ is a quantum

Z
graphical model™

-+Assuming iid quantum channel
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- Quantum error correction

* Decoding a quantum code

* Finding the most likely recovery given error syndrome
e Quantum statistical inference problem

* Suitable for quantum belief propagation (heuristic)

* Becomes classical for Pauli channels (degeneracy)

F . 3

10! -

Q turbo-codes

Q concatenated codes

Q LDPC codes

1072}

Decoder Failure Probability

|
£ = 1024
|

50 55 60 65 70 75 80 85 90 95 10.0
‘ Bit—Flip Channel (%)
0.01 0.015 0.02 0.025 0.03 J

Q topological codes




Does it always work!?




Does it always work!?

YES, when underlying graph is a tree



Does it always work!?

YES, when underlying graph is a tree

(Works well on graphs with only large loops too...)



Does it always work!?

YES, when underlying graph is a tree

(Works well on graphs with only large loops too...)

This is only true for the product %" with n=1

(e.g. quantum error correction)




Does it always work!?

YES, when underlying graph is a tree

(Works well on graphs with only large loops too...)

This is only true for the product %" with n=|
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The general case requires a Markov condition
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Hapc... = hap+ hpe + ...

Distributive law only holds with commuting terms
haphpce = hpchasp

More generally, it holds on Markov networks
I(A:CD...|B) = 0




Cavity field

1
Gibbs state p= —e P%

@Q@@@@@@@@@



Cavity field

1
Gibbs state p = € —pH

¥ololclelolo’ololololoR

- p=Treop




Cavity field

1
Gibbs state p = € —pH

@o@@@@e@@@@

,0, — TI‘<(),0 — —6




Cavity field

1
Gibbs state p = € —pH

@o@@@@e@@@@

,0, — TI‘<(),0 — —6




Cavity field

1
Gibbs state p = € —pH

@o@@@@e@@@@

1 >0

,0, — TI‘<(),0 — —6




Cavity field

1
Gibbs state p = € —pH

@o@@@@a@@@@
H' = Z hi i+1+W1

1 >0

,0, — TI‘<(),0 — —6




Cavity field

1
Gibbs state p = € —pH

@o@@@@@@@@@
H' = Z hiiv1+Vi+Vio

1 >0

,0, — TI‘<(),0 — —6




Cavity field

1
Gibbs state p = € —pH

@o@@@@@@@@@
= Z hiiv1 +V1i+Vie +Viag

1 >0

,0, — TI‘<(),0 — —6




Cavity field

1
Gibbs state p = € —pH

@o@@@@@@@@@
= Z hiiv1+Vi+Via +Viag +Viass

1 >0

,0, — TI‘<(),0 — —6




Cavity field

1
Gibbs state p = € —pH

@o@@@@@@@@@
= Z hiit1+Vi+Via+Vias +Viaag ...

1 >0

,0, — TI‘<(),0 — —6




Cavity field

1 H

Gibbs state p = € =5 pl=Tr<op = —e

@o@@@@@@@@@
Z hiiv1+V1+Vie +Vieg +Vio3g ...

1>0

— — — —h — — —
ol OI oI C>| ol ol Oo
~ - © o N V)




Cavity field

1
p = Ir<pp = —e_

1 :
Gibbs state p = —e —BH pH

@o@@@@@@@@@
Z hiiv1+V1+Vie +Vieg +Vio3g ...

1>0

o’ N —
10_2 _
4 -

_(0507)

—_ —_ —_ —_ -l —_ —_
o| O| oI oI oI oI OO
_I\; = o] » H N




Cavity field

1 | R
Gibbs state p = ¢ —pH s P =Trcop = € pH

@0@@@@30000
Z hiiv1+V1+Via +Vios +Vssy ..

1>0

2 1 1 _12
1 2 3 . 4 5 6 10 20 30 40 50 60 70 80 90 100
9 J




o

Markov network?

1
— o BH
Ze

Nearest neighbor

Gibbs state p

H



Markov network?

1
Gibbs state p = EG_BH

H = Nearest neighbor

|(A:B|C)*0




Markov network?

1
Gibbs state p = EG_BH

H = Nearest neighbor

(A:B|C")~0




Markov network?

1
Gibbs state p = EG_BH
H = Nearest neighbor

(A:B|C")~0

Entanglement area law



Markov network?

1
Gibbs state p = Ee—ﬁﬂ
H = Nearest neighbor
|(A:B|C")=0

Entanglement area law

|(A:B|C")=0 = Entropy = Sum of local terms



Markov network?

1
Gibbs state p = Ee—ﬁﬂ
H = Nearest neighbor
|(A:B|C")=0

Entanglement area law

I(A:B|C")=0 = Entropy = Sum of local terms S = " S(i|\)



Markov network?

1
Gibbs state p = Ee—ﬁﬂ
H = Nearest neighbor
|(A:B|C")=0

Entanglement area law

I(A:B|C")=0 = Entropy = Sum of local terms S = " S(i|\)

Variational dual to BP  min Z (Tr(pws hn,) — TS(i|NG))

1PN, Jconsistent

(/
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When is a Gibbs state associated to a local
Hamiltonian a Markov network?

Classically: ALWAYS

(p, G) is a Markov Network (p, G)is a Markov Network

41
p=—e"

Z
H = Z hc({xz - C}) H = Z ho

C'Ecliques C'ecliques

H

When all ho commute, the other direction follows



Quantum Hammersley-Clifford




Quantum Hammersley-Clifford

I o .I.




Quantum Hammersley-Clifford

I (A:B|C)=0 =

P—=0ABOBC — O0OBAOCAB




Quantum Hammersley-Clifford

(A:B|C)=0 =
p = O0ABOBC — OBAOCAB
H =hap +hpc, |hap,hpc| =0




Quantum Hammersley-Clifford

(A:B|C)=0 =
P—0ABOBC — O0OBAOUAB
H =hap +hpc, |hap,hpc| =0

Holds for any cut




Quantum Hammersley-Clifford

(A:B|C)=0 =
p = O0ABOBC — OBAOCAB
H =hap +hpc, |hap,hpc| =0

Holds for any cut




Quantum Hammersley-Clifford

(A:B|C)=0 =
p = O0ABOBC — OBAOCAB
H =hap +hpc, |hap,hpc| =0

Holds for any cut

If G is a sraph with only two-vertices cliques (square lattice

(p, G) is a Markov chain




Quantum Hammersley-Clifford

(A:B|C)=0 =
p = O0ABOBC — OBAOCAB
H =hap +hpc, |hap,hpc| =0

Holds for any cut

If G is a sraph with only two-vertices cliques (square lattice

(p, G) is a Markov chain

(r
H = Z hC hchcf — hclhc

C Ecliques
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Markov network but not

Gibbs state of Hamiltonian

with local commuting terms

Coarse graining the lattice eliminates this problem

Can we always recover the Hammersley-Clifford

theorem by coarse graining?

*H.-C. stable under coarse graining
*Consistent with entanglement area law

*[f not, new quantum phase of matter
(quantum non-locality without entanglement)
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* Non-commutativity of quantum mechanics
» Different types of quantum graphical models
» Useful in different applications
» No distributive law in general
* Quantum belief propagation
p Straightforward generalization, correct operator ordering
» Applications in quantum error correction & stat mech
» Convergence conditions much more intricate
* Markov networks & Gibbs states

» Direction = always implied
» Direction < implied for commuting terms
» Complete <& for graph with two-site cliques
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