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Abstract

Random(d,, d..)-regular LDPC codes (where each variable is involved jnparity checks and each
parity check involvesl. variables) are well-known to achieve the Shannon capatitysobinary sym-
metric channel (for sufficiently largé, andd.) under exponential time decoding. However, polynomial
time algorithms are only known to correct a much smallertfoscof errors. One of the most powerful
polynomial-time algorithms with a formal analysis is the d€coding algorithm of Feldman et al. which
is known to correct af2(1/d.) fraction of errors. In this work, we show that fairly powdréxtensions
of LP decoding, based on the Sherali-Adams and Lasserrarbiees, fail to correct much more errors
than the basic LP-decoder. In particular, we show that:

e For any values ofl, andd., a linear number of rounds of the Sherali-Adams LP hieracegmnot
correct more than a@(1/d..) fraction of errors on a randof@,,, d..)-regular LDPC code.

e For any value ofi, and infinitely many values af., a linear number of rounds of the Lasserre
SDP hierarchy cannot correct more thartén /d..) fraction of errors on arandofd,, d.)-regular
LDPC code.

Our proofs use a nestretchingandcollapsingtechnique that allows us to leverage recent progressin
the study of the limitations of LP/SDP hierarchies for MagimConstraint Satisfaction Problems (Max-
CSPs). The problem then reduces to the construction of @dmalanced pairwise independent distri-
butionsfor Sherali-Adams and speciebsets of balanced pairwise independent subgrdopkasserre.
Our (algebraic) construction for the Lasserre hierarchyeised on designing sets of pointé}ﬂg] (for g
any power o2 andd = 2, 3) with special hyperplane-incidence properties — consimas that may be
of independent interest. An intriguing consequence of cankvis thatexpansiorseems to be both the
strengthand theweaknessf random regular LDPC codes.

Some of our techniques are more generally applicable tae lelass of Boolean CSPs called Min-
Ones. In particular, fok-Hypergraph Vertex Cover, we obtain an improved integyaép ofk — 1 — ¢
that holds after dinear number of rounds of the Lasserre hierarchy, for &ny= ¢ + 1 with ¢ an
arbitrary prime power. The best previous gap for a linear lpemnof rounds was equal tb— ¢ and due
to Schoenebeck.
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1 Introduction

Low-density parity-check (LDPC) codes are a class of lireraor correcting codes originally introduced
by Gallager (5al62 and that have been extensively studied in the last decade§i,, d.)-LDPC code
of block lengthn is described by a parity-check matriX € F7**" (with m < n) havingd, ones in
each column and. ones in each row. It can be also represented by its bipaaitiy-check graphL U

R, E) where L corresponds to the columns &f, R corresponds to the rows df, and (u,v) € E if
and only if #,, = 1. For a comprehensive treatment of LDPC codes, we refer thdereto the book
of Richardson and Urbankd&rJ0§. In many studies of LDPC codesandom LDPC codeéave been
considered. For instance, Gallager studied in his thesiglistance and decoding-error probability of an
ensemble of randory,, d.)-LDPC codes. Randortd,, d.)-LDPC codes were further studied in several
works (e.g., 8S94 Mac99 RUOL, MB01, DPT*02, LS02 KRU12]). The reasons why randoi@,, d.)-
LDPC codes have been of significant interest are their nigpagties, their tendency to simplify the analysis
of the decoding algorithms and the potential lack of knowpliek constructions for properties satisfied by
random codes.

One such nice property that is exhibited by randein d.)-LDPC codes is thexpansiorof the under-
lying parity-check graph. Sipser and Spielm&$P4 exploited this expansion in order to give a linear-time
decoding algorithm correcting a constant fraction of ex(for d,,, d. = O(1)). More precisely, they showed
that if the underlying graph has the property that everystudisat mostn variable nodes expands by at least
a factor of3d, /4, then their decoding algorithm can correct@{d) fraction of errors in linear-time. Since,
with high probability, a randor(v,, d..)-LDPC code satisfies this expansion property for sérae2(1/d..),
this implies that the linear-time decoding algorithm of &pSpileman correctQ(1/d.)-errors on a ran-
dom(d,,d.)-LDPC code. A few years after the work of Sipser-Spielmardifan, Karger and Wainwright
[FWKO5, Fel03 introduced a decoding algorithm that is based on a simp&al programming (LP) relax-
ation, and a later paper by Feldman, Malkin, Servedio, $tethWainwright FMS*07] showed that when
the underlying parity-check graph has the property thatyesebset of at mosin variable nodes expands
by a factor of at leastd, /3+€2(1), the linear program of Feldman-Karger-Wainwright corséetd) errors.
Again, since with high probability, a randofd,,, d.)-LDPC code satisfies this expansion property for some
d = Q(1/d.), this means that the LP offWKO05] corrects(2(1/d.)-errors on a randorf,, d.)-LDPC code.

However, the fraction of errors that is corrected by the &i&pielman algorithm and the LP relaxation
of [FWKO05] (which is O(1/d.)) can be much smaller than the best possible: in f&4l63 (as well as
[MBO1]) showed that for a randorfi,, d.)-LDPC code, the exponential-time nearest-neighbor Marimu
Likelihood (ML) algorithm corrects close tHb‘l(dv/dC) probabilistic errors, which by Shannon’s channel
coding theorem is the best possibl&lote that, for example, if we set the ratip/d, to be a small constant
and letd. grow, then the fraction of errors that is corrected by thes&igSpielman algorithm and the LP
relaxation of Feldman et al. decayshtwith increasingd.., whereas the maximum information-theoretically
possible fraction is a fixed absolute constarkhe belief propagation (BP) algorithm also suffers from the
same limitation BM02, KRU12]. In fact, there is no known polynomial-time algorithm tlegiproaches the
information-theoretic limit for randonid,,, d..)-regular LDPC codes’

In the areas of combinatorial optimization and approxioratalgorithms, hierarchies of linear and

IMore precisely, the fraction of errors corrected by the Micatier is bounded belovi; ' (d./d.) for fixed d. but gets
arbitrarily close tof, ' (d./d.) asd. gets larger.

2In fact, not only is the fraction oprobabilistic errors that is corrected by the ML decoder an absolute consbat so is
the fraction ofadversarialerrors [Gal62 BMO04]. More precisely, for sayl, = 0.1d., Theoreml1 of [BM04] implies that the
minimum distancef a random(d., d.)-regular LDPC code is at least an absolute constant andribappes the Gilbert-Varshamov
bound for rateR = 1 — d,,/d. = 0.9 asd. gets larger.

3We point out that for some ensemblesimégular LPDC codes RSU0] as well as for the recently studiepatially-coupled
codes KRU12], belief propagation is known to have better propertiesthia paper, our treatment is focused on randegular
LDPC codes.



semidefinite programs such as the Sherali-AdaB8&9( and the LasserreLps0] hierarchies recently
gained significant interest. Given a base LP relaxatiorhy sigrarchies tighten it into sequences of convex
programs where the convex program corresponding tettheound in the sequence can be solved in time
n©() and yields a solution that is “at least as good” as those métairom previous rounds in the sequence.
For an introduction and comparison of those LP and SDP lukies, we refer the reader to the work of
Laurent Lau03 where it is also shown that the Lasserre hierarchy is at ksastrong as the Sherali-Adams
hierarchy.

Inspired by the Sherali-Adams hierarchy, Arora, Daskalaid SteurerADS12 improved the best
known fraction of correctable probabilistic errors by the decoder (which was previously achieved by
Daskalakis et al.[DDKWO08]) for some range of values af, and d.. Both Arora et al. ADS12 and
the original work of Feldman et alFWKO05, Fel03 asked whether tightening the base LP using linear
or semidefinite hierarchies can improve its performancégmiially approching the information-theoretic
limit. More precisely, in all previous work on LP decodingesfor-correcting codes, the base LP decoder of
Feldman et al. succeeds in the decoding task if and only ifreresmitted codeword is the unique optimum
of the relaxed polytope with the objective function being thormalized); distance between the received
vector and a point in the polytope. On the other hand, theak¥as considered to fail whenever there is an
optimal non-integral vectér The hope is that adding linear and semidefinite constraiitthelp “prune”
non-integral optima, thereby improving the fraction ofpabilistic errors that can be corrected.

In this paper, we prove the first lower bounds on the perfooeasf the Sherali-Adams and Lasserre
hierarchies when applied to the problem of decoding ran@gm. )-LDPC codes. Throughout this paper,
by a random(d,, d.)-LDPC code, we mean one whose parity-check graph is drawn fhe following
ensemble that was studied in numerous previous works [88§94 RU01, MB01, LS02 BM04, KRU12))
and is very close to the ensemble that was originally sugddst GallagerGal6]. SetM := nd, = md.
wheren is the block length andh is the number of constraints. Assigh (resp.d.) sockets to each of
(resp.m) vertices on the left (resp. right) and number them. ., M on each side. Sample a permutation
m:{1,...,M} — {1,..., M} uniformly at random, and connect thx¢h socket on the left to the(i)-th
socket on the right. Place an edge betwen variabled constraing if and only if there is an odd number of
edges between the sockets correspondingaied those corresponding fo Our main results can be stated
as follows:

Theorem 1 (Lower bounds in the Sherali-Adams hierarch¥®r any d, andd. > 5, there exists; > 0
(depending onl.) such that a randonid,,, d.)-LDPC code satisfies the following with high probabilityr fo
any received vector, there is a fractional solution to therounds of the Sherali-Adams hierarchy of value
1/(d. — 3) (for oddd,) or 1/(d. — 4) (for evend,). Consequentlyyn rounds cannot decode more than
a ~ 1/d. fraction of errors.

Theorem 2 (Lower bounds in the Lasserre hierarchypr anyd, andd. = 3 - 2° + 3 with i > 1, there
existsy > 0 (depending oni.) such that a randonfd,, d.)-LDPC code satisfies the following with high
probability: for any received vector, there is a fractiorsdlution to theyn rounds of the Lasserre hierarchy
of value3/(d. — 3). Consequentlyyn rounds cannot decode more thanx 3/d. fraction of errors.

We note that Theorem$ and 2 hold, in particular, for random errors. We point out that asall
previous work on LP decoding of error-correcting codes,ofmsl and2 assume that a decoder based on
a particular convex relaxation succeeds in the decodirgitand only if the transmitted codeword is the
unique optimum of the convex relaxation. Note that the decbdsed on the LP (resp. SDP) corresponding
to n rounds of the Sherali-Adams (resp. Lasserre) hierarchigashearest-neighbor maximum likelihood
(ML) decoder.

4Such an optimal non-integral vector is called a “pseudosodd” in the LP-decoding literature.



We note that our LP/SDP hierarcldy(1/d.) lower bounds for random LDPC codes hold, in particular,
for any check-regular code with good check-to-variableamgion. Moreover, the fact that the base LP
corrects()(1/d,) errors follows from the (variable-to-check) expansion afidom LDPC codés In that
respect, it is intriguing that expansion constitutes b strengthand theweaknesof random LDPC
codes.

Some of our techniques are more generally applicable t@a [dass of Boolean Constraint Satisfaction
Problems (CSPs) called Min-Ones where the goal is to sa¢iabh of a collection of constraints while
minimizing the number of variables that are setitdn particular, we obtain improved integrality gaps in
the Lasserre hierarchy for tikeuniform Hypergraph Vertex Covek{HVC) problem. Thek-HVC problem
is known to be NP-hard to approximate within a factokof 1 — e [DGKRO5. This reduction would give
the same integrality gap only for sorsablinearnumber of rounds of the Lasserre hierarchy, whereas the
best integrality gap for a linear number of rounds remairgs-at [Sch0§. We prove that an integrality gap
of k — 1 — e still holds after dinear number of rounds, for any = ¢ + 1 with ¢ an arbitrary prime power.

Theorem 3. Letk = ¢ + 1 whereq is any prime power. For any > 0, there exist3,n > 0 (depending on
k) such that a randonk-uniform hypergraph wit vertices andn = (n edges, simultaneously satisfies
the following two conditions with high probability.

e The integral optimum of-HVC is at least(1 — ¢)n.

e There is a solution to then rounds of the Lasserre hierarchy of valgé:n.

1.1 Proof Techniques

The LP of Feldman et alHWKO05, Fel03 is a relaxation of the Nearest Codeword problem, wherengave
binary linear code (represented by its parity-check matrigraph) and a received vector, the goal is to find
the codeword that is closest to it in Hamming distance. Tharést Codeword problem can be viewed as
a particular case of a variant of Constraint Satisfactiosblems (CSPs) called Min-Ones, where the goal
is to find an assignment that satisfies all constraints whitemizing the number of ones in the assignment
(see KSTWO]] for more on Min-Ones problems). In this Min-Ones view, eaoldeword bit corresponds
to a binary variable that the decoder should decide whethi@iptor not.

Recently, there has been a significant progress in unddmstaihe limitations of LP and SDP hierar-
chies for CSPs (e.g.GMT09, Sch08 Tul09, Chal3); in these works, the focus was on a different variant
of CSPs called Max-CSPs, where the goal is to find an assignmaximizing the number of satisfied con-
straints. These results construct fractional solutiotisfgang all constraints and that are typicaltalanced
in that any coordinate of the assignment is set twith probability 1/2 in the case of a binary alphabet.
Therefore, they yield a fractional solution where half tlaeiables are fractionally flipped.

In order to construct a fractional solution with a smallenter of (fractionally) flipped variables, we
introduce the technique sfretchingandcollapsingthe domain. Given an instance of the Nearest Codeword
problem, we stretch the domain into a finite 6etia a mape : G — {0,1}. The new CSP instance has
the same seV” of variables but each variable now takes values&sifas opposed t§0,1}). A constraint
in the new instance on variablés,, ..., v;) is satisfied by an assignmejit: V' — G if and only if it is
satisfied in the original instance by the assignmgntf : V' — {0,1}. Assume that the map satisfies
|p~1(1)] = 1 and that the previous results for Max-CSPs yield a fractisolution over alphabet’ such
that each variable takes any particular valug € G with probability 1/|G|. If we can transform this

*We note that Feldman et alFUST07] first proved that LP decoding correci®(1/d.) on expanding graphs. Their proof
was recently simplified by Vidermarvid13] who also slightly relaxed the expansion requirements.hBadrks assumed that all
variable nodes have the same degree but the proof readépnasto the case where variable nodes can have degree&itber
d, — 2, which is the typical case for randofu.,, d.)-LDPC codes.



fractional solution into one for the original instance bylapsing (i) back toi for everyi € {0,1}, we
would get a fractional solution to the original (binary)tiausce of the Nearest Codeword problem with value
1/|G|. In Section3, we show that this stretching and collapsing idea indeedsvorhis technique can be
generalized to any Min-Ones problem (e/gHVC).

To apply the known constructions for Max-CSPs between getating and collapsing steps, we need
to construct special structures that are required by themdts. For the Sherali-Adams hierarchy in the case
of the Nearest Codeword problem, we need to constructbmianced pairwise independent distributions
on G*: one supported only on vectors with amennumber of0 coordinates and the other supported only
on vectors with arodd number of0 coordinate$. For the Lasserre hierarchy, we need to construct two
cosets of balanced pairwise independent subgroape supported only on vectors with an even number of
0 coordinates and the other supported only on vectors wittddmomber of) coordinates.

Constructing the desired balanced pairwise independstritaitions in the Sherali-Adams hierarchy can
be done by setting up systems of linear equations (one Varfiabeach allowed vectdry, . . ., ;) modulo
symmetry) and checking that the resulting solution yieldalal probability distribution (see Sectighlfor
more details). Constructing the desired cosets of balapagdise independent subgroups in the Lasserre
hierarchy is more involved and our algebraic constructsdmaised on designing sets of pointﬂ?‘ﬁ(for g any
power of two and! = 2, 3) with special hyperplane-incidence properties. One examsghe construction
(for every powely of 2) of a subset of ¢ + 2 points inIF?I containing the origin and such that every line in
theIE‘?]-pIane contains eitheror 2 points inE. See Sectiod.2for more details.

Finally, random(d,, d..)-LDPC codes typically have check nodes with slightly diéierdegrees whereas
in the CSP literature, it is common to assume that all thetcainss contain the same number of variables.
Since our algebraic constructions of cosets of balanceuviz& independent subgroups for Lasserre hold
only for specific arity values, we need an additional techaitp obtain the required predicates for both arity
d. and arityd,. — 2 (which are with high probability the two possible check-asgs in a randonid,, d.)-
LDPC code). We construct such predicates by takingdinect-sumsof pairs and triples of previously
constructed cosets, at the expense of multiplying the \@fitiee fractional solution by an absolute constant.

1.2 Organization

Section2 provides background on the problems and hierarchies thastwdy in this paper. SectioB
introduces thestretchingand collapsingtechnique and shows how to leverage previous results for- Max
CSPs to reduce our problem to the construction of speci#tfililiions and cosets. This general result
holds for any Min-Ones problem. Sectidrprovides the desired constructions for the problem of diecpd
random(d,, d.)-LDPC codes, proving Theorefinin Section4.1and Theoren? in Section4.2. The proof

of Theorem3 aboutk-Hypergraph Vertex Cover can be found in Appeniix

2 Preiminaries

Constraint Satisfaction Problems (CSPs) and Min-Ones. Fix a finite setG. Let? = {Py,..., P} be
such that eacl?,; is a subset of*: wherek; is called thearity of P;. Note that unlike the usual definition of
CSPs, we do not allowhifts namely: forby, ... by, € G, P; + (b1, ..., by,;) is not necessarily ifP. Fur-
thermore, predicates are allowed to have different aritiesk, .. := max; k; andk,,;, := min; k;. Anin-
stance of CSFY) is denoted byV, C) whereV is a set ofn variables taking values i@. C = {C1,...,Cp}

is a set ofm constraints such that each is defined by itgypet; € {1,2,...,1} (which represents the pred-
icate corresponding to this constraint) and a tuplé;ofvariablesE; = (e; 1, ... ,ei,kti) e Vki, Inall
instances in the paper, each variable appears at most oreehirconstraint. We sometimes abuse notation

SHere, we are assuming WLOG that G. In fact, we can consider any fixed element of the(get



and regardE; as a subset of” with cardinality k;,. We say thatV,C) is (s, a)-expandingif for any set
of s < s constraints{C;,,...,Ci,} C C, |Ujcjce Ei| = 1<jce [Ei;|) —a - s’ Itis said to be
(s, a)-boundary expanding for any set ofs’ < s constraints(C;, , ..., C;_, } C C, the number of variables
appearing in exactly one constraint is at le@st; ;. | £, |) — - s". Note that in both definitions, a smaller
value ofa corresponds to a better expansion. Itis easy to se¢shaj-expansion impliegs, 2«)-boundary
expansion. An assignmeft: V' — G satisfies constraint’; if and only if (f(ei 1), ..., f(€ik,)) € -
WhenG = {0,1}, any instance of CSP) is an instance of Min-OneBY), where the goal is to find an
assignmentf that satisfies every constraint and minimiz¢s'(1)|. The k-Uniform Hypergraph Vertex
Cover (-HVC) problem corresponds to Min-Onégst, }) whereP, (x4, ..., x;) = 1 if and only if there is
atleastond < ¢ < k with z; = 1.

Balanced Pairwise Independent Subsets and Distributions. Let G be a finite set withG| = ¢ andk
be a positive integer. LeP be a subset of?* and . be a distribution supported aR. The distribution
p is said to bebalancedif for all i = 1,2,...,kandg € G, Pr, . ~ulti = g] = % It is called
balanced pairwise independeifitfor all i # j andg,g’ € G, Pr(y,  uyulri = gandz; = ¢'] = qu
The predicateP is called balanced (resp. balanced pairwise independethi® uniform distribution onP

induces a balanced (resp. balanced pairwise independstripation onP*.

Nearest Codeword. Fix the domain to bg0,1}. The Nearest Codeword problem is defined as Min-
ones{P,qq, Peven }), Wherex = (x1,...,1;) € {0,1}* belongs toP,qq (resp. Peyen) if and only if
[{i € [k] : z; = 1}| is an odd (resp. even) integer. We slightly abuse the notatil letP,; (resp. Peyen)
represent the odd (resp. even) predicates for all valuds dfet B = (L U R, E) be the parity-check
graph of some binary linear code with| = n and|R| = m. Lets € {0,1}" be the received vector
(i.e., the codeword which is corrupted by the noisy channBgnoteR := {1,...,m}. The instance of
the Nearest Codeword problem giveris given byV = L and for eachl < i < m, E; = {v € L :
(v,1) € Ep}, andt; = odd if ZU:W eE, Sv = 1 (summation oveffy) andt; = even otherwise. In an
integral assignment : L — {0, 1}, f&;) = 1 means that the-th bit is flipped. So if all the constraints are
satisfied,(s, + f(v)).cr is a valid codeword angff ~!(1)| is its Hamming distance te. We say thatB is
(s, a)-expanding oK s, a)-boundary expanding if the corresponding Nearest Codewstdnce is so.

Sherali-AdamsHierarchy. Given an instancéV, C) of CSP({P) and a positive integer < |V|, we define
at-local distributionto be a collection{ Xs(a) € [0, 1]} scv,|s)<t,a:5—¢ Satisfying Xy = 1 and for any
SCTCVwith|T'| <tandforanyx: S — G

S Xr(aoB) = Xs(a),

B:T\S—G

wherea o § denotes an assignmeft — G whose projections o8 and7" \ S area and g respectively.
Givent > k.., @ solution to the rounds of the Sherali-Adams hierarchy iskcal distribution. It is said
to satisfya constrainC; if for any o : E; — G, (a(e;1), ..., a(eir,.)) ¢ P; implies thatXg, (o) = 0 (i.e.,
the local distribution is only supported on the satisfyirgtjal assidnments). The solutiondalancedf for
anyv € Vandg € G, X, (g) := Xy (v g) = ﬁ If G = {0, 1}, we say that the solution jsbiasedif
foranyv € V, X, (1) = p.

Given an LDPC code, let*** be the largest degree of any check node. The following clpmaved in
AppendixA, shows that a small number of rounds of the Sherali-AdanmaitdRy is at least as strong as the
basic LP of Feldman et al.

Claim 1. The LP corresponding td*** rounds of the Sherali-Adams hierarchy is at least as stranthe
LP of Feldman et al.



Lasserre Hierarchy. Given an instancgV,C) of CSP{P) and an integet < |V|, a solution to thet
rounds of the Lasserre hierarchy is a set of vec{drs(a)} scv,s|<t,a:5—a» such that there exists x-
local distribution{ X s (cv)} with the property: for anys, 7 C V with |S|,|T'| < ¢t and anya : S — G and
5 :T — G, we have that

(Vs(a), Vr(a)) = Xsur(ao B),
if « andg are consistent 0§ N 7', and(Vs(«), Vr(a)) = 0 otherwise. The solution satisfies a constraint
or is balanced if the corresponding local distribution is so

3 Solutionsfrom Desired Structures

In this section, we show how to construct solutions to ther&h&dams / Lasserre hierarchy for Min-
OnesP) from desired structures. Given an instance of Min-ORg¢sghere? = {P,..., P} is a col-
lection of predicates withP; C {0, 1}*:, we want to construct a solution to the Sherali-Adams / Liasse
hierarchy with small bias. However, in order to obtain a sotuto the Sherali-Adams / Lasserre hierarchy
for general CSPs, most current techniquesh08 GMTQ09, Tul09, Chal3 need a balanced pairwise inde-
pendent distribution, and the resulting solution is tyfycaalancedas well. Since the domaifi is fixed to
{0,1}, a%—biased solution seems to be the best we can hope for; intféeis what Schoenebeck¢h08
does fork-Hypergraph Vertex Cover in the Lasserre hierarchy thepgbying a gap o (for any k& > 3).

To bypass this barrier, we introduce the techniquestagtchingand collapsing the domain. LetG’
be a new domain withG’| = ¢ and fix a mappings : G’ — {0,1} (in every stretching in this paper,
|¢p~1(1)| = 1). For each predicat&,, let P! be the corresponding new predica®® := {(g1,...,9x,) €
(G (p(gr),- - d(gr;)) € P} LetP' = {P],...,P/}. Any instance(V,C) of Min-Ones(P) can
be transformed to the instan¢¥,C’) of CSP{P’) where variables i’ can take a value from%’ and each
predicateP; is replaced by the predicafé/. The next lemma shows that any solution to the Sherali-Adams
/ Lasserre hierarchy for the new instance can be transfotmadolution for the old instance lepllapsing
backthe domain. Fop : S — {0,1}, let¢~1(B) be{a : S — G', ¢(a(v)) = B(v) forallv € S}.

Lemma 1. Suppose thafXg(a)} (resp. {Vi(a)}) is a solution to the LP (resp. SDP) corresponding to
rounds of the Sherali-Adams (resp. Lasserre) hiearchy(¥oc’) and that satisfies every constraint. Then,

{Xs(B)}1s1<t,8:5—10,1} (resp.-{Vs(8) }s<t,5:5-{0,1}) defined by
Xs(B) = Z Xg(a) (resp.Vs(B) = Z Vi(a))
achp=1(B) acd~1(B)

is a valid solution to the rounds of the Sherali-Adams (resp. Lasserre) hiearchy(¥0C) that satisfies
every constraint. Furthermore, if the solution to the negtamce is balanced, the obtained solution to the
old instance is};-biased.

Proof. First, we prove the statment for the Sherali-Adams hiesarch

Sherali-Adams. By definition, we have thak; = Xé = 1,andXg(«) > 0. Moreover, foranys C T C
V with |T'| < ¢t and for anys : S — {0, 1}, we have that

S Xr(Bon) = > Yoo Xpa)= Y] > > Xp(Boy)

¥:T\S—{0,1} ¥ T\S—{0,1} acp=1(Bov) p'ep=1(B) v:T\S—{0,1} v'€p~1(7)
= Y Y XpBor)= 3 X4(8) = Xs(B).
pep=1(B) v T\S—=G" B'ep=1(B)

Furthermore, if{ X% ()} is balanced, then for any, X,(1) = 3, 1) X,(9) e W] _ L This
concludes the proof for the Sherali-Adams hierarchy.
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Lasserre.  Given asolutio{ Vg (a)}s|<t,a:5—¢ t0 thet rounds of the Lasserre hierarchy, {{ () } /<ot a:56
be the2t-local distribution associated witfi/s(a)}. Let the2¢-local distribution{ Xs(8)}s<2t,5:5-10,1}

be obtained from{ X («)} as as done above for the Sherali-Adams hierarchy. It is @ allocal dis-
tribution. We claim that{ Xs(3)} is the local distribution associated wifVs(5)}. Fix S, T such that

IS, T <t,B:S—{0,1}andy: T — {O, 1}. By the definition ofVs(5) andVr (),

(Vs(B), V- (> VB Z VT ) = Z Z V().

/3’e¢> L(B) yept B'ep=1(B) v ept

If 3 and~y are inconsistent, then amy € ¢—1(3) andy’ € ¢~(v) are inconsistent, and hence the RHS is
0 as desired. If they are consistent, then the RHS is equal to

> (VS8 Ve = Y Xsur(a) = Xsur(B o).

Bep—1(B) v €p1(y) CONSistent a'€p1(Boy)

If {Vi(a)} is balanced, by definitiof X ()} is balanced, so the same proof for the Sherali-Adams hier-
archy shows thafVs(«)} and{Xs(«)} are%—biased. O

By Lemmal above, it suffices to construct a solution to the stretchethilce. Theorem$éand5 be-
low show that if the predicateBy, ..., P, satisfy certain desired properties and the instance iscgrftly
expanding, there exists a balanced solution to the Shadalins / Lasserre hierarchy. The proof is close
to [GMTO9] for the Sherali-Adams hierarchy and ©dh08 Tul09, Chal3 for the Lasserre hierarchy. Com-
pared to their proofs for Max-CSPs, we have to deal ®ithore issues. The first is that unlike usual CSPs,
our definition of Min-OnesP) allows to use more than one predicate, and predicates candifferent
arities. The second is that for our purposes, the solutiedsi& be balanced (i.€X, (g G| for all v, g).

We handle those differences by natural extensions of teefmiques. The proofs are in A ppendix

Theorem 4. Let G be a finite setk,,,;, > 3, andP = {Py,..., P} be a collection of predicates such
that eachP; C G*i supports a balanced pairwise independent distributignLet (V,C) be an instance of
CSP) such thatC is (s,2 + ¢)-boundary expanding for sonfe< ¢ < %. Then, there exists a balanced
solution to the(% rounds of the Sherali-Adams hierarchy that satisfies evengtraint inC.

We point out that the updated versiddGMT12] of [GMTO09] shows that their construction also works
in the Sherali-Adams SDP hierarchy which is stronger tharotiginal Sherali-Adams hierarchy but weaker
than Lasserre. Both Theoremsand1 hold for the Sherali-Adams SDP hierarchy as well. In the fs@d
Theoremst and1, we focus on the original Sherali-Adams hierarchy to makepitesentations simple.

Theorem 5. LetG be a finite abelian groupk,,.;,, > 3andP = {P,..., B} be a collection of predicates
such that eaclP; is a coset of a balanced pairwise independent subgrou@*of Let (V, C) be an instance

of CSPP) such thatC is (s, 1 + ¢)-expanding forn < %. Then, there exists a balanced solution to the

rounds of the Lasserre hierarchy that satisfies every cairgtn C.

4 Decoding Random (d,, d.)-L DPC Codes

In this section, we apply Theorersand5 to random(d,, d.)-LDPC codes. In Sectiod.1, we construct
balanced pairwise independent distributions supporteelen and odd predicates for different arity values
and complete the proof of Theorehfor Sherali-Adams. In Sectiof.2, we show that both even and odd
predicates contain cosets of balanced pairwise indepésdbgroups and introduce an additional technique
based on taking the direct-sum of cosets of subgroups tdumathe proof of Theorerfi for Lasserre. We
will need the next two lemmas which show that with high praligb a random (d,, d.)-LDPC code is
almost regular and expanding. Their proofs use standatzhpitistic arguments and appear in Appen@ix
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Lemma 2. Consider the parity-check graph of a randdr,, d.)-LDPC code. With high probability, every
vertex on the left (resp. right) will have degree eitklgror d,, — 2 (resp.d. or d. — 2).

Lemma 3. Given any0 < § < 1/2, there existg) > 0 (depending onl.) such that the parity-check graph
of a random(d,,, d.)-LDPC code ignn, 1 + §)-expanding with high probability.

4.1 Distributionsfor Sherali-Adams

To construct a solution for the Sherali-Adams hierarchygisSiheoremd, we need eaclt! C (G’)"f’i to
support a balanced pairwise independent distributionaRpy > 2 andk = ¢+1, letG’ := {0,1,...,¢—

1} and¢ : G' — {0,1} be defined by»(0) = 1 and¢(g) = 0 for everyg # 0. The odd and even
predicates”’ ,, andP,,,, are defined byy € P.,, (resp.F,,.,) ifand only if |{i € [k] : y; = 0}| is an odd
(resp. even) integer. The choiceof= ¢ + 1 is optimal since, as shown in Lemmé& in AppendixD, if

k = q, there is no balanced pairwise independent distributiahithsupported on the even larger predicate
{y € (G")* : y; = 0for somei} which containsP’,,. Setp := 1/q. To construct a distribution on
y € (G")*, we will show how to sample € {0, 1}*. Givenz, eachy; is set to0 if z; = 0 and uniformly
sampled from{1,...,q — 1} otherwise. It is easy to see that when this distributioncas (1 — p)-biased
(i.e. Pr[z; = 0] = p for all 4) and pairwise independent (i.®r[z; = z; = 0] = p?) for all i # j), y
becomes balanced pairwise independent. Furthermaaady have the same number of 0’'s. Therefore, it
suffices to show how to sample(a— p)-biased pairwise independent vector

Odd predicate, Odd £ > 3, ¢ = k—1. Let0 := (0,...,0),1 = (1,...,1) ande; be thei-th unit
vector. Sampler € (G’)* from the distribution with probability mass functior®r[z = 0] = p? and
Priz =1—¢)] = % for eachi. Each support-vector has an odd number of 0’'s. ForiaBRy[z; = 0] =
Pr[z = ¢;] + Prjz = 1] = % + p? = p. Foranyi # j, Pr[z; = x; = 0] = Pr[z; = 1] = p%. This
simple construction is optimal: ¥ = ¢+ 1 is even, Lemmad.6 (in AppendixD) shows that there is no such
balanced pairwise independent distribution supportefjn.

Even Predicate, k > 3,q = k—1. Sampler € (G')* from the distribution with probability mass function:
Prz = 1 —e; — ¢j] = p? for eachi # j andPr[z = 1] = 1 — p*(§) = 152, Each support-vector has an
even number of 0's. For any Pr[z; = 0] = Pr[dj #£i: 2 =1—¢; —¢;] = p?(k — 1) = p. Fori # j,
Priz; =x; =0] =Prlz =1 —¢; — ¢j] = p*.

Other values of k and ¢q. If kK > 4 is an even integer, we show in Lemr& of AppendixD that for

qg = k — 1, there is no balanced pairwise independent distributian isupported in the odd predicate.
However, it is still possible to have such a distribution wlge= k£ — 2 for both odd and even predicates.
In Lemma4 below (whose proof appears in Appenddy, we prove the existence of pairwise independent
distributions supported in the odd and even predicatedifgrtly smaller values of (in terms ofk). These
distributions will be used to handle instances where thettaimts have different arities.

Lemma 4. LetG = {0,1,...,q — 1} be a finite set. For the following combinations of arity value
and alphabet size valueg each of the odd predicate and the even predicate suppor&ambed pairwise
independent distribution 06%: (i) Any even integek > 4 with ¢ = k — 2, (i) Any odd integerk > 5 with
q = k — 3 and (iii) Any even integek > 6 withg = k& — 4.

The constructed distributions for the Sherali-Adams h@rga are summarized in Table



Arity d.odd (g =d. —3) d.even g =d.—4)
Type k=d. k=d.—2 | k=d, k=d.—2
Odd Lemma4 (ii) | Sectiond.1 | Lemma4 (iii) | Lemma4 (i)
Even Lemma4 (ii) | Sectiond.1 | Lemma4 (iii) | Lemma4 (i)

Table 1: Distributions for Sherali-Adams

Proof of Theorem 1. Consider a randonf,, d.)-LDPC code and fix¥ = 1/8. Lemma2 and Lemma3
ensure that with high probability, the degree of each checlerns eitherl. or d. — 2 and there existg > 0
such that the code i3n, 1 + §)-expanding, and henden, 2 + 2J)-boundary expanding. For any received
vector, let(V,C) be the corresponding instance of Nearest Codewordg etd. — 3 (resp.d. — 4) if d.

is odd (resp. even). Stretch the domain frém1} to G’ := {0,1,...q — 1}. The above constructions
show that for anye € {d.,d. — 2} andtype € {even,odd}, Py C (G')* supports a balanced pairwise
independent distribution. Theorefngives a balanced solution to tﬁé’% = ﬁ rounds of the Sherali-
Adams hierarchy that satisfies every constraint in thedteet instance. Lemmatransforms this solution
to a%-biased solution to the same number of rounds for the otligNearest Codeword instance.

4.2 Subgroupsfor Lasserre

As in the Sherali-Adams hierarchy, to find a good solutiorhmltasserre hierarchy, it suffices to construct
a stretched instance. To construct a solution in the Laségerarchy via Theorers, we need the stretched
domainG’ to be a finiteabelian group and each stretched predicdtéto be a coset of a balanced pairwise
independensubgroupof (G’)*. We will first construct such predicates forbeing any power o2 and

k = q + 1. For suchg andk, let G’ := F,and¢ : G’ — {0, 1} be defined by)(0) = 1 and¢(g) = 0 for
everyg # 0. As for Sherali-Adams, the predicatéy,, and P,,.,, are defined in the natural way, namely:
(x1,...,21) € P, (resp.P.,.,) ifand only if |{: € [k] : z; = 0}] is an odd (resp. even) integer. We show
that each o, and P.,,, contains a coset of a balanced pairwise independent sybgfda’ ).

Odd Predicate, k = 2" + 1, ¢ = k — 1. For the odd predicat&”’,,, we actually show that it contains a
balanced pairwise independent subgroup@h”. Let {ax + By}a,per, be the set of alj? bivariate linear
functions oveif,. Let & := {(0,1)} U{(1,a)}qcr, be the set of 41 = k evaluation points. Our subgroup
is defined byH" := {(az + 8Y)(z.y)cE ta,per,- Note thatH' is a subgroup ofG’)*. In general, there are
q + 1 distinct lines passing through the origin in tﬁ%plane; our sefy contains exactly one point from
each of those lines. The balanced pairwise independenke fofllows from Lemmab.

Lemmab. Letd e NandE C IE‘fj \ {0} contain at most one point from each line passing the origherT,
the subgroup[(Zf:1 QiTi)(21,...0q)€E You,...aqeF, IS DAlaNced pairwise independent.

Proof. Let (by,...,bq) # (c1,...,¢q4) € E be two points not on the same line passing through the origin.
For balanced pairwise independence, we n@e€da;b;, > ; @ici)ay.....aueF, 10 be the uniform distribution

on Ffl Since there are exactly choices for the tupléas, ..., ay), for any 3,y € F,, it suffices to show
that there existg?~2 choices of the tupléas, . . ., ay) € [F, such thad ", a;b; = 3, ", aic; = 7. Since the
two points are not on the same line through the origin, tharstiine two indices # j such thab;c; # bjc;.
Without loss of generality, assume that 1 andj = 2. For any choice ofas, ..., a4), there is exactly
one solution(ay, a2) to the system:

d
a1y + agby = B— Y b,
i=3
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d
Q1€ + pCy =7y — E Q;C;
i=3

The next lemma concludes the analysis of the odd predicate.
Lemma 6. Each element aff’ has an odd number ofcoordinates.

Proof. Recall thatk = ¢ + 1 with ¢ a power of2 andG’ := F,. Our set of evaluation points is defined by

E:={(0,1)} U{(1,a)}qcr,

and our subgrougl’ of (G)* is defined by

H' = {(az + BY) @ y)cE}a,per,

Let hag == (@ + BY)(2y)ecr D€ any element off’ (wherea, 3 € F,). The fact thath, 3 has an odd
number of0 coordinates can be seen by distinguishing the followingeluases:

e Fora =p3=0: hep = (0,0,...,0), which hask 0 coordinates, anél is set to be an odd integer.
e Forp =0anda # 0: (0,1) is the unique zero of the functiom: + Sy in E.
e Forp #0: (1,«/p) is the unique zero of the functianz + Sy in E.

]

Even Predicate, k = 2 + 1, ¢ = k — 1. Dealing with P, .,, is more difficult, sinceP’,,, will not contain
any subgroup: this can be seen by observing that the zer@et¢io, ..., 0) € (G')* has an odd number
of 0 coordinates and should be in any subgroup. Instead, we dhawPf, ., will contain acosetof a
balanced pairwise independent subgroup. As in the aboweafdke odd predicate, our subgroffd will
be of the form{(az + BY)(s4)cr }a,seF,, fOr Some subsek” C F2 of ¢ + 1 = k evaluation points. As
before, the sek” will contain exactly one non-zero point on each line passimgugh the origin and hence
balanced pairwise independence will follow from Lem#adoreover, the sek” will have the property that
H —-(1,1,...,1) C P, i.e, foranya, 8 € F,, there is an even number of poirits, y) € E’ satisfying
the equationvz + Sy = 1. For example, itv = 8 = 0, no point satisfies this equation. If at least one.of

is nonzero, thedax + fy = 1}(a,ﬁ)€F3\{(0,0)} consists of all ¢ — 1) distinct lines not passing through the

origin. Thus, we seE’ := F \ {0} whereFE is the set which is guaranteed to exist by Lemima

Lemma 7. For everyq that is a power oR, there is a subsef C Iﬁ‘g containing the origin(0, 0) such that
|E| = ¢+ 2 and every line in thé?g—plane contains eithed or 2 points inFE.

Proof. Consider the map : F, — F, given byh(a) = a®+a. Sinceh(a) = h(a+1) foralla € F,, we can
see that is two-to-one. Hence, there existsE F, such that the polynomigi(a) = a®+a+n has no roots in
FF,. Fix such am. Define the mayf : F, — F, by f(a) = (g(a))~* for all a € F,. Note that since has no
roots inlF,, f is well defined and non-zero d#,. Now let £ := {(0,0)} U{(0,1)}U{f(a)(1,a) : a € F,}.
We next argue that every lirdn Fg contains eithef or 2 points inE. We distingish several cases:

e [ contains the origin(0,0): If [ is a vertical line, then it has the forin: (z = 0) and (0, 1) is the
only other point ofE that lies onl. Henceforth, assume thats non-vertical. Then, it has the form
l: (y = ax) for somea € F,. In this case, the unique other pointBfthat lies ori is f(«)(1, cv).

10



e [ doesn’t contair(0,0) but containg0, 1): Thus, it is of the form : (y = ax + 1) for somea € F,,.
Then, apointf(a)(1, a) liesonlifand only ifa f (a) = af (a)+1 which is equivalent ta = a+g(a).
This means that is a root of the polynomiay(a) + a — a = a® + 1 + a. By Lemmas below, this
polynomial has a unique root (of multiplici3) in F,. Sol contains exactly points inE.

e [ contains neithef0,0) nor (0,1): If [ is a vertical line, then it has the forin: (z = () for some
g € F,\ {0}. Then, a pointf(a)(1,a) lies onl if and only if f(a) = 3, which is equivalent to
g(a) = B~1 (sinceB # 0). This means that is a root of the polynomiaj(a)—3~" = a?+a+n—p~1.
By Lemmas8 below, this polynomial has eithéror 2 roots inlF,. Hence/ contains eitheo or 2 points
in E. Henceforth, assume thais non-vertical. Then, it has the forin: (y = ax + ) for some
a € Fyandpg € Fy\ {0,1}. Then, a pointf(a)(1,a) lies onl if and only if af(a) = af(a) + B,
which is equivalent ta = a + Bg(a). This is equivalent tg(a) = a/3 — a/3. This means that is
a root of the polynomia(a) — a/8 + o/B = a* + a(1 — 1/8) + n + o/ 8. By Lemma8 below and
sincef # 1, this polynomial has eitheror 2 roots inF,. Sol contains eithef or 2 points inE. O

Lemmas8. Letq be a power oR. Then, a quadratic polynomial(a) = a? + cja + ¢ overF, has a unique
root (of multiplicity 2) if and only ifc; = 0.

Proof. If p(a) has a unique root € F,, then(a — \) dividesp(a) and hence(a) = (a—\)? = a®> — 2 a+
A%, SinceF, has characteristie, we get thaip(a) = a? + A\? and we conclude that, = 0. Conversely,
assume that(a) = a” + ¢, for somecy € F,. SinceF, has characteristig, the maps : F, — F, given by
x(a) = a* is a bijection. Hence, there exisise F, such thats(\) = A\? = ¢;. Using again the fact that
F, has characteristi2 , we conclude that(a) = a* — A\? = (a — \)? and hence(a) has a unique root (of
multiplicity 2) in F,. O

Even Predicate, ¢ = 2¢, k = 2¢. Since a check node in a randadf,, d.)-LDPC code has degreé.
or d. — 2, we need to construct even and odd predicates for bothsagitiandd. — 2 and over the same
alphabet. We first construct an additional even predicatie avity ¥ = 2¢ based onrivariate linear forms.

Lemma 9. Letq be a power oR andk = 2¢. There exists a subgroup Eﬁ such that every element in the
subgroup contains an even numbefafoordinates.

Proof. See Appendi. O

Direct sums of cosets of subgroups For anyg = 2°, we constructed cosets of subgroupsd; C IE‘?]“
contained in the odd predicatd,; C IE‘g“ contained in the even predicaiéy C Fflq contained in the even
predicate. Any direct sum of them gives a coset of a subgrtbﬂ‘ﬂj with k& being the sum of the individual
arities. If we add one coset contained in the even predicat®ae contained in the odd predicate, the direct
sum will be contained in the odd predicate. On the other hifmdk add two cosets that are contained in the
same (even or odd) predicate, the direct sum will be condaiim¢he even predicate. Fdy. = 3q + 3, we
use such direct sums to construct the desired even and odidates for aritiegl. andd. — 2 as follows:

e Hy ® Hy ® Hy: A coset of a subgroup dﬂ’g’q”, contained in the odd predicate.

e Hy ® Hy ® H,: A coset of a subgroup dﬂ’g’q”, contained in the even predicate.

e H, & Hs: A coset of a subgroup d.?*", contained in the odd predicate.

e H, ® Hs: A coset of a subgroup df;?™", contained in the even predicate.

The constructed subgroups for the Lasserre hierarchy anenatized in Table.
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Arity B B
Type g+1 2 d,—2=3¢+1|d,—3¢+3
Odd Lemma6 (H,) H, & Hj H,® H, ® Hy
Even Lemma7 (HQ) Lemma9 (Hg) Hy & Hg H, & Hi % Hy

Table 2: Subgroups for Lasserre

Proof of Theorem 2. Consider a randonid,, d.)-LDPC code whenl. = 3 - 2¢ + 3 and fixé = 1/8,
g=2 = % Lemmas2 and 3 ensure that with high probability, each check-degree tseeif. or
d. — 2 and the code i$nn, 1 + ¢)-expanding for somg > 0. For any received vector, 1¢¥,C) be the
corresponding instance of Nearest Codeword. Stretch theamofrom {0,1} to G’ := F,. The above
constructions show that for ary € {d.,d. — 2} andtype € {even,odd}, Py, C (G')* is a coset of
a balanced pairwise independent subgroup. Thedrgines a balanced solution to tH& rounds of the
Lasserre hierarchy that satisfies every constraint in tie¢écbied instance. Lemniaransforms this solution
to a%—biased solution to the same number of rounds for the otigNearest Codeword instance.

5 Conclusion

In this work, we showed that fairly powerful extensions of #&coding, based on the Sherali-Adams and
Lasserre hierarchies, fail to correct much more errors tharbasic LP-decoder. It would be interesting to

extend our Lasserre lower bounds for all valuesigfwhich seems to require some new technical ideas.
Finally, it would be very interesting to understand whethBfSDP hierarchies can come close to capacity
onirregular ensemblesRSUO] or on spatially-coupledcodes KRU12).

Acknowledgments

The authors would like to thank Madhu Sudan, Venkatesan $swami, Mohammad Bavarian, Louay Bazzi,
David Burshtein, Siu On Chan, Rudiger Urbanke, Ameya \¢er and the anonymous reviewers for very
helpful discussions and pointers.

References

[ACG*10] Matthew Andrews, Julia Chuzhoy, Venkatesan Gurusw&anjeev Khanna, Kunal Talwar,
and Lisa Zhang. Inapproximability of edge-disjoint paths ow congestion routing on undi-
rected graphsCombinatorica 30(5):485-520, 20123

[ADS12] Sanjeev Arora, Constantinos Daskalakis, and D&t&lirer. Message-passing algorithms and
improved LP decodinglEEE Transactions on Information Theoy8(12):7260-7271, 2012.
2

[BGMT12] Siavosh Benabbas, Konstantinos Georgiou, Avnag®h, and Madhur Tulsiani. SDP gaps
from pairwise independencé&heory of ComputingB(1):269-289, 20127, 16

[BMOZ2] David Burshtein and Gadi Miller. Bounds on the perfance of belief propagation decoding.
IEEE Transactions on Information Theor8(1):112-122, 20021

12



[BMO4]

[Chal3]

[DDKWO8]

[DGKRO5]

[DPT+02]

[Fel03]

[FMS*07]

[FWKO5]

[Gal62]

[GMTO9]

[KRU12]

[KSTWO1]

[LasO1]

[Lau03]

David Burshtein and Gadi Miller. Asymptotic enumgoa methods for analyzing Idpc codes.
IEEE Transactions on Information The@%0(6):1115-1131, 2004, 2

Siu On Chan. Approximation resistance from paievitglependent subgroups. Pnoceedings
of the 45th annual ACM Symposium on Theory of CompuB8i@C '13, pages 447-456, 2013.
3,6,7,17,18

Constantinos Daskalakis, Alexandros G DimakigHard M Karp, and Martin J Wainwright.
Probabilistic analysis of linear programming decodindgEE Transactions on Information
Theory 54(8):3565-3578, 200&

Irit Dinur, Venkatesan Guruswami, Subhash Khot] &®ded Regev. A new multilayered PCP
and the hardness of hypergraph vertex co&AM Journal on Computing4(5):1129-1146,
2005.3

Changyan Di, David Proietti, I. Emre Telatar, Thomas dhardson, and Rudiger L Urbanke.
Finite-length analysis of low-density parity-check codesthe binary erasure channéEEE
Transactions on Information Theqr¥8(6):1570-1579, 2002

Jon Feldman.Decoding error-correcting codes via linear programmin@hD thesis, Mas-
sachusetts Institute of Technology, 20032, 3

Jon Feldman, Tal Malkin, Rocco A Servedio, Clifford &teand Martin J Wainwright. LP
decoding corrects a constant fraction of errotEEE Transactions on Information Theory
53(1):82-89, 20071, 3

Jon Feldman, Martin J Wainwright, and David R Kargdsing linear programming to decode
binary linear codeslEEE Transactions on Information Thegiyl1(3):954-972, 20051, 2, 3

Robert G Gallager. Low-density parity-check cad&E Transactions on Information Thegry
8(1):21-28, 19621, 2

Konstantinos Georgiou, Avner Magen, and Madhursiani. Optimal Sherali-Adams gaps
from pairwise independence. Approximation, Randomization, and Combinatorial Optamriz
tion. Algorithms and Techniquegolume 5687 ol_ecture Notes in Computer Sciengages
125-139. 20093, 6, 7, 15, 16

Shrinivas Kudekar, Tom Richardson, and Rudigedhke. Spatially coupled ensembles uni-
versally achieve capacity under belief propagatiorPioceedings of 2012 IEEE International
Symposium on Information TheotIT 2012, pages 453457, 2012.2, 12

Sanjeev Khanna, Madhu Sudan, Luca Trevisan, andddaWilliamson. The approximability
of constraint satisfaction problemSIAM Journal on Computing0(6):1863-1920, 20013

Jean B. Lasserre. An explicit exact sdp relaxatoymbnlinear 0-1 programs. Rroceedings
of the 8th conference on Integer Programming and Combimgt@ptimization IPCO '01,
pages 293-303, 2002.

Monique Laurent. A comparison of the Sherali-Adarnsvasz-Schrijver, and Lasserre re-
laxations for 0-1 programmingMathematics of Operations Resear@8(3):470-496, 2003.
2

13



[LS02]

[Mac99]

[MBO1]

[RSUO1]

[RUO1]

[RUOS]

[SA90]

[Scho8]

[SS94]

[Tulog9]

[Vid13]

Simon Litsyn and Vladimir Shevelev. On ensembles mf-density parity-check codes:
asymptotic distance distribution$EEE Transactions on Information Theqi48(4):887-908,
2002.1, 2

David JC MacKay. Good error-correcting codes basedery sparse matrice$EEE Trans-
actions on Information Theory#5(2):399-431, 1999l

G. Miller and D. Burshtein. Bounds on the maximumeihood decoding error probability of
low-density parity-check codet£EE Transactions on Information Theor7(7):2696-2710,
Nov 2001.1, 2

Thomas J Richardson, Mohammad Amin Shokrollahd Ridiger L Urbanke. Design of
capacity-approaching irregular low-density parity-dheodes. IEEE Transactions on Infor-
mation Theory47(2):619-637, 20011, 12

Thomas J Richardson and Rudiger L Urbanke. The égpaidow-density parity-check codes
under message-passing decoditigEE Transactions on Information Theg7(2):599-618,
2001.1,2

Tom Richardson and Ruediger Urbankéodern coding theoryCambridge University Press,
2008.1

H. Sherali and W. Adams. A hierarchy of relaxationsa@en the continuous and convex hull
representations for zero-one programming proble&aM Journal on Discrete Mathematics
3(3):411-430, 19902

G. Schoenebeck. Linear level Lasserre lower bofordsertain k-CSPs. IRroceedings of the
49th annual IEEE symposium on Foundations of Computer 8gi¢tOCS '08, pages 593—
602, Oct 2008. Newer version available at the author's hameys, 6, 7, 17

Michael Sipser and Daniel A Spielman. Expander cotle®roceedings of the 54th annual
IEEE symposium on Foundations of Computer ScieRGECS 1994, pages 566-576, 1994.
2

Madhur Tulsiani. CSP gaps and reductions in the easshierarchy. IrProceedings of the
41st annual ACM Symposium on Theory of Compu8igOC '09, pages 303—-312, 2008.6,
7,17,18,23

Michael Viderman. LP decoding of codes with expamsparameter above 2/3nformation
Processing Lettersl13(7):225-228, 2013

A LP Decoding and the Sherali-Adams Hierarchy

Fix a code represented by its parity-check gréph: ([n]U[m], E), and letN(j) be the set of all neighbors
of check nodg. The LP relaxation of Feldman et al. is given by:

subject to:

1 n
min - Z; fi
1=

Vieml, Y wis=1
SeE;
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V(Z,j)GE, Z wj,S:fi

SE€E;,85i
Vieln,0< f; <1
Vj € [’I’)’L], VS e Ej, wj, 8 >0

whereE); is the set of all subsets ¥ (j) of even (resp. odd) cardinality depending on whether theived
vector has an even (resp. odd) numbet’sfin N ().

Claim 2 (Restatement of Clairh). The LP corresponding td!*** rounds of the Sherali-Adams hierarchy
is at least as strong as the above LP relaxation of Feldmar. et a

Proof. To prove this claim, itis enough to map any feasible solutmitine LP corresponding *** rounds
of the Sherali-Adams hierarchy into a feasible solutiorh®tP of Feldman et al. with the same objective
value. The map is the following:

e Foreveryi € [n], let f; = Xg;(1).

e Foreveryj € [m] and everyS C N(j), letw; s = Xy(;) () wherea® € {0,1}VU) is the partial
assignment defined by? = 1if i € Sanda? = 0if i € N(j) \ S.

O

B Proof of Theorems4 and 5

Theorem 6 (Restatement of Theored). Let G be a finite setk,,,, > 3, andP = {P,,..., P} be a
collection of predicates such that eah C G*: supports a balanced pairwise independent distribufign
Let (V,C) be an instance of CSP) such thatC is (s, 2 + §)-boundary expanding for sonte< § < 1.
Then, there exists a balanced solution to % rounds of the Sherali-Adams hierarchy that satisfies

every constraint irC.

Proof. The proof closely follows Theorem 4.3 of Georgiou, Magerg @alsiani [GMTO09]. Their result, as
a black-box, gives a solution to the Sherali-Adams hienatbht satisfies all the constraints. There are two
additional things that we need to check:

e More than one predicate: Unlike usual CSPs, our definitioWliofOnes() allows to use more than
one predicate, and predicates can have different arities.

e Balanced solution: For our purposes, we need the solutite tzalanced (i.e X, (g) = L| for all v

[}
andg).

The main part of their proof (Lemma 3.2) is robust to the tveués described above. As many technical
parts of the proof can be used as a black-box, we sketch theldwgl ideas of the proof and highlight the
reason why it is robust to the two issues discussed above.\&elg following additional definitions for a
CSP-instance after removing some variables: Given annostd’, C) of CSP() and a subset C V/, let
C(S) denote the set of all constraints that are entirely conteing, namely:C(S) := {C; : E; C S}). Let
(V\'S,C\ C(9)) be theinstance after removing, namely: for eaclt’; € C \ C(S5), the setE; is replaced
by E; N (V' \ S) and its predicate becomes the corresponding projectidh, afin GIZ:N(VAS)],
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Expansion Correction. Let S be a subset o andC(S) = {C; = (Ei,t;) }i=1,...mg be the constraints
induced byS. Each predicaté’;, is associated with a balanced pairwise independent distii.,,. Per-
haps the most natural way to combine these distribution®fioel a local distribution on the assignments
{a: S — G} is to take the (normalized) product of all the distributiphs.,

P;I‘[Oé] = (H Nti(a(ei,l)’ T ’a(ei,kti M)/ Zs,
i=1

mg
Zs= Y [lmulalen), . aleir,)).
:8—Gi=1
Call this distributioncanonicalfor S. Clearly, any assignment that has a positive probability will satisfy
all constraints irC(.5).

For any subse$, we can define the canonical local distribution. But gemgthk distributions will not
be consistent (i.e., for some C S’, the canonical distribution o8 might be different from the marginal
distribution onS obtained from the canonical distribution ¢fi). Since the canonical distribution ot
induces a local distribution on arfy C S’, it might be possible that the canonical distributions atéally
chosen sets are consistent and induce a local distributioevery set we are interested in.

Georgiou et al. GMT09] define the canonical distribution on some famflyof sets that satisfies the
following conditions:

e Any S € S satisfied S| < 2.
e Forany setS C V with |S| < §s/(6kmaz ), there is anS € S such thatS C S.

e ForanyS € S, the instancéV \ S,C\ C(S)), obtained by removing and its induced constraints, is
($s,5 + 6)-boundary expanding. Recall thdt \ S,C \ C(9)) is different from the induced instance
(VAS,C(V\S)).

The existence of such ahis shown in Theorem 3.1 oBGMT12].”

Consistent Distributions.  The final local distributiond Xs(«)} are defined as follows: for each find
S 6_5‘ that containsS, and use the canonical distribution defined%rit only remains to show that for any
S,8" € S, their canonical distributions are consistent. The follaplemma is the crucial part o§MT09].

Lemma 10. [Lemma 3.2 of GMTO0Y] Let (V,C) be a CSP-instance as above asid C S, be two sets of
variables such that bottV,C) and(V'\ S1,C\C(51)) are(t,2+0)-boundary expanding for sondec (0, 1)
and|C(Ss)| < t. Then for anyy; € G*1,

P = .
> Szr[oa] Ell‘[al]
a€G52 a0 (S2)=a1

Applying Lemma10 two times (once with{Sy, S2) < (S, S U S’) and once with(Sy, S5) « (S, S U
S7)), we conclude that botRrg andPrg, are marginal distributions d®rg ¢/, and hence should be consis-
tent.

We check the two issues which are not explicitly dealt inrthaper. First, we note th&trs is defined as
long as we have a distributign for each predicat#’;,. The proof of Lemma.0only depends on the fact that
eachy; is balanced pairwise independent and not on any furthectstiel of the predicates. Furthermore,

"The corresponding theorem in the original versi@MT09] seems to have a minor error, so we here follow the final varsio
of their work.
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predicates having different arities are naturally han@dledong as we havé, 2 + ¢)-boundary expansion
and pairwise independent distributions. Therefore, lgavitore than one predicate with different arities
does not affect the statement. Finally, we check that thaltneg local distribution is balanced. Fix any
variablev € V and letS € S be a set containing. Applying Lemmal0 with S; «+ {v} and Sy < S
(Pry,y is the uniform distribution oidx since{v} does not contain any constraint), we get that the canonical
distribution onS induces the uniform distribution o@ for v. O

Theorem 7 (Restatement of TheoreB). LetG be a finite abelian groupg? = { P, ..., F;} be a collection
of predicates such that eadp is a coset of a balanced pairwise independent subgrodp‘ofor k,,;, > 3.
Let (V,C) be an instance of CSP) such thatC is (s, 1 + ¢)-expanding for somé < %. Then, there exists
a balanced solution to the: rounds of the Lasserre hierarchy that satisfies every cairgtin C.

Proof. The proof closely follows Theorem D.9 of Cha@Hal3, which generalizes the work of Schoenebeck
[Sch08 and Tulsiani [Tul09]. His result, as a black-box, gives a solution to the Lagsbkierarchy that sat-
isfies all the constraints. There are two additional thitgs tve need to check:

e More than one predicate: Unlike usual CSPs, our definitiolliofOnes() allows to use more than
one predicate, and predicates can have different arities.

e Balanced solution: For our purposes, we need the solutidre tealanced (i.el|V,(g)||3 = ﬁ for

all v andg).

Since these are immediate consequences of the previodssy@sstead of proving them in details, we
describe the high-level ideas of the construction whileigdeg on the points that we need to check.

Describing Each Predicate by Linear Equations. Let T be the unit circle in the complex plane. Given a
finite abelian groug?, let G be the set of characters (homomorphisms fi@ro T). G is again an abelian
group (under pointwise multiplication) with the same caatity asGG. The identity is the all-ones function
1, and the inverse of is % = X, where~ indicates the complex conjugate.

ConsiderGY which is isomorphic ta7V. A charactery = (x.)vey € GV is said to bev-relevant if
Y» € G is not the trivial character. The support of a charagtés defined to beupp(x) == {v € V :

x isv-relevant, and the weight of is | x| := |supp(x)|-

A linear equation is a paify, z) € GV x T, and an assignment : V — G satisfies(y, z) if and
only if x(f) := [, xo(f(v)) = z. Given a constrainC; = (E;,t;) where the predicat&’, is a coset of
a subgroup of7*i, there is a set of linear equatiofis such that an assignmefitsatisfiesC; if and only if
it satisfies all the linear equations Ir). See Section D.1 of ChaChal3 for technical details. Since each
predicate is equivalently formulated by a set of linear ¢éigua, having different predicates will not matter,
as long as the linear equations have the desired properties.

Resolution Complexity. Given an instance of Min-Ondd/,C) and the seL := U, L; of linear equations
describing all the predicates, its widthiesolutionZ, is the smallest set satisfying the following:

o [ Q £t-
o (x,2),(W,y) € Lyand|x| <t = (x,27) € Ls. Say(xy, z7) is derivedfrom (x, z) and (v, ).

Ly is said torefute £ if (1,2) € £, with z # 1, and L, is said tofix v € V' if there exists(x, z) € L,
with supp(x) = {v}.

Lemma 11. If (V,C) is (s,1 + ¢)-expanding ford < 1/4 and each predicate is a coset of a balanced
pairwise independent subgroup, thég,s can neither refuteC nor fix a variable.
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Proof. The proof is identical to that of Theorem 4.3 of Tulsiani, aihirheorem D.8 of Chan follows, except
that they only prove the lemma for refutation. We give thehHigyel ideas of the proof, pointing out that
fixing a variable is also impossible.

Assume towards contradiction thét refutesC or fixes a variable, and lé*, z*) € £, with |x*| €
{0, 1}. Without loss of generality, we can assume thdt z*) is derived from{(x;, z;)|1 < i < m}, where
each(y;, z;) is derived only fromL;. LetS* := {i : x; # 1} ands* := |S’|. The crucial property they
use is thaty; with ¢ € S* has weight at least 3, which follows from the condition ondicates: Tulsiani
requires a predicate to be a linear code of dual distanceast & and Chan requires it to be a balanced
pairwise independent subgroup, which are indeed equiveleenG is a finite field.

If s* < s, since the instance i§s, 1 + ¢)-expanding, out of) ", .. |E;| constraint-variable pairs
(i, €ij)ies+ 1<j<k,, at Most(2 + 24)s™ pairs have another pair with the same variable. Since gach
with 7 € S* has|x;| > 3 and contributes 3 such pairs, at least — (2 + 20)s* = (1 — 20)s* variables are
covered exactly once bigupp(y;) }ies+, making it impossible to derive arfy, z) with |x| < (1 — 26)s’.
It shows thats* > s. The original argument (Claim 4.4 of 1I09]) assumed that every predicate is of the
same arity, but the above argument naturally adapted itdgutar arities.

Backtracking the derivations, we must hayg, 2') € L, s, which is derived fromj < 5" < s nontrivial
characters froni;'s (Claim 4.5 of Tulsiani). Similar expansion-minimum whktgarguments again ensure
that|x’| > 3, which results in a contradiction. O

Solution and Balance. Given thatL, s does not refuteC, Theorem D.5 of €Chal3 ensures that there
exists a solution[Vs ()} sj<s/16,a:5—¢ 10 thes/16 rounds of the Lasserre hierarchy that satisfies every
constraint. Furthermore, one of his lemmas also provesith@veryv € V andg € G, ||V, (9)|3 = ﬁ

using the fact that, s does not fix any variable.
Lemma 12 (Proposition D.7 of Chal3). For S C V with |S| < s/16, let

Hg :={B|B : S — G and 3 satisfies everyy, z) € L5 withsupp(x) € S}

Foranya: S — G,
WVs(@)|lz = —F—F—

wherel[-] is the indicator function.

Combining all three parts above, we have a balanced soltditie ;;; rounds of the Lasserre hierarchy
that satisfies every constraint. O

C Properties of Random LDPC codes

Lemma 13 (Restatement of Lemni3). Consider the parity-check graph of a randdr), d..)-LDPC code.
With high probability, every vertex on the left (resp. righill have degree eithed, or d, — 2 (resp.d,. or
d. — 2).

Proof. Let M := nd, = md,.. Fix a vertexv on the left. In order to have at magj — 2 neighborsp needs
to either have a neighbor with triple edges or two neighbdth double edges. The probability of the first

event is at most byn - (%) - (%) - 3! yortar=y = O(5)- The probability of the second event is at

most bym? - (df) . ((dzc))2 4. M(M—l)(]\14—2)(M—3) = O(). By taking a union bound over a#, the
probability that there exists a vertex with at mdst- 2 different neighbors iQ(%). The proof for the right
side is similar. O
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Lemma 14 (Restatement of Lemni). Given any0 < § < 1/2, there exists) > 0 (depending omnl.) such
that the parity-check graph of a randofi, , d.)-LDPC code ignn, 1 + ¢)-expanding with high probability.

Proof. Let k := d.. Fix a setS of s < nm vertices on the right for some > 0 chosen later. Suppose that
the degree of each vertex fis given. By the above lemma, with high probability, eachrdegs either
or k — 2. Letk be the average degree of theseertices, and = k£ — 1 — J. Fix a sefl’ of s vertices on the
left.

For avertex € S with degreet’, the probability that it has all’ neighbors fronT" is at most 22)*". |f
we condition that other vertices 1 have neighbors iiir, this estimate only decreases. Therefore, the prob-
ability that the vertices irb have neighbors only from the is at most(%)’“. Taking a union bound over
(_") < (Z£)% choices ofl", conditioned on any degrees §f the probability of the bad event conditioned

cS

on any sequence of degrees%is at most

2cs ks (TC\es (=1-0)s (149)s ks
Zes (26 <
(Z2)F - (2295 < ml 100 1) 40 (2¢)
Taking a union bound ovef”") < (;‘Z < (<2)* choices forS, the probability that some sét of size
s becomes bad is at mogt)%s (k'+9(2¢)F+1)%. Let B = k'T9(2¢)*! so that the above quantity becomes

(£)05° = (%) . When we sum this probability over all< nn, we have

mooo1/s n’n 518 1/6 1
SB S SB S S/B S B n2n
D= Y () <0( st n) + O((n- 5.
s=1 s=1 s=In’n+1
The first term iso(1) for largen. The second term is alsg1) for n < 1/(8/9). O

D Moreon Pairwise Independent Distributions

Lemmal5. LetG = {0,...,k — 1} be afinite set. There is no balanced pairwise independetritiifon

v onG* where every atory, . .., ;) in the support has at least orflecoordinate.

Proof. Givenz = (z1,...,x;) € G*, let || be the number of 0's among;, ..., z;. The fact thatu

is balanced implie&,,[|z|] = 1, but the other requirement impli¢s| > 1 for any « in the support.
Therefore, any: in the support satisfigg| = 1. Fix anyi # j. If z; = 0, z; cannot be 0 and; andz; are
not pairwise independent. O
Lemma16. LetG = {0,...,k — 2} be afinite set for eveh. There is no balanced pairwise independent
distribution v on G* where every atorizy, .. ., ;) in the support has an odd number of zeros.

Proof. Assume for contradiction that suchueexists. For odd < i < k — 1, let a; be the probability that
the (z1,...,x;) sampled fromu has exactlyi zeros. From balanced pairwise independence, they should
satisfy the following set of inequalities:

e Valid probability distribution: ", ., odg@: = 1.

. i1 ok
e Balance} ,_,.; 1, 0dd%  F = 77 < Xi<i<k_1.0ddi% = 7o7-

i(i—1)

o Pairwise independencz,_;_; ., odd® * (1) = GTP & Los<ick_1, 0ddi(i — Dai = g5

Subtracting the first equation from the second, we)jet ., J odd(i —1)a; k 7. Subtractings times
this equation from the third equation, we @€t ., ;. oqq(® — 1)(i — k)a; = 0, h|ch is contradiction
since alla; > 0. o O
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Lemma 17 (Restatement of Lemmd). LetG = {0,1,...,¢ — 1} be a finite set. For the following com-
binations of arity values: and alphabet size valueg each of the odd predicate and the even predicate
supports a balanced pairwise independent distributiorGén

e Evenk > 4,qg =k — 2.
e Oddk >5,q=Fk—3.
e Evenk >6,q=k — 4.
Proof. We again construct each distribution by sampling {0, 1}* first. y = (y1,...,yx) € G* is given
e Foreach,if z; =0,y; «+ 0.
o If x; # 0, y; is chosen uniformly fron{1,...,q — 1}. independently.

If xis %—biased and pairwise independent fh 1}*, it is easy to check thag is balanced pairwise

indepedent or&?*. From now on, we show how to sample the veat@nd prove that it satisfies the desired
properties.

Even k£ > 4, ¢ = k — 2. We first deal with the odd predicate. Our strategy to sampie the follow-
ing. Sampler € {1, 3,k — 1} with probabilty a;, a3, a1 respectively. Sample a sé&t uniformly from
({1’2;;“"“}) and fixxz; = 1ifand only if i € R. The probabilitieszy, as, ar_1 should satisfy the following
three equations.

e Valid probability distribution:a; + a3 + ax_1 = 1.

k—1
e ©piased:ta + | (g)>a3 + ALy = L ay + 3as + (k- Dagy = 2.
3
k(k—1)

o {1°) k=2 12 (
e Pairwise Independenc 6 az + “Frap_1 = (5=5)° < 6az + (k — 1)(k — 2)ap_1 = =k
3

_ 2k3—13k%4+25k—12 k-1 _ k=3 ; ;
41 = Sp5—Toh720k—16° 43 = FP—skTs> Th—1 = TGP 1268 is the solution to the above system. They are
well-defined and nonnegative fér> 4.

For the even predicate, we can choas&s above, using € {0, 2,4}.

e Valid probability distribution:ag + a2 + a4 = 1.

1 piased- (T ), + (g, — 1 :
o L --biased:*ryras + iyias = 15 & 200 +das = 1.

(2) (1)

k—2
e Pairwise Independenc?}t—)@ + %tm = (35)% & 202 + 1204 = ’g,g’j;;g
2

4

_ 4k%-23k+32 __ 2k%-5k _ k ; ; _
a0 = 5ot Y2 = TP—iohg1s M = TP —3%g33 1S the solution to the above system. They are well

defined and nonnegative fér> 4.
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Odd k > 5, ¢ = k— 3. We can use the same framework as above, except that in evesji@y the
denominator of the RHS is changed frégm- 2 to k — 3.

. 5 N 2 . .
For the even predicate, = %m, as = 2/62]6—12?9]1187@4 = 4192—2]31“36 is the solution to

apg+az+ag=1

k
2a9 + 4day = ——

k-3
k(k—1
2(12—1—12&4:%_73)2).

They are well-defined and nonnegative kop 5.

; _ k3—8K2+16k _ k2 —4k _ k2—10k+27
~ Forthe odd predicate, we have that= 5> 55—, 43 = pogrerami—zr U = =Tk 130k —52RF27
is the solution to

ar +az+ap =1

k
a1 + 3az + kap, = ——

k—3
6as + k(k — 1)ay = %

They are well-defined and nonnegative kop 5.

Even k > 6, ¢ = k — 4. We can use the same framework as above, except that in eveayi@y the
denominator of the RHS is changed frégm- 3 to k — 4.

. 5 2 . .
For the even predicate, = %, as = 4k22’f_32}€f64,a4 = 8k2_é”4kk+128 is the solution to

apg+az+ag=1

k
2a9 + 4day = ——

k—4
k(k—1
2(12—1—12&4:%_74)2).

They are well-defined and nonnegative foF 6.

; _ 2k®—23k%+75k—48 _ 3k2—19k+16 _ k2—13k+48
For the odd predicate, we hawe = 55=—35mr =617 03 = 57— gm0k 1280 k-1 = T TI 172~ 160h 113

to
a1 +az+ap =1
a1+3a3+(/€—1)ak: %
k(k—1
They are well-defined and nonnegative foF 6. O

E Moreon Pairwise | ndependent Subgroups

Lemma 18 (Restatement of Lemm@). Letq be a power o2 andk = 2¢. There exists a subgroup E‘[;
such that every element in the subgroup contains an evenerushb coordinates.
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Proof. Our subgroupt’ will be of the form{(ax + By 4+ 7v2) (4..2)c £ }o,8,1€F,, fOr SOMe subsek C F3
of 2¢ = k evaluation points. The séf C I is given by

E:={(1,a,a) :a € F} U{(0,b,b+1):beF,}.
Clearly,|E| = 2¢. The lemma follows from Clain and Claim4 below. O

Claim 3. Every trivariate linear form(ax + Sy +7z) has eithel0, 2, ¢ or 2¢ roots in E (which are all even
integers).

Proof. Letv, 3. be afixed trivariaté,-linear form, for somey, 3,y € F,. LetE; := {(1,a,a) : a € Fy}
andEs; := {(0,b,b+ 1) : b € F,}. We distinguish two cases:

e Casel: B+~ #0inF,. Theny, 5,(1,a,a) = 0ifand only ifa(5 +~) = —«, which is equivalent
toa = — (8 + ) 'a. Henceg, 5., has exactly one root ift;. Moreover,, g.(0,b,b + 1) = 0 if
and only ifb(3 +~) = —, which is equivalent td = — (8 +~) 3. Henceg, s has exactly one
root in E». So we conclude that in this cagg g , has exactly2 roots inE' = £y U Es.

e Case: f+~v=0inF,. Theny, 3 ,(1,a,a) = 0ifandonly ifa(5 +~) = —«, which is equivalent
to a; = 0. Hence ;v 3 4 has eithel roots inE; (if o # 0) or ¢ roots inE; (if = 0). Moreover,
Ya,3,,(0,b,b+1) = 0ifand only if b(5 4 v) = —, which is equivalent toy = 0. Hence), s, has
either( roots inE (if v # 0) or ¢ roots inE (if v = 0). So we conclude that in this cagg 3 , has
either0, g or 2q roots inE = F; U Fs.

O
Claim 4. H' is a balanced pairwise independent subgrou;ﬁ"@f

Proof. Applying Lemmab with d = 3, it is enough to show that any two distinct vectordirare linearly-
independent ovel,. To show this, assume for the sake of contradiction thaetbristv, # v2 € F, and a
scalarg € F, such that; = Bv;. We distinguish three cases:

e v1,v2 € Ey. Then,v; = (1,a1,a; + 1) andvy = (1,a2,a2 + 1) for somea; # as € F,. Then,
vg = P iImplies thats = 1 and hencei;, = a1, a contradiction.

e v, vy € Fo. Then,v; = (O,bl,bl + 1) andvy = (0, bg,bg + 1) for someb; 75 by € Fq. Then,
vg = P implies thats = 1 andb; = bs, a contradiction.

e v € Ej andvy € Ey. Then,u; = (1, a,a) andvy = (0,b,b+ 1) for somea, b € F,. Then,vy = fu;
implies that3 = 0 and hence that both= 0 andb + 1 = 0, a contradiction.

O

F  Proof of Theorem 3 for Hypergraph Vertex Cover

The result fork-Hypergraph Vertex Cover will follow from the machinery gmebdicates that we constructed
in Sections3 and4. We first restate Theoref

Theorem 8 (Restatement of TheoreB). Letk = ¢ + 1 whereq is any prime power. For any > 0, there
exist3,n > 0 (depending ork) such that a randonk-uniform hypergraph witn vertices andn = gn
edges, simultaneously satisfies the following two comwitigith high probability.

e The integral optimum of-HVC is at least(1 — €)n.
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e There is a solution to then rounds of the Lasserre hierarchy of vall%li#ln.

In the rest of this section, we prove Theor8mFix k such thaty = k — 1 is a prime power. Given an
instance oft-HVC, which is an instance of Min-Ongs®, }), we stretch the domain frof0, 1} to F, by
the mapy : F, — {0, 1} with ¢(0) = 1, ¢(g) = 0 for g # 0. Then the corresponding predica®é C IE"; is
a tuple ofk elements frorrF’qf that has at least one zero. We show tRatcontains a pairwise independent
subgroupH’ of IE"; Indeed, we use the sani¥ that was used for the odd predicate for random LDPC codes,
i.e., H" = {(ax + BY) (2 )eE }a,per, WhereE := {(0,1)} U{(1,a)}ser, - In Section4.2, we proved that
H' is balanced pairwise independent and always has an odd marintberos wherk is odd. Here we allow
k to be even so this is not true, but we still have that any eléem&A’ has at least one zero (indeed, the
only element inH that does not have exactly one zerd(s0, . . . ,0), which hask zeros). This constructs
the desired predicate fd?,. Given this predicate, the same technique of stretchingdhgain, constructing
a Lasserre solution by Theorefnand collapsing back the domain using Lemingives a solution to the
Lasserre hierarchy that;;s}l-biased. Lemma9 below, which ensures that randdsruniform hypergraphs
have a large integral optimum and are highly expanding fanesfixed number of hyperedges, concludes
the proof of Theorens.

Lemma 19. Let £ > 3 be a positive integer ane,é > 0. There exists; < [ (depending ork) such
that a randomk-uniform hypergraph(V, E') with Sn edges, where each edggis sampled fron(‘,?) with
replacement, has the following properties with high prabghb

e Itis (nn,k — 1 — §)-expanding.
e Every subset afn vertices contains a hyperedge. Therefore, the optimutAH¥C is at leas{1—e)n.

Proof. The proof uses standard probabilistic arguments and cawwwl fin previous worksACG™10,
Tul09]. Fix a subsetS C V of sizeen. The probability that one hyperedge is contained iis

o en/k)k
0 > o = "
The probability thatS does not contain any edge is at most
(1= (/&))" < exp(—(e/e)"Bn).
Since there aré” ) < (e/e)™ = exp(en(1+log(1/¢))) choices forS, if 3 > (e/e)*, with high probability,
every subset ofn vertices contains a hyperedge.

Now we consider the probability that a set<«hyperedges contains at mast variables, where =
k — 1 —¢. This is upper bounded by

() ()= ()

. . S. . s

cs s s k

((1) for fixing variables to be coverec(,(cg)) for assigning them ta hyperedgess! (") for a set ofs

hyperedges) which is at most

(S/n)58(62k+1_5k‘1+55)8 < (S/n)5355s _ (@)53.

By summing the probability over = 1, ..., nn, the probability that it is notnn, k — 1 — ¢)-expanding is

nm 5/8 n*n o5/ 5/6 5
85 S 85 S Sﬁ S 6 1’127L
D =D Y () <Ot n) + O((n- 5.
s=1 s=1 s=In%n+1
The first term iso(1) for largen. The second term is alsg1) for n < 1/(8%/9). O
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