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Abstract—Carbon nanotube field-effect transistors (CNFETs)
are promising candidates for building energy-efficient digital
systems at highly scaled technology nodes. However, carbon nanotubes (CNTs) are inherently subject to variations that reduce
circuit yield, increase susceptibility to noise, and severely degrade
their anticipated energy and speed benefits. Joint exploration
and optimization of CNT processing options and CNFET circuit design are required to overcome this outstanding challenge.
Unfortunately, existing approaches for such exploration and
optimization are computationally expensive, and mostly rely
on trial-and-error-based ad hoc techniques. In this paper, we
present a framework that quickly evaluates the impact of CNT
variations on circuit delay and noise margin, and systematically explores the large space of CNT processing options to
derive optimized CNT processing and CNFET circuit design
guidelines. We demonstrate that our framework: 1) runs over
100× faster than existing approaches and 2) accurately identifies the most important CNT processing parameters, together
with CNFET circuit design parameters (e.g., for CNFET sizing and standard cell layouts), to minimize the impact of CNT
variations on CNFET circuit speed with ≤5% energy cost,
while simultaneously meeting circuit-level noise margin and yield
constraints.
Index Terms—Carbon nanotube (CNT), CNT variations, delay
optimization, design-technology co-optimization.

I. I NTRODUCTION
HILE physical scaling of silicon-based field-effect transistors has improved digital system performance for
decades [10], continued device scaling is becoming increasingly challenging [2]. Carbon nanotube (CNT) field-effect
transistors (CNFETs) are excellent candidates for continuing to improve both performance and energy efficiency
of digital systems [13]. CNFET-based very large-scale integrated (VLSI) digital systems are projected to improve
energy-delay product (EDP) by an order of magnitude
versus silicon-CMOS [6], [46]. Furthermore, CNFETs provide an exciting opportunity to enable monolithic 3-D
integrated circuits [47], leading to additional EDP benefits for
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Fig. 1.
(a) CNT. (b) Typical CNFET structure. (c) Scanning electron
microscopy image of the CNFET channel.

CNFET-based digital systems with massive integration of logic
and memory [42].
The schematic of a CNFET is shown in Fig. 1. Multiple
CNTs compose the transistor channel, whose conductance is
modulated by the gate. The gate, source, and drain are defined
using traditional photolithography, while the CNT-CNT spacing is determined by the CNT growth [31] and can therefore
exceed the minimum lithographic pitch. For high drive current,
the target CNT-CNT spacing is 4–5 nm [46].
Despite demonstrations of sub-10 nm channel
length CNFETs [13] and stand-alone CNFET circuit
elements [5], [7], [11], realization of complex CNFETbased digital systems had been prohibited by substantial
imperfections inherent to CNTs: mis-positioned CNTs and
metallic CNTs. Mis-positioned CNTs cause stray conducting
paths that can lead to incorrect logic functionality, and
metallic CNTs (resulting from the imprecise control over
CNT properties) result in increased leakage current and can
lead to incorrect logic functionality. A unique combination
of CNT processing and CNFET circuit design techniques,
known as the imperfection-immune paradigm [54], overcomes these challenges in a VLSI-compatible manner to
enable the realization of the first CNFET-based digital
systems [32], [33], [40], including the first programmable
microprocessor built using CNFETs [39]. Two key enablers
of these demonstrations are: 1) mis-positioned CNT-immune
layout design [30] and 2) VLSI-compatible metallic CNT
removal (VMR), which efficiently removes ≥99.99% of
metallic CNTs [32], [40].
Unfortunately, process variations specific to CNTs, such as
the imprecise control over CNT properties and the nonuniform
density of grown CNTs (details in Section II), can lead to significantly reduced circuit yield, increased susceptibility to noise,
and large variations in CNFET circuit delays (Section II) [54].
One method to counteract these effects is to upsize all
CNFETs. However, such naïve upsizing incurs large energy and
delay costs that diminish CNFET technology benefits.
Rather, various CNT process improvement options,
when combined with CNFET circuit design, provide an

c 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
0278-0070 
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

HILLS et al.: RAPID CO-OPTIMIZATION OF PROCESSING AND CIRCUIT DESIGN TO OVERCOME CARBON NANOTUBE VARIATIONS

energy-efficient method of overcoming CNT variations.
Without such strategies, CNT variations can degrade the
potential speed benefits of CNFET circuits by ≥20% at sub10 nm nodes, even for circuits with upsized CNFETs to
achieve ≥99.9% yield (Section II). By leveraging CNT process improvements, together with CNFET circuit design, the
overall speed degradation can be limited to ≤5% with ≤5%
energy cost while simultaneously meeting circuit-level noise
margin and yield constraints [52].
However, co-optimization of CNT technology options and
CNFET circuit design parameters using trial-and-error-based
search can be prohibitively time-consuming. In this paper, we
demonstrate a systematic and VLSI-scalable methodology that
selects effective combinations of CNT processing options and
CNFET circuit design techniques to overcome CNT variations.
Our key contributions are as follows.
1) Techniques to quickly evaluate the impact of CNT variations on circuit yield, susceptibility to noise, delay,
and energy. They run >100× faster than previous
approaches.
2) A systematic methodology to explore the large space
of CNT processing options together with CNFET circuit design parameters (e.g., CNFET sizing and standard
cell layouts leveraging CNT correlation, see Section II),
to rapidly identify designs that reduce the impact
of CNT variations on circuit yield, susceptibility to
noise, and delay variations with ≤5% energy cost. This
is in sharp contrast to previous trial-and-error-based
approaches.
3) Derivation of guidelines for CNT processing and
CNFET circuit design parameters at highly scaled technology nodes to overcome CNT variations. We provide
guidelines to limit the overall circuit speed degradation to ≤5% with ≤5% energy cost while maintaining
≥99.999% functional circuit yield and ≤0.001% probability of failing to meet circuit-level noise margin
requirements (Section IV).
In Section II, we present an overview of CNT variations
and their impact on CNFET circuits. Section III describes
a methodology to optimize circuit performance in the presence
of CNT variations, leveraging a SPICE-compatible CNFET
device model to build efficient variation-aware models for the
delay, energy, and noise margin of CNFET circuits. Using this
methodology, we provide CNT processing and CNFET circuit
design guidelines for overcoming CNT variations at the 14,
10, 7, and 5 nm technology nodes (Section IV).
An earlier version of this paper was published in [16]. Here,
we present the following additional contributions.
1) Design and analysis of CNFET digital VLSI circuits
scaled to the 5 nm node, enabled by a recently developed
SPICE-compatible CNFET device model for accurate
analysis of sub-10 nm gate length CNFETs [23].
2) A computationally efficient technique to numerically
calculate the probability that CNFET circuits fail to
meet circuit-level noise margin requirements. This technique can accurately compute such probabilities less
than 0.001% (as is desirable for VLSI-scale circuits,
details in Section II-C).
In this paper, we make references to [17], which contains additional figures and analysis details. It is available for
download at http://www.arxiv.org.
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TABLE I
CNT P ROCESSING PARAMETERS FOR CNT C OUNT VARIATIONS . CNT
D ENSITY = 250 CNTs/μM FOR ALL A NALYSIS [53]

Fig. 2. CNFET ION variations due to CNT variations (x-axis) for a minimumwidth CNFET (VDD = 0.50 V, width = half-contacted gate pitch; see
[17, Table VI]). IDC = 0.50 [49] for CNT density variations, pm = 33% [37]
and pRs = 4% [40] for m-CNT-induced variations. Diameter is normally distributed with μd = 1.3 nm and σd = 0.1 nm [31]. Alignment and doping
distribution details in [54]. To analyze ION variations attributed to individual
sources of CNT variations, all other sources of CNT variations are removed.
Additional parameters in [17, Table VI].

II. CNT VARIATIONS
In addition to process variations that exist for silicon-CMOS
FETs (e.g., variations in channel length, oxide thickness,
and threshold voltage [26]), CNFETs are also subject to
CNT-specific variations, including variations in CNT type
(semiconducting: s-CNT or metallic: m-CNT) [32], CNT
density [49], diameter [34], alignment [30], and doping [9]
(details in [17, Sec. VI]). While the on-current (ION ) of
a CNFET with only a single CNT as its channel is highly sensitive to CNT diameter variations [34], CNFETs in practical
VLSI circuits consist of multiple CNTs to provide sufficient
ION . Thus, the impact of diameter variations is reduced due to
statistical averaging (Fig. 2) [35]. Rather, ION variations are
dominated by variations in the CNT count: the number of sCNTs in a CNFET (after m-CNT removal, e.g., using VMR)1
[52]. CNT count variations stem from two sources.
1) CNT Density Variations: Precise positioning of CNTs
is difficult to control; resulting CNT-CNT spacing variations lead to a variable number of CNTs in each
CNFET [49].
2) m-CNT-Induced Variations: Each CNFET contains
a variable number of both s-CNTs and m-CNTs, resulting in CNT count variations even assuming a perfectly
selective m-CNT removal technique (i.e., pRm = 100%,
pRs = 0%: Table I). In addition, m-CNT removal
techniques may inadvertently remove a small fraction of s-CNTs, further contributing to CNT count
variations [54].
CNT count variations are parameterized by the parameters:
Index of Dispersion for CNT count (IDC), pm , pRs , and pRm
(i.e., the processing parameters) defined in Table I. We analyze the impact of CNT count variations on CNFET circuit
1 Another technique for post-growth m-CNT removal is known as CNT sorting, in which s-CNTs are separated from m-CNTs in a solution [1]. However,
CNT sorting techniques have not yet achieved the selectivity required for
VLSI-scale digital circuits [50].
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modules synthesized from the processor core of OpenSPARC
T2, a large multicore chip that closely resembles the commercial Oracle/SUN Niagara 2 system [27]. These OpenSPARC
modules consist of ∼4 K to >100 K logic gates (Table III)
and expose several effects in VLSI-scale circuits (e.g., wire
parasitics) that are not visible in small circuit benchmarks.
We consider the effects of CNT count variations on the
following circuit-level metrics.
1) Functional Yield: Due to CNT count variations, there is
nonzero probability that a CNFET contains no s-CNTs
in its channel, leading to functional failure of the CNFET
(i.e., CNT count failure) [51]. The count-limited yield
of a CNFET circuit is the probability that no CNFET
experiences CNT count failure [51] (Section II-A).
2) Delay Penalty: The increase in the 95-percentile-delay
(T 95 : the minimum clock period that the circuit has
a 95% probability of meeting) relative to the nominal delay (the critical path delay when there are no
variations). Details in Section II-B.
3) Static Noise Margin (SNM): A measure of the noise
susceptibility of a pair of connected logic gates
(Section II-C).
4) Probability of Noise Margin Violation (PNMV): The
probability that any pair of connected logic gates in
a circuit fails to meet SNM R , a required SNM level
(Section II-C).

Fig. 4. Energy cost of minimum-width upsizing with aligned-active layouts
to achieve ≥99.9% count-limited yield: OpenSPARC modules, IDC = 0.50,
pm = 10%, pRs = 4%, pRm = 99.99% (count-limited yield improves to
≥99.999% with the processing guidelines in Section IV). Improving delay
penalty and PNMV can require additional energy costs.

A. Impact on Circuit Functional Yield
For VLSI CNFET circuits with minimum-width CNFETs,
the count-limited yield can be very low (near zero) [51]. An
effective method to significantly improve the count-limited
yield (≥99.999%) is to perform minimum-width upsizing:
upsize all CNFETs that have width (W) less than a specified
minimum width (WMIN ) to have W = WMIN [51]. Although
minimum-width upsizing effectively improves count-limited
yield, it can incur large energy costs if the CNT count failures
of all CNFETs are independent [51]. Rather, for CNFET circuits with highly aligned CNTs, the count-limited yield (and
the energy cost of minimum-width upsizing, details below) can
be significantly improved by leveraging the unique property
of CNT correlation: since CNTs are 1-D nanostructures with
lengths typically much longer than the CNFET contacted gatepitch [20], [31], the CNT counts of CNFETs can be uncorrelated or highly correlated depending on the relative physical
placement of the CNFET active regions (active region: area of
channel which has CNTs) [51]. Special aligned-active layouts can engineer these correlations by aligning the active
regions in a library to maximize correlation [17, Fig. 15].
Aligned-active layouts incur minimal area increase (only 4 of
134 cells from the Nangate 45 nm Open Cell Library [25]
incur area penalties <14%), and the locations of I/O pins
are mostly retained, resulting in negligible impact on intercell
routing [51].
To achieve count-limited yield ≥99% for circuits today
(which can consist of 100M logic gates), the countlimited yield for each OpenSPARC module (∼100K logic
gates) should be ≥99.999%. To reach this target, we use
a combination of minimum-width upsizing, aligned-active
layouts, and CNT process improvements. We first use
minimum-width upsizing with aligned-active layouts to
achieve count-limited yield ≥99.9% (which is lower than

the 99.999% requirement, details below). Then, CNT process
improvements (which are required to meet delay penalty and
noise margin requirements) further improve the count-limited
yield, e.g., to ≥99.999% (details below in steps 1–3). We
define EFUNC as the energy cost (in terms of total energy
per cycle) of minimum-width upsizing to reach a desired
count-limited yield (i.e., functional yield). EFUNC can be
≤2.5% for all the OpenSPARC modules (Fig. 4). It is determined using the design flow in Fig. 3. Steps 1–3 (Fig. 3) are
described below.
1) Synthesis, Place and Route, and Parasitic Extraction:
Targeting the nominal case: no variations. Details in
[17, Sec. VII].
2) Minimum-Width Upsizing for Count-Limited Yield:
Determine WMIN to achieve count-limited yield ≥99.9%
with aligned-active layouts via the methodology in [51],
using experimentally demonstrated values for the processing parameters (Table I, though other values may
be chosen). Then perform minimum-width upsizing (the
associated energy cost is EFUNC ). Note that, this initial
count-limited yield target of ≥99.9% is lower than the
required ≥99.999% count-limited yield. In Section IV,
we show that CNT process improvements (which are
required to meet delay penalty and noise margin requirements) further improve the count-limited yield, e.g.,
to ≥99.999%. If count-limited yield ≥99.999% is not
achieved after meeting delay penalty and noise margin
requirements, we return to this step and increase WMIN
to the width of the next-largest CNFET in our standard
cell library (details in [17, Sec. VII]).
3) Circuit EDP Optimization: We use the EDP metric to
quantify energy efficiency. We perform circuit sizing to
minimize circuit EDP using a selective transistor/logic
gate upsizing algorithm (i.e., selective upsizing) inspired

Fig. 3. Full analysis & design methodology. Steps 1–3 (highlighted) are
described in this section. Additional details in Section III and [17, Sec. VII].
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Fig. 6. SNM illustration. (a) Example gate pair. (b) VTC(dr) and mirrored
VTC(ld) . For each of G(dr) and G(ld) : VOH , VIH , VIL , and VOL are taken
from the points on the VTC where the slope is −1.
Fig. 5. Delay penalty for the OpenSPARC modules (after steps 1–3 in Fig. 3).
IDC = 0.50, pm = 10%, pRs = 4%, pRm = 99.99%. (a) Delay penalty across
technology nodes. (b) Delay penalty improvement due to selective upsizing
with E ≤ 5%. For both (a) and (b): count-limited yield ≥99.98% in all cases
(it improves to ≥99.999% with the processing guidelines in Section IV).

by [52]: targeting the nominal case, we first sort all
standard cells according to their fan-out (fan-out: the
ratio of the output load capacitance to the minimum
input capacitance on any input), then upsize a parameterized number kSelUpsize ≥ 0 of the standard cells with
the largest fan-out (see algorithm in [17, Sec. VII-C]).
We sweep kSelUpsize to generate an energy-delay tradeoff curve. We record the nominal energy (ENom ) and the
nominal critical path delay (TNom ) for each point on this
curve, and then select the point with the minimum EDP
[EDPNomOpt , defined in (1)]. This point (for the nominal case) is referred to as the EDP-optimized nominal
design point: (ENomOpt , TNomOpt ). All delay penalties are
relative to this point
EDPNomOpt = ENomOpt TNomOpt .

(1)

While (ENomOpt , TNomOpt ) represents an attractive design
in the nominal case (since EDPNomOpt is small versus other
points on the energy-delay tradeoff curve), this design may
have a high delay penalty due to CNT variations (e.g., it can
be ≥20% at sub-10 nm nodes: Section II-B).
B. Impact on Circuit Delay Variations
To derive distributions of CNFET circuit delays resulting
from CNT count variations, we leverage the methodology
described in [52]. This is a Monte Carlo statistical static timing analysis (MC SSTA) approach with two key changes:
1) a variation-aware timing model for CNFET logic gates
(built using a CNFET device model [45]) and 2) highly efficient CNT count sampling, based on the unique asymmetric
CNT correlation property (Section II-A). This allows us to
compute the delay penalty for each OpenSPARC module (after
steps 1–3 in Fig. 3) as follows: sample the delay distribution
via MC SSTA (using 2000 trials, excluding any trials that have
CNT count failure), then extract T95 from the delay distribution
to calculate the delay penalty [Fig. 5(a)]. Fig. 5(a) illustrates
that the delay penalty for the OpenSPARC modules can be
≥20% for EDP-optimized designs with aligned-active layouts
at highly scaled technology nodes.
To overcome CNT variations, we target delay penalty
≤5% with total energy per cycle cost E ≤ 5% [relative
to ENomOpt (1)] to maintain ≥90% of the projected EDP
benefits of CNFET circuits, even in the presence of CNT
variations. To improve delay penalties we leverage the
selective upsizing approach described in Section II-A [52].
Fig. 5(b) shows that selective upsizing can reduce delay

penalties by 1.5× (e.g., from 17% to 11% for the “gkt”
OpenSPARC module); in Fig. 5(b), additional selective upsizing was performed after steps 1–3 in Fig. 3 by increasing
kSelUpsize to minimize the delay penalty subject to E ≤ 5%.
C. Impact on Circuit PNMV
A common metric to quantify the noise susceptibility of
a pair of connected logic gates [i.e., a gate pair: (G(dr) , G(ld) ),
where G(dr) and G(ld) are the driving and loading logic gates,
respectively] is the SNM, which can be quantified as follows [using the gate pair shown in Fig. 6(a) as an example].
Let G(dr) have voltage transfer curve VTC(dr) (voltage transfer curve: VOUT versus VIN in the static case) and let G(ld)
(dr)
(dr)
have voltage transfer curve VTC(ld) . Also, let (VIL , VOH )
(dr)
(dr)
and (VIH , VOL ) be the points on VTC(dr) where the slope
of VOUT versus VIN is −1 [as shown in Fig. 6(b)]. Similarly
(ld)
(ld)
(ld)
(ld)
define (VIL , VOH ) and (VIH , VOL ) for VTC(ld) [mirrored
in Fig. 6(b)]. Then for the gate pair (G(dr) , G(ld) ), the high
SNM (SNMH), the low SNM (SNML), and the SNM are
defined in (2)–(4), respectively [48]


(dr)
(ld)
(2)
SNMH G(dr) , G(ld) = VOH − VIH


(ld)
(dr)
SNML G(dr) , G(ld) = VIL − VOL
(3)




(dr)
(ld)
(ld)
(dr)
SNM G(dr) , G(ld) = min VOH
. (4)
− VIH
, VIL
− VOL
SNM(G(dr) , G(ld) ) is sensitive to ION variations [48], and
so it is sensitive to CNT count variations. To quantify the
impact of SNM variations on circuit noise susceptibility, we
use the PNMV metric, which is the probability that any gate
pair in a circuit fails to meet a required SNM level: SNM R .
SNM R is a design constraint chosen by the designer and
PNMV is directly related to SNM R . As SNM R increases (tighter
SNM requirement) then PNMV increases (lower probability of
meeting the SNM requirement). Typical values of SNM R are
relative to the supply voltage, VDD (e.g., SNM R = VDD /5 [48]).
PNMV is defined in (5), where C is the set of all gate pairs
PNMV = 1 − P

⎧
⎨



⎩ (dr) (ld)
(G ,G )∈C





SNM G(dr) , G(ld)

⎫
⎬
≥ SNM R . (5)
⎭

To solve for PNMV due to CNT count variations, we
leverage a variation-aware SNM model that can compute
SNMH(G(dr) , G(ld) ) and SNML(G(dr) , G(ld) ) for every gate pair
in a circuit, given the CNT counts of each CNFET contained
in G(dr) and G(ld) (details in Section III-B1). In Section III-B2,
we describe how to combine this variation-aware SNM model
and the distributions of CNT count for all CNFETs in the
circuit to efficiently calculate PNMV.
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Fig. 7. PNMV for the OpenSPARC modules (after steps 1–3 in Fig. 3).
IDC = 0.50, pm = 10%, pRs = 4%, pRm = 99.99%. (a) PNMV versus
node (SNMR = VDD /4). (b) PNMV versus SNMR (5 nm node). (c) PNMV
versus E for additional minimum-width upsizing (in addition to minimumwidth upsizing for count-limited yield, Fig. 3): “dec” OpenSPARC module.
For (a), (b) and (c): count-limited yield ≥99.98% in all cases (it improves to
≥99.999% with the processing guidelines in Section IV).

Fig. 7(a) and (b) quantify PNMV for the OpenSPARC modules (after steps 1–3 in Fig. 3), which can be nearly 100% at
the 5 nm node. To achieve PNMV ≤ 1% for circuits today
(with ∼100M logic gates), each OpenSPARC module (∼100K
logic gates) should have PNMV ≤ 0.001%.
Since minimum-width CNFETs are highly sensitive to CNT
count variations [52], gate pairs that contain minimum width
CNFETs are highly likely to cause SNM violations. Thus,
PNMV is highly sensitive to minimum-width CNFETs, so further minimum-width upsizing (in addition to minimum-width
upsizing for count-limited yield) improves PNMV (via statistical averaging) at the cost of energy [Fig. 7(c)]. However,
additional minimum-width upsizing may be undesirable as it
can require E > 5%, can increase circuit delay, and is not
guaranteed to meet PNMV constraints [17, Sec. IX-A].
D. Overcoming CNT Variations
As shown above, CNFET upsizing techniques alone can be
insufficient to meet design goals (e.g., delay penalty ≤5% and
PNMV ≤ 0.001% with E ≤ 5%) [54]. Rather, a combination
of CNT processing and CNFET circuit design is required [54],
but two key questions must be answered: 1) which processing
parameters to improve? 2) By how much?
Without a systematic methodology to evaluate the circuitlevel impact of CNT variations, one might blindly pursue
difficult CNT processing paths with diminishing returns,
while overlooking other processing parameters that enable
larger performance gains. For example, much research has
focused solely on improving pm [1]. However, reducing pm
past 1% suffers from diminishing returns and can be insufficient to meet design goals [16], [54] (e.g., in Fig. 16
in [17, Sec. VII]: pm = 0.1% does not achieve delay
penalty ≤5%).
Previously, co-optimization of processing and design has
been performed via a trial-and-error-based approach [52].
However, this can be prohibitively time-consuming, potentially
requiring months of simulation time (details in Section IV).
In Section III, we present a methodology that efficiently selects
effective combinations of CNT processing options and CNFET
circuit design techniques to overcome CNT variations.

Fig. 8. (a) Subset of logic gates in an example circuit module. (b) Illustration
of two rows of standard cells that depicts the relationship between the sampling region CNT counts (e.g., n1 , n2 , . . . , n12 ) and the CNT counts of each
CNFET [53]. For example, the CNT count for CNFET P3,1 in inverter U3 is
n1 + n2 + n3 = 2 + 3 + 3 = 8.

III. R APID C O -O PTIMIZATION OF P ROCESSING & D ESIGN
An existing approach to overcome CNT variations is based
on brute-force trial-and-error [52]: a designer iterates over
many design points (design point: a combination of values for
the CNT processing parameters: IDC, pm , pRs , pRm , and the
CNFET design parameters: e.g., kSelUpsize ), analyzing each one
until a design point that satisfies a target delay penalty and target PNMV with small energy cost is found. Furthermore, this
approach utilizes highly accurate yet computationally expensive models to calculate delay penalties and PNMV. It suffers
from two significant bottlenecks.
1) The time required to calculate delay penalties and PNMV
limits the number of design points that can be explored.
2) The number of required simulations can be exponential
in the number of CNT processing and CNFET design
parameters.
Our methodology overcomes these bottlenecks as follows.
1) We estimate delay penalties >100× faster than the
previous approach and efficiently calculate PNMV
≤ 0.001%, enabling exploration of many more design
points while maintaining sufficient accuracy to make
correct design decisions (details in Section IV).
2) We use a gradient descent search algorithm, based on
delay and PNMV sensitivity information with respect to
the processing parameters, to systematically guide the
exploration of design points (details in Section III-D).
A. Rapid Quantification of Circuit Delay Penalty
To quantify CNFET circuit delay variations, we leverage
the probabilistic framework in [52], which is based on an MC
SSTA approach with two key enhancements.
1) Highly Efficient Sampling Method: It is not trivial to
analytically model the effects of CNT correlation at the
circuit level. We partition the circuit area in sampling
regions, each of which has its own independent CNT
count. The CNT count of each CNFET is then the sum of
the CNT counts of each sampling region that it overlaps
(example shown in Fig. 8) [53].
2) Variation-Aware Timing Model: The drive current and
parasitic capacitances of CNFETs are modeled as
affine functions of the CNT counts in each sampling
region [53].
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TABLE II
VARIABLES IN THE F ULL -C IRCUIT D ELAY M ODEL

N = μR 11T + σR X, where each element of X ∈ Rr×n is
distributed according to a unit Gaussian distribution, allowing (6)-(7) to be written as
CTot = σR ACLoad X + (μR ACLoad 1 + bCLoad )1T
IDrive = σR AIDrive X + (μR AIDrive 1 + bIDrive )1T .

We incorporate two additional enhancements to improve
computation time and for sensitivity analysis of CNFET circuit
delay variations versus each processing parameter.
1) Gaussian Approximation of CNT Count Distributions:
This allows us to factor the variation-aware timing model
into two components, one of which does not depend
on the processing parameter values and can therefore
be precomputed (details below). The CNT count variables are thus elements of the set of real numbers (R)
instead of the set of nonnegative integers (Z+ ) [49].
The accuracy of this approximation is validated in
[17, Sec. VI-B].
2) Linearized Timing Model for Delay Variations: We
leverage the same timing model as in [53] to compute
the maximum path delay of a circuit when no variations are present (nominal delay). Then, we linearize
this nonlinear timing model (around the nominal case),
and use the resulting linearized timing model to analyze
the impact of CNT variations on CNFET circuit delay
variations (details in [17, Sec. VIII]). Similar techniques
are often used to approximate silicon-CMOS-based circuit delays in early design stages [24]. Unlike in [53],
we fix the input slew rate of each logic gate to its nominal value. This allows us to efficiently compute all of
the logic gate delays in a circuit simultaneously. These
approximations have minimal impact on our design
choices (Section IV). We refer to the model in [53] as
the nonlinear timing model, and to the model described
below as the linearized timing model.
To formulate the delay model for the full circuit, let μR
and σR be the mean and standard deviation of the sampling
region CNT count distribution (μR and σR are functions of
the processing parameters shown in Table I). The first step to
estimate the delay penalty of a design point is to sample the
CNT count for each sampling region and for each MC trial.
Each sample is one entry in a matrix N ∈ Rr×n , where r is
the total number of sampling regions and n is the total number
of MC trials. We then compute the total capacitive load and
drive current for each of the m gates (for each trial) via an
affine transformation of the region CNT counts (based on the
model in [53]). We express this transformation in matrix form,
where CTot , IDrive ∈ Rm×n
CTot = ACLoad N + bCLoad 1T
IDrive = AIDrive N + bIDrive 1T .
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(6)
(7)

Our delay models are fully specified by ACLoad , AIDrive ∈
Rm×r and column vectors bCLoad , bIDrive ∈ Rm , which contain
the coefficients of the affine transformations from the sampling region CNT counts to the CNFET drive currents and
parasitic capacitances [53]. Next, we factor out μR and σR ,
a crucial step in achieving computational efficiency. We rewrite

(8)
(9)

Note that, 1 is a column vector with every element equal
to 1, and multiplication of a matrix by a scalar (e.g., μR or
σR ) indicates that each element in the matrix is multiplied
by that scalar. Any product that does not contain μR or σR is
independent of the processing parameters, and can therefore be
precomputed. The dominant computational tasks are the matrix
multiplications AX {which are O(mn) since A is sparse [12]}.
Precomputing such terms (and factoring in the multiplication
of CTot and VDD ), yields equivalent expressions for total charge
and drive currents that require scalar operations (see Table II
for variable definitions)

(10)
QTot = σR QMC + μR qExp + qFix 1T

T
IDrive = σR IMC + μR iExp + iFix 1 .
(11)
Precomputing QMC , qExp , qFix , IMC , iExp , and iFix (Table II)
subsequently allows each logic gate delay to be efficiently
computed with only two multiplications, one division, and
three additions per trial [only counting operations in (12) that
must be computed for each trial]. This includes the addition
of dFix ∈ Rm , a vector of fixed delays (e.g., input delays from
external circuits). The matrix division in (12) is element-wise

σR QMC + μR qExp + qFix 1T

+ dFix 1T .
(12)
D=
σR IMC + μR iExp + iFix 1T
We then perform static timing analysis (STA) for each MC
trial (and for the nominal case), and use the results to estimate
T95 and the delay penalty. The total circuit energy is computed
using a model of the form E = (1/2)CV 2 [48]

ETot = (1/2)VDD 1T (1/n)σR QMC 1 + μR qExp + qFix . (13)
B. Rapid Quantification of Circuit PNMV
Our method of analyzing circuit PNMV consists of two key
components, each of which is described in this section.
1) A variation-aware SNM model, which computes VOH ,
VIH , VIL , and VOL (these terms are defined in
Section II-C) as functions of the CNT counts of the
CNFETs within a logic gate. This model can be used to
compute SNM for every gate pair in the circuit.
2) A method to numerically calculate low PNMV values
(e.g., ≤0.001%), given the variation-aware SNM model
and given a network of cascaded logic gates (e.g., a circuit module after steps 1–3 in Fig. 3). This technique
accounts for correlations in CNT count among CNFETs.
1) Variation-Aware Static Noise Margin Model: We refer
to VOH , VIH , VIL , and VOL as the VTC parameters, and we
model them for each stage of cascaded logic. We distinguish
logic stages from standard cells since a standard cell can consist of multiple logic stages (e.g., the standard cell BUF_X1
consists of two cascaded inverters, each of which is one logic
stage). For standard cells with multiple logic stages, we model
the VTC parameters separately for each logic stage (e.g., we
consider the cross-coupled inverters in a D-latch as two separate logic stages). For consistency with the terminology in
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Fig. 9. Variations in the VTC due to CNT count variations (shown for an
inverter at the 5 nm node with VDD = 0.35 V: e.g., inverter U3 in Fig. 8,
(P3,1)
(N3,1)
and nN = nN
). Example VTCs: simulated using
with nP = nP
SPICE by sweeping VIN to obtain VOUT . (Inset) VTC parameters versus CNT
count. Markers represent extracted values of the VTC parameters, lines represent the SNM model (14) for T (INV_X1) with TVOH0 = 0.33, TVOH1 = 0,
TVIH0 = 0.20, TVIH1 = 0.05, TVIL0 = 0.15, TVIL1 = 0.05, TVOL0 = 0.02,
TVOL1 = 0.

Section II-C (and without loss of generality), we assume that
G(dr) and G(ld) in a gate pair each represent a single logic
stage. We also define the state of a logic stage input or output
as its logic value (0 or 1). A logic stage input is sensitized if
the logic stage output depends on the state of that input (given
the logic values of all the other inputs).
For each logic stage input in our standard cell library, we
model the VTC parameters for every case in which that input is
sensitized (considering all possible combinations of the other
inputs). The VTC parameters are functions of the CNT counts
of the p- and n-type CNFETs (there is a CNT count variable
for each CNFET in the circuit) which: 1) are gated by that
input and 2) connect the logic stage output to either VDD or
ground through a series of CNFETs in the “on” state (see
[17, Sec. IX-B] for an example). We define nP as the sum
of the CNT counts of all such p-type CNFETs. We similarly
define nN for the n-type CNFETs. For example, inverter U3
in Fig. 8 consists of a p-type CNFET (labeled “P3,1”) and
an n-type CNFET (“N3,1”). The CNT counts of P3,1 and
(N3,1)
, respectively. Then nP = nP(P3,1)
N3,1 are nP(P3,1) and nN
(N3,1)
and nN = nN
.
For the NAND2 gate U4 in Fig. 8 (as an example of a logic
stage with multiple inputs), we separately model the VTC
parameters for each input: in1 and in2. Since there are two
sets of VTC parameters for the NAND2 gate and only one
output, the worst-case values for the output levels VOH and
VOL (which are modeled as being independent of the CNT
count: details at the end of this section) are selected from the
two sets of VTC parameters (i.e., so that SNM is the lowest,
see [17, Sec. IX-B] for an example).
Fig. 9 illustrates SPICE simulation data showing that the
VTC of a logic stage is sensitive to CNT count variations.
For example, the VTCs in Fig. 9 are representative of inverter
(P3,1)
and nN =
U3 in Fig. 8, with CNFET CNT counts nP = nP
(N3,1)
; variations in nP and nN cause variations in VOH , VIH ,
nN
VIL , and VOL , resulting in SNM variations and larger PNMV.
We model the VTC parameters (VOH , VIH , VIL , and VOL ) as
affine functions of log10 (nP /nN ) (this model is shown for an
inverter in Fig. 9), which achieves a root-mean-square (RMS)
modeling error ≤2.5 mV in all cases (details in [17, Sec.
IX-C]). For each case, this affine function is represented by
a real-valued matrix T ∈ R4×2
⎡
⎤
⎤
⎡
VOH
TVOH0 TVOH1


1 
TVIH1 ⎥
⎢ VIH ⎥
⎢T
. (14)
, T = ⎣ VIH0
⎣ V ⎦ = T log
nP
TVIL0
TVIL1 ⎦
IL
10 nN
VOL
TVOL0 TVOL1

To construct the full variation-aware SNM model (consisting of many instances of T in our standard cell library: one
for each combination of input states that sensitizes each logic
stage input), we perform two steps for each instance of T.
1) Sample the CNT count for each CNFET in the logic
stage 2000 times [53] (using the distribution of CNT
count, given the CNFET widths and the experimentally
demonstrated processing parameter values in Table I),
and use SPICE simulations to obtain VOUT versus VIN .
For each sample, record nP and nN and extract VOH ,
VIH , VIL , and VOL from the VTC in each simulation.
2) Find T via linear regression, given the recorded nP and
nN and the extracted VOH , VIH , VIL , and VOL .
We observed that in all cases, TVOH1 ≈ 0 and
TVOL1 ≈ 0 (14), indicating that the CNT count ratio does not
strongly affect the output levels of a logic stage.2 Thus, to
simplify our model, we set TVOH1 = 0 and TVOL1 = 0, and
maintain RMS modeling error ≤2.5 mV in all cases (details
in [17, Sec. IX-C]). In Fig. 9, the VTC parameters are plotted
versus log10 (nP /nN ).
This variation-aware SNM model is critical for efficiently
computing PNMV due to CNT count variations, as it relates
the VTC parameters to the CNFET CNT counts for each logic
stage (14). However, solving (5) for PNMV (in Section II-C) is
not trivial due to CNT correlation (Section II-A), which causes
correlated SNM among gate pairs. In Fig. 8, for example, gate
pairs (U1, U3) and (U3, U5) have correlated SNM since the
CNFETs in U3 and U5 have correlated CNT counts (they
overlap the same sampling regions).
2) Full-Circuit PNMV Model: Here, we demonstrate how
the variation-aware SNM model is used to efficiently calculate PNMV ≤ 0.001% (which is desirable for VLSI-scale
circuits: Section II-C) without using an MC-based technique
(which would require many trials: e.g., >105 since 0.001% =
1/105 ). There are two key aspects in our framework for
computing PNMV.
1) PNMV Formulation: We formulate PNMV as a function of the sampling region CNT count variables
(which are independent) to account for the effects of
CNT correlation (Section II-A) on SNM.
2) Solving the PNMV Formulation Efficiently: We provide a systematic technique to identify a small subset
of all SNM constraints in the circuit [i.e., in (5) in
Section II-C], referred to as the critical SNM constraints,
which are the only SNM constraints that are required
to compute PNMV. Due to CNT correlation, an SNM
violation in a noncritical SNM constraint implies that
there must also be an SNM violation in a critical SNM
constraint; hence, the noncritical SNM constraint is not
required to compute PNMV. For the OpenSPARC modules, <1% of all SNM constraints can be critical SNM
constraints [17, Table VIII]. Hence, the time to compute
PNMV (proportional to the number of SNM constraints)
can improve by >100×.
The first step to compute PNMV is to convert the SNM
constraints in (5) into constraints on the CNT counts of each
CNFET [using (2), (3), and (5) in Section II-C]. For each gate
2 The effect of the CNT count ratio on the VTC is similar to that of the
“beta ratio” βP /βN (a measure of the relative strength of the pull-up and
pull-down networks) in silicon-CMOS-based circuits, which does not have
a strong effect on the output levels VOH and VOL [48].
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pair (G(dr) , G(ld) ) [e.g., (U3, U4) in Fig. 8], each SNMH constraint has the form in (15) and each SNML constraint has
the form in (16) (there can be multiple SNMH and SNML
constraints for a single gate pair, details below)


(dr)
(ld)
(15)
SNMH G(dr) , G(ld) : VOH − VIH ≥ SNM R


(ld)
(dr)
SNML G(dr) , G(ld) : VIL − VOL ≥ SNM R .
(16)
We then substitute the variation-aware SNM model (14) into
these constraints, using T(dr) and T(ld) to represent the SNM
model for G(dr) and G(ld) , respectively [e.g., T (dr) = T (INV_X1)
and T (ld) = T (NAND2_X1-in1) for (U3, U4) in Fig. 8]
(dr)

(ld)

(ld)

TVOH0 − TVIH0 − TVIH1 log10 (nP /nN ) ≥ SNM R
(ld)
TVIL0

(ld)
(dr)
+ TVIL1 log10 (nP /nN ) − TVOL0

≥ SNM R .

(17)
(18)

These constraints are equivalently expressed in matrix form

   
1
H̃1,2 nP
0

(19)
0
nN
1
H̃2,1
 (ld)
(dr)
(ld)
H̃1,2 = −10((TVOH0 −TVIH0 −SNM R ) TVIH1 )
(20)
 (ld)
(ld)
(dr)
((TVIL0 −TVOL0 −SNM R ) TVIL1 )
.
(21)
H̃2,1 = −10
Note that, the vector inequality in (19) is element-wise (as
are all vector inequalities in this section). To account for all
SNM constraints in the circuit, let c be the total number of
SNM constraints, and let t be the total number of CNFETs
(each with its own CNFET CNT count variable, e.g., nP(P3,1)
for CNFET P3,1 in Fig. 8). For every gate pair (G(dr) , G(ld) ),
there is an SNMH constraint and an SNML constraint for each
combination of input states that sensitizes the input to G(ld)
that is driven by G(dr) . For example, if G(dr) drives an input
of G(ld) that can be sensitized by three combinations of input
states [e.g., input “A” of an “and-or-invert” logic stage with
Boolean function: out = (A + (B∗ C)) ], then there are three
SNMH and three SNML constraints for that gate pair (which
may constrain different CNT count variables).
The total number of SNM constraints in the circuit is c,
and each one imposes a constraint on the CNFET CNT count
(P3,1)
(N3,1)
(P4,1)
, nN
, nP
, etc., in Fig. 8). We
variables (e.g., nP
can represent these c constraints with a single matrix inequality, by first defining a column vector s ∈ Rt that contains
the CNT count variables for all the CNFETs in the circuit
(e.g., if the entire circuit consisted of the ten CNFETs shown
(P3,1)
(N3,1)
(P4,1)
(N4,1)
(P4,2)
; nN
; nP
; nN
; nP
;
in Fig. 8, then s = [nP
(N4,2)
(P5,1)
(N5,1)
(P6,1)
(N6,1)
nN
; nP
; nN
; nP
; nN
]). Then by using all
instances of T in the SNM model (14), we formulate each
SNM constraint as a constraint on the vector s, using the same
procedure as above to convert (15)-(16) into constraints on the
CNT counts in (19) (example in [17, Sec. IX-D]). We express
these constraints using a matrix H ∈ Rc×t , such that satisfying (22) is equivalent to satisfying all SNM constraints in the
circuit. [17, Table IX] summarizes all variables in this section.
Hs  0.
(22)
Note that, 0 is a column vector with element entry equal
to 0. See [17, Sec. IX-D] for the formulation of (22) for the
example circuit shown in Fig. 8. Since all SNM constraints
in the circuit are represented in (22) (each of c rows in H
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represents a single SNM constraint), PNMV (5) is the probability that (22) is violated (i.e., PNMV = 1 − P{Hs  0}).
However, solving for PNMV using (22) is not trivial since the
CNT count variables (i.e., the elements of s) can be highly
correlated due to CNT correlation (Section II-A). For example, in Fig. 8, the active regions of CNFETs P3,1 and P5,1
(P3,1)
(P5,1)
and nP
) are corare aligned, so their CNT counts (nP
(P3,1)
related. Thus, the SNM constraints on nP
and the SNM
(P5,1)
are dependent.
constraints on nP
We can reformulate PNMV to efficiently account for CNT
correlation by transforming the constraints in (22) (that
constrain the CNFET CNT count variables, which are dependent) into constraints on the sampling region CNT count
variables (which are independent). To do so, we first define
a column vector n ∈ Rr that contains the CNT count variables
for all the sampling regions (e.g., in Fig. 8, n = [n1 ; n2 ; n3 ;
n4 ; n5 ; n6 ; n7 ; n8 ; n9 ; n10 ; n11 ; n12 ; . . . ]). To formulate (22) in
terms of vector n instead of vector s (s: the CNFET CNT count
variables), the relationship between n and s is required. We
express this relationship as a linear transformation represented
by a matrix B ∈ {0, 1}t×r (details below) such that
s = Bn.
(23)
There is one row in B for each CNFET in the circuit, and
one column for each sampling region. To determine B: if
CNFET i (of t total CNFETs) overlaps sampling region j (of r
total sampling regions), then the value of B in row i, column j
is 1 (i.e., Bi,j = 1); otherwise, Bi,j = 0 (as an example, B for
the circuit in Fig. 8 is shown in [17, Sec. IX-D]). Then by substituting (23) into (22), the SNM constraints can be expressed
in terms of the region CNT count variables (instead of the
CNFET CNT count variables), using a matrix K ∈ Rc×r
K = HB
Kn  0.

(24)
(25)

All SNM constraints in the circuit are represented in (25)
[just as in (22)], so (25) can also be used to determine PNMV
(i.e., PNMV = 1 − P{Kn  0}). The advantage of using (25)
instead of (22) is that all the variables in n (the vector of
sampling region CNT counts) are independent (unlike the correlated variables in s: the vector of CNFET CNT counts). For
example, (25) can be used to estimate PNMV via an MC-based
approach: for each trial, sample all elements of n (from the
distribution of sampling region CNT count) and evaluate Kn.
Then estimate PNMV as the fraction of trials that violate (25).
However, evaluating every SNM constraint in (25) is unnecessary since many of them are noncritical SNM constraints (as
described above, any SNM constraint that cannot be uniquely
violated without simultaneously violating another SNM constraint is not required to compute PNMV). See [17, Sec. IX-E]
for a detailed description, including examples, of how to
systematically identify and eliminate all noncritical SNM
constraints.
Eliminating these noncritical SNM constraints is crucial
to improve computational efficiency, as they can account for
≥99% of all SNM constraints in the circuit (e.g., for the
OpenSPARC modules [17, Table VIII]). Since each row of
K (25) represents an SNM constraint, we can remove the rows
in K that correspond to noncritical SNM constraints to form
K̃ ∈ Rp×r , where p is the number of critical SNM constraints
K̃n  0.
(26)
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To further improve computational efficiency, we then factor out μR and σR from the sampling region CNT count
variables n in (26) (just as we did for the full-circuit delay
model in Section III-A), allowing us to quickly recompute
PNMV after updating the processing parameter values (details
in Section III-D). We rewrite n = μR 1 + σR x, where each
entry of x ∈ Rr is distributed according to a unit Gaussian
distribution; then (26) becomes
K̃x  (μR /σR )b
b = −K̃1.

(27)
(28)

In (27), b is a p-dimensional vector of constants and
the matrix-vector product K̃x is a p-dimensional vector of
Gaussian random variables with covariance matrix C ∈ Rp×p
C = K̃ K̃ T .

(29)

That is, K̃x is distributed according to a multivariate normal (MVN) distribution with covariance matrix C; thus,
PNMV = 1 − P{K̃x  (μR /σR )b} can be solved numerically using existing software packages for computing MVN
probabilities (see [14]). In particular, consider the cumulative
distribution function (CDF) of the MVN-distributed matrixvector product K̃x (i.e., the MVNCDF); the probability that all
SNM constraints are satisfied (i.e., 1 − PNMV) is equal to the
value of the MVNCDF at the p-dimensional point (μR /σR )b


(30)
PNMV = 1 − P K̃x  (μR /σR )b
PNMV = 1 − MVNCDF(C, (μR /σR )b).
(31)
In [17, Sec. IX-F], we describe how to efficiently solve (31)
by leveraging the property that many terms in the covariance matrix, C, are 0; e.g., for the OpenSPARC modules,
PNMV can be computed in less than 10 seconds using a single 2.93 GHz processor core. In [17, Fig. 21], we validate
the accuracy of (31) against MC simulations. For the MC
approach, we first sample the vector of sampling region CNT
counts [n in (25)] for each trial. Then we estimate PNMV as
the fraction of samples that violate (25).
C. Circuit Performance Sensitivity to Processing Parameters
Our goal is to achieve small delay penalties and PNMV
with small E. We quantify the tradeoff between total circuit
energy [ETot in (13)] and delay penalty using EDP95 : defined
in (32). We also define the energy-PNMV-product (ENP)
metric to quantify the tradeoff between ETot and PNMV
EDP95 = ETot T95
ENP = ETot PNMV.

(32)
(33)

While rapid computation of circuit delay penalty and
PNMV overcomes the computation time bottleneck of analyzing a single design point, we still require a method for
intelligently exploring the large space of CNT processing
options. In general, a common measure of the sensitivity
of an objective function (e.g., EDP95 or ENP) with respect
to each of its input variables (e.g., the processing parameters) is its gradient. The EDP95 and ENP gradients are
defined in (34)–(36) and are used to guide the exploration
of processing options to improve delay penalties and PNMV
(Section III-D). Fig. 10 illustrates a flowchart of the steps used
to compute (32)–(36). The gradients (34)–(36) are computed as

Fig. 10. SDPA to calculate the delay penalty, EDP95 , ∇EDP95 , ENP, and
∇ENP of a single design point.

described [17, Sec. X-A].


∂ETot ∂ETot ∂ETot
;
;
∇ETot =
∂IDC ∂pm ∂pRs


∂T95 ∂T95 ∂T95
∇T95 =
;
;
∂IDC ∂pm ∂pRs


∂PNMV ∂PNMV ∂PNMV
;
∇PNMV =
;
∂IDC
∂pm
∂pRs
∇EDP95 = ∇ETot T95 + ETot ∇T95
∇ENP = ∇ETot PNMV + ETot ∇PNMV.

(34)

(35)
(36)

D. Guided Exploration to Overcome CNT Variations
To overcome the bottleneck of trial-and-error-based search
(i.e., iterating over many combinations of values for the
processing parameters and design parameters defined in
Section II: IDC, pm , pRs , pRm , kSelUpsize ), we use a gradient
descent-based strategy to systematically guide the improvement of EDP95 and ENP in the presence of CNT variations
(while gradient descent strategies can converge to local rather
than global optima, in [17, Sec. X-C] we discuss techniques
to reduce the impact of local optima during gradient descent
in our methodology).
For any design point, we can use single design point
analysis (SDPA: Fig. 10) to determine the sensitivity of
each circuit performance metric (e.g., EDP95 or ENP) to
each processing parameter by computing its gradient (e.g.,
∇EDP95 or ∇ENP). These gradients can then be used to
identify which processing parameters should be improved
(and by how much) to efficiently improve the circuit performance metrics. For example, consider EDP95 : ∂EDP95 /∂IDC,
∂EDP95 /∂pm , and ∂EDP95 /∂pRs indicate how sensitive EDP95
is to improvements in IDC, pm , and pRs . Thus, to effectively
improve EDP95 , we can update each processing parameter by an amount proportional to its corresponding value in
∇EDP95 (e.g., IDC corresponds to ∂EDP95 /∂IDC). We refer
to each such update as a gradient descent step (details in
[17, Sec. X-B]).
Before describing the full gradient descent methodology,
we define the initial design point as the design point after
EDP optimization in the nominal case (i.e., after steps 1–3 in
Fig. 3). Also, we define the initial processing parameter values
as the processing parameter values of the initial design point
(e.g., IDC = 0.50, pm = 10%, pRs = 4%, pRm = 99.99%:
Table I). Starting from the initial design point, we first perform
selective upsizing (as described in Section II-A), incrementally
increasing kSelUpsize (the number of standard cells to upsize)
to generate a set of design points referred to as the initial
energy-delay tradeoff curve (the values of kSelUpsize are chosen
so that each increase in kSelUpsize increases E by ∼1%–2%
to identify multiple design points with E ≤ 5%).
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Fig. 12. Gradient descent methodology (Fig. 11) to achieve delay penalty
≤5%, PNMV ≤ 0.001% (for SNMR = VDD /6), E ≤ 5% (5 nm “pku”
OpenSPARC module). Gradient descent paths descend from the initial energydelay tradeoff curve (IDC = 0.50, pm = 10%, pRs = 4%, pRm = 99.99%).
The point (delay penalty, E) = (0%, 0%) represents the EDP-optimized
nominal design point (Section II-A, Fig. 3). E < 0 for point A since ETot
depends on the number of s-CNTs after m-CNT removal (i.e., the CNT count
variables), as shown in (13) in Section III-A; due to CNT count variations
(e.g., resulting from pm > 0%, pRs > 0%), the total number of s-CNTs in all
CNFETs can be reduced versus the nominal case (no variations).

Fig. 11. Gradient descent-based methodology to meet delay penalty, PNMV,
and E requirements. SDPA details in Fig. 10.

The full methodology, illustrated in Fig. 11, combines selective upsizing and gradient descent to overcome the impact
of CNT count variations on delay penalty and PNMV. After
generating the initial energy-delay tradeoff curve via selective upsizing, our goal is to identify multiple design points
that meet both a delay penalty constraint (e.g., delay penalty
≤5%) and a PNMV constraint (e.g., PNMV ≤ 0.001%) with
minimal energy cost (e.g., E ≤ 5%). Such design points
that simultaneously satisfy all these design goals are referred
to as acceptable design points. Consequently, this is a feasibility problem in which we search for design points that
meet two constraints, and we solve it using a variation of
an alternating projections (AP) algorithm [3]. A typical AP
algorithm iteratively projects a point onto multiple constraints
until all are satisfied. In our methodology, we use gradient
descent instead of projection; the full methodology (Fig. 11) is
described below (example in Fig. 12).
1) Analyze the Initial Design Point: Perform SDPA
(Fig. 10) on the initial design point [with initial processing parameter values and kSelUpsize set to minimize
EDPNomOpt (1): i.e., after steps 1–3 in Fig. 3].
2) Gradient Descent: Alternate between: 1) performing
gradient descent steps using ∇EDP95 until the delay
penalty constraint is satisfied and 2) performing gradient
descent steps using ∇ENP until the PNMV constraint is
satisfied. This procedure continues until either: a) both
constraints are satisfied simultaneously (i.e., an acceptable design point is found) or b) E is too large or
the processing parameters are too constrained (e.g., a
design point with E > 5% is reached, or the required
processing parameter values may be difficult to achieve
experimentally: both are design choices).
3) Selective Upsizing: Reinitialize the processing parameters to their initial values (thus returning to the initial

energy-delay tradeoff curve) and then perform selective
upsizing (by increasing kSelUpsize ) to move to the next
point on the initial energy-delay tradeoff curve. If E
from selective upsizing is too large (e.g., E > 5%),
then proceed to step 4 (below). Otherwise, loop back
to step 2 (gradient descent) to search for an additional
acceptable design point.
4) Design Point Selection and Validation: Select a single
design point from all acceptable design points identified
using gradient descent. For example, the designer can
select the acceptable design point with the minimum
EDP95 or with the most relaxed processing requirements (a design choice). Finally, highly accurate models
(e.g., the nonlinear timing model) can be used to validate
the selected design point (if all constraints are not satisfied during validation, then perform additional gradient
descent steps until they are satisfied).
Fig. 12 illustrates an example of the gradient descent-based
methodology (Fig. 11) to meet delay penalty ≤5% and PNMV
≤ 0.001% with E ≤ 5%. Starting from point A (the initial
design point), we perform selective upsizing to generate the
initial energy-delay tradeoff curve (as described earlier in this
section) represented by points A–F. Then, using the methodology in Fig. 11, we perform gradient descent (starting from
the initial design point: point A) until delay penalty ≤5% and
PNMV ≤ 0.001% (at point G: an acceptable design point).
Next, the processing parameters are reinitialized and then
selective upsizing brings us to point B on the initial energydelay tradeoff curve. Again, gradient descent is performed to
identify another acceptable design point (point H). This process repeats until we reach point F on the initial energy-delay
tradeoff curve, which has E > 5%, concluding the search
for acceptable design points.
In Fig. 12, gradient descent has identified multiple
acceptable design points with varying E and processing requirements. Furthermore, alternative sets of acceptable
design points can be identified by adjusting the gradient
descent step procedure: e.g., if IDC is difficult to improve
(i.e., it is difficult to control CNT density variations experimentally), then the gradient descent step can be weighted toward
larger updates in pm or pRs , or can be forced never to update
IDC past a predetermined hard-limit. These constraints can be
provided as inputs, and are features of this flexible framework.
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TABLE III
EDP95 S UB -O PTIMALITY AND C OMPUTATION T IME (M EASURED ON
A S INGLE 2.93 GH Z P ROCESSOR W ITH N O PARALLELIZATION ).
L OGIC G ATE C OUNT I S TAKEN F ROM THE S YNTHESIZED
N ETLIST AT THE 5 NM N ODE (W ITH VDD = 0.50 V)

Fig. 13. Delay penalty vs. E (5 nm “gkt” OpenSPARC module). Large
markers: values computed using the nonlinear model; small markers: linearized model. Processing parameter values are in [17, Table VII] (tests 1 & 8).
Both models identify that the same design point has the minimum EDP95 ,
thus EDP95,sub-opt = 0%. If the models had selected different design points
[e.g., if the linearized model had selected the labeled point at (2.3%, 8.2%)
with EDP95,sub-opt = 2.5%] then EDP95,sub-opt ≥ 0%. The point (delay
penalty, E) = (0%, 0%) represents the EDP-optimized nominal design point
(Section II-A, Fig. 3). Design points with E < 0 are for designs with smaller
CNFET widths.

IV. R ESULTS
We present two sets of results to demonstrate that we have
overcome the bottlenecks of brute-force trial-and-error-based
approaches. The first set of results (Section IV-A) demonstrates
that we can analyze a set of design points >100× faster than
before, while maintaining sufficient accuracy to make correct design decisions. The second set of results (Section IV-B)
demonstrates the ability of this gradient descent algorithm to
identify multiple processing options to meet design goals (e.g.,
delay penalty ≤5% and PNMV ≤ 0.001% with E ≤ 5%) without exhaustive search. Using the results from gradient descent,
we provide practical processing guidelines for each node and
for multiple values of VDD such that: even in the presence of
CNT variations, CNFET circuits can maintain ≥90% of the
projected EDP benefits of nominal CNFET circuits.
A. Linearized Timing Model Validation
Here, we validate the speed and accuracy of the linearized
timing model to analyze circuit delay variations. We first
choose a set of design points that would typically be chosen
by a designer seeking to optimize EDP95 using a brute-forcesearch-based approach: we use the design points in [52] as
a reference. We analyze 112 design points including all combinations of: eight unique sets of processing parameter values
(the same as in [52]: see [17, Table VII]), and 14 different kSelUpsize values (each increase in kSelUpsize increases E
by ∼1%–5%, e.g., in Fig. 13; higher resolution requires more
computation time).
After choosing the set of design points, we use the nonlinear timing model to compute EDP95 of every design point and
then select the design point with the best (minimum) EDP95 .
We also record the total required computation time. We then
perform the same procedure using the linearized timing model.
We evaluate: 1) the total computation time for each model and
2) the degradation (increase) in EDP95 due to using the linearized timing model. To quantify this degradation, we use the
EDP95 sub-optimality metric defined in (37); it is computed
using only the nonlinear timing model to compare: EDP95 of
the design point selected by each model
EDP95, sub-opt =

(Selected By Linearized Model)
Measured By NonLinear Model
(Selected By NonLinear Model)
EDP95, Measured By NonLinear Model

EDP95,

− 1. (37)

TABLE IV
P ROCESSING ROUTES TO M EET D ELAY P ENALTY C ONSTRAINTS AND
PNMV ≤ 0.001% WITH E ≤ 5% FOR A LL O PEN SPARC M ODULES
S IMULTANEOUSLY. I N A LL C ASES : VDD = 0.50 V, SNM R = VDD /6,
pRm = 99.99%, C OUNT-L IMITED Y IELD ≥99.999%

Ideally, the same design point is selected using each of
the two models (resulting in EDP95,sub-opt = 0%, example in Fig. 13). This is the case for five of the eight
OpenSPARC modules (5 nm node), and the other three
have EDP95,sub-opt ≤ 2% (Table III).3 The linearized model
achieves >100× speed-up in all cases.
B. CNT Processing and CNFET Circuit Design Guidelines
We now demonstrate the effectiveness of the gradient
descent methodology to identify multiple sets of guidelines
for processing parameters (i.e., processing routes) that meet
design goals for all OpenSPARC modules simultaneously.
For each OpenSPARC module, we first perform gradient
descent (Fig. 11, with initial processing parameter values:
IDC = 0.50, pm = 1%, pRs = 4%, pRm = 99.99%) to identify
multiple acceptable design points (with delay penalty ≤5%,
PNMV ≤ 0.001%, E ≤ 5%), and then we select the design
point with the most relaxed processing requirements (though
other selection criteria can be used, e.g., lowest EDP95 ).
Then, for each processing parameter, we select its most
constrained value (i.e., the value closest to its ideal value:
Table I) over all the selected design points (one for each
OpenSPARC module). These values form a processing route,
and we then validate that design goals are met for all modules
for this processing route (e.g., using the nonlinear model to
compute delay penalty). Table IV provides processing routes
for the OpenSPARC modules at the 14, 10, 7, and 5 nm nodes
(highlighted entries in Table IV are limited by the PNMV
constraint; other entries are limited by the delay penalty
constraint). For each node, processing routes are shown for
multiple delay penalty constraints to illustrate the tradeoff
between delay penalty, PNMV, and processing requirements.
All processing routes in Table IV meet count-limited yield
≥99.999%, resulting from minimum-width upsizing (step 2 in
Fig. 3: to reach count-limited yield ≥99.9%) and CNT process
3 In general, EDP
95,sub-opt depends on the chosen set of design points
since there is a finite number of possible values for EDP95,sub-opt ; results
in Table III reflect a typical brute-force-based EDP optimization [52].
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TABLE V
P ROCESSING ROUTES TO M AINTAIN EDP B ENEFIT ≥90% (V ERSUS THE
N OMINAL C ASE ) AND PNMV ≤ 0.001% (SNM R = VDD /6) W ITH
E ≤ 5% ( ALL O PEN SPARC MODULES ). C OUNT-L IMITED
Y IELD ≥99.999% IN A LL C ASES

Fig. 14. Relative improvement of each processing parameter (versus IDC =
0.50, pm = 1%, pRs = 4%) for processing routes in Table V (VDD = 0.50 V).
pRm is not shown since pRm = 99.99% in all cases in Table V.

improvements; if count-limited yield <99.999%, then we
can return to step 2 in Fig. 3 to increase WMIN , then repeat
gradient descent (Fig. 11) to find processing routes.
We have so far targeted delay penalty ≤5%, PNMV ≤
0.001%, and E ≤ 5%, which maintains ≥90% of the projected EDP benefits of nominal CNFET circuits despite CNT
variations. However, achieving these design goals can impose
processing requirements that may be difficult to achieve experimentally (e.g., IDC = 0.19 for delay penalty ≤5% at the 5 nm
node: Table IV). In Table V, we provide alternative processing
routes that maintain ≥90% of the projected EDP benefits of
nominal CNFET circuits; we target design points with EDP
benefit ≥90% (versus nominal) with a relaxed delay penalty
constraint (≤10%, resulting in lower E to meet the EDP
benefit goal).
The amount by which each processing parameter is
improved is a measure of its effectiveness to improve delay
penalty and PNMV (gradient descent incurs larger updates for
processing parameters that more significantly impact these performance metrics, details in [17, Sec. X-B]). Fig. 14 shows the
relative improvement [R in (40)] of IDC, pm , and pRs from
their initial values to their final values (in Table V). R is calculated using the percentage improvement (I) and the total
improvement (ITot ) of the processing parameters


(IIDC , Ipm , IpRs ) = 1 −

IDCfinal
IDCinit

, 1−

pfinal
pfinal
m
, 1 − Rs
init
pm
pinit
Rs

ITot = IIDC + Ipm + IpRs


IIDC Ipm IpRs
(RIDC , Rpm , RpRs ) =
,
,
.
ITot ITot ITot



(38)
(39)
(40)

The relative improvement is highest for IDC for all nodes,
showing that IDC is a highly effective parameter to improve
for reducing delay penalties and PNMV in an energy-efficient
manner. From our results, we make the following conclusions.
1) The computationally efficient linearized timing model
runs over 100× faster than the nonlinear timing model,
and maintains sufficient accuracy to identify design
points with EDP95,sub-opt ≤ 2% for all test cases.
2) PNMV ≤ 0.001% can be efficiently computed.
3) Gradient descent is a systematic and scalable method to
meet both delay penalty and PNMV constraints.
4) Gradient descent can efficiently identify multiple processing routes to meet design goals.
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5) In contrast to traditional thinking (which focuses on
reducing pm to ultralow values), gradient descent identifies that reducing IDC is a highly effective means of
meeting delay penalty and PNMV constraints, and that
reducing pm past 1% suffers from diminishing returns.
Unlike trial-and-error approaches [52], gradient descent
establishes these facts in a highly rigorous manner.
V. C ONCLUSION
We have demonstrated a systematic methodology for joint
exploration and optimization of CNT processing and CNFET
circuit design to overcome the significant challenge of CNT
variations. Our approach enables quick evaluation of delay
variations and PNMV of CNFET VLSI circuits with >100×
speed-up versus existing approaches. Our gradient descentbased framework accurately identifies the most important
processing parameters, in conjunction with CNFET circuit
sizing, to achieve high energy efficiency while satisfying
circuit-level noise margin and yield constraints. Using this
framework, an important question regarding CNT variations
can be answered.
Question: What values of IDC, pm , pRs , and pRm should
be targeted for highly scaled VLSI CNFET circuits to maintain a significant portion of their projected speed and energy
efficiency benefits despite CNT variations, while also meeting
circuit-level noise margin and yield constraints?
Answer: At the 5 nm node, we recommend IDC = 0.25, pm =
0.9%, pRs = 2.5%, and pRm = 99.99% to maintain ≥90% of the
projected EDP benefits versus nominal CNFET circuits, with
PNMV ≤ 0.001%, functional yield ≥99.999%, and E ≤ 5%.
These processing guidelines are attractive since pm = 1%
and pRm = 99.99% have been experimentally demonstrated,
pRs = 4% has been achieved, and promising work for continued
improvement of pRs has been shown [19]. This leaves IDC to be
improved by 2× (versus IDC = 0.50: shown experimentally),
thus identifying CNT density variations as an important topic
of research. Additionally, processing requirements may be further relaxed by combining various CNT processing techniques
(e.g., CNT sorting [1] followed by VMR [32]). Processing
routes for other nodes are provided in Table V.
Unlike existing trial-and-error techniques, our framework
can systematically explore the large space of CNT processing
options, and generate a variety of processing routes depending
on CNT processing technology constraints. Such systematic
exploration is essential for a successful CNFET technology to
avoid potential obstacles. Future research directions include
the following.
1) Incorporation of CNT-metal contact resistance variations
and threshold voltage variations into our framework, as
well as other CNT processing techniques (e.g., [19]).
2) Experimental validation of model parameters for highdensity CNT growth techniques and for channel lengths
closer to the ballistic regime [41], [43].
3) Examination of the applicability of our framework for
other emerging nanotechnologies, as many emerging
nanotechnologies are expected to exhibit substantial
variations. Our methodology can be adapted to overcome
challenges in those technologies as well.
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