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Condirtions are given under which the set of projections of the three-dimensional function contains complete i

information about it
1. INTRODUCTION

The optics of the electron microscope are such that the
microphotograph of a biomacromolecule is the projection
of its density distribution, as discussed in ref. 1. The
problem of recovering the density of the object from the
given projections is the basic problem of electron micros-
copy of biomacromolecules.

In ref. 2 the authors considered the case of coaxial
projection when the two projected directions are per-
pendicular to the fixed axis. The problem of recovering
the structure was accomplished, in this case, by using
Radon's equation from ref. 3.

The aim of this article is to study the general case,
when the projection directions occupy a certain domain
on the sphere of directions.

2. POSING THE PROBLEM

Mathematically the problem is formulated as follows.
Let p{x) be a finite function describing the structure of
some object. The projection of this object along the line
passing through x and having the direction T is given by
the integral

plx,1)= j- p (x-+t) dt. 1)

The function pix, 7) is not a function of the three-dimen-
gional vector x, but of the two-dimensional vectorx—
T(xT), perpendicular to the vector . It does not depend
on the sign of 7, and it describes the structure of the two-
dimensional projection of the given object. For brevity,
we denote it by (7). -

Suppose we know the projections (r) along a continuous
set of directions!) {r} . The problem of decoding the
structure of the object under consideration is reduced
to the solution of the integral equation (1) defined for all
xandallTe -['r}, i.e., to the finding of a recovery oper-
ator R{‘r} .

o(x)=R{t}p(x, 7). )

3. CONDITIONS FOR THE EXISTENCE
OF A SOLUTION

We shall first show that for sets {r} the problem has
a solution. In what follows these sets will be called com=-
plete sets. Take the unit sphere of directions S. Each -
vector T € {r} is represented on it by a point Pr, and the
set {7} is a certain closed domain?) Gy

We now show tl}ét in order to recover p(x) it isnec~

.o
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essary and sufficient that Gt have points in common with |
any arc of a great circle. To prove this we note that if ]
some projection p(x, 7) is known, then the Fouriertrans- |
form of the function p(x) can be found for all directions
lying in the plane orthogonal to the vector 7. Whence it :
follows, for example, that if a certain arc of a greatcircle |
has at least one point in common with G, then the Fourier
transform of the function p(x) can be found in the direction
perpendicular to the plane of this circle. If any arc of

a great circle has points in common with G, then the
Fourier transform of the function p(x) can be found for
any direction, and therefore in this case it will be possible
to recover p(x).

Now let the domain Gy be such that there is an arc
L of the great circle which does not have points in com- |
mon with Gr. Since Gy is closed, each point of this arc |
L has its own &-neighborhood in whichtherearenopoints |
of Gy. This means that the Fourier transform of the func-
tion p(x) cannot be found for the directions lying in some
neighborhood of the normal to the plane of L, and therefore
p(x) cannot be recovered.

The set Gy corresponding to the complete set {}is
called complete. This follows from the assertion proved
above.

If the set Gt contains diametrally opposed points,
then it is complete. Such a domain can be any curve
joining diametrally opposed points. In the simplest case
it will be a great semicircle.

If a two-dimensional domain Gt is complete, butdoes
not contain diametrally opposed points, then the boundarysl
of Gy is complete.

4. FORM OF THE VARIOUS PROJECTIONS (T)

We now show that if the projections of p(x) are known
along some curve I, joining the arbitrary points P; and
P, on the sphere of directions, then it is possible to de-
termine the projection of p(x) along the shortest curve
Ty of the arc of the great circle joining these points.

Let (7o) be an arbitrary projection lying on Iy, and |
let {7} be the set of directions corresponding to I'. Pro-
ject each two-dimensional function p(x, 7) from the set
{7} along the direction T,—7(7yT). This projection coin-
cides with the projection of the function p(x, Ty) along the
direction 7—7y(7y7), and both coincide with the convolution
p(x)5(x, n), where n = [7,7]][747]]"1, 6(0x) = 6(1) being the
one-dimensional 6-function. As T moves along T the
vector n (up to sign) runs over all possible directions in
the plane perpendicular to the vector Ty. This means that
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i1 the projections of the two-dimensional function p(x,
) are known, and therefore p(x, Ty) can be recovered by
adon's equation.

Let us obtain the appropriate equation. Let plx,7)=
We have

90, [renl) = J #x+zmln) dn= j plxtlmln dn. @) '

—c0

; Radon's equation we obtain

P(x)= —--—j dpa j dt\p(nt [ton])In|t—nx], . 4)

jere A is the Laplace operator. We substitute (3) in
H

px,T) = ﬂz—A@Sd% S dS’p(x', H)ln|nx’ —nx|,  (5)
1]

Ze

ere Zp is the plane which passes through the coordi-
te origin and perpendicular to the vector 7. Now we
sress integration with respect to the azimuth of the
stor n in the form of an integral along I':

('I:'uT 1.’ )

40== Tz ®

(6)

ere df is the element of length along T, T = d7/dl, and
T7) is the triple scalar product of the vectors Ty, T,
1 7. Finally,

Dy
g (rore)dl §

ds’ P(x 1’) P(k' T) (7)

P {X, To) = (Tofx = xf)-z .

-
Yo

Now let some closed simple (nonself-intersecting)
ve I' be given on S. Consider that domain G of the
ere which is bounded by T, and has solid angle £ =
with respect to the center of the sphere.

Any projection (7p), lying inside G can be found from

known projection 1'1-} along the boundary of thedomain.

prove this, it suffices to pass an arc of a greatcircle
sugh the point Ppg, where the arc meets the boundary
T at the points P; and Pj, and then to use the results
ec, 4. .

YMMETRY

If the objéct has point-symmetry group g, then the
ition p(x) is invariant with respect to the transforma-
operators Fyi of this group:

p(Fkx) =P(X) (k‘:i; 21 ey p)u (8)

re p is the order of the group g. From this relation
from the definition of the projection it follows that
arojections in directions forming the star of this group
interrelated by the equation

p(x, Fir) =p(Fy'x, 7). 9

is assumed that the projections of the object have
ral symmetry.
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p(x, —1)=p(x, 1),

then it can be concluded that the group of symmetries of
the directions of the projections of the object under con-
sideration is obtained from g by adding the center of in-
version, i.e., it is similar to the Laue class correspondmg
to the group g. We shall denote tlns group by g and j
the corresponding operators by Fl(k=1, 2,. .., Py). The - |
sphere of directions S can be partitioned into Py, indepéh"— i
dent domains Go( ), which are transformed into each other
under the action of the operators Fk :
F;L Gn'.""l =Gﬂ(ll,' @ 0)
while in-G®) there are no points which are related to

each other by any symmetry transformation F&‘ The
boundary of the domain Gy is complete.

A stronger assertion can be formulated about subsets |
of the domain Gy, which have the completeness property. |
If the results of Sec. 4 are taken into account, then it
suffices that only one~-dimensional subsets are considered -
lines on the sphere S.

Suppose that some curve I' is given in some domain
Gy, If among tLhe operators FII; of the group gL there are
operators Fpg' (@ =1, 2, ..., s, s =p), such that the

curve Z, Féqr is closed and encompasses a domain
Qe

Q = 2q, which completely contains some domain Gy, then
the curve I will be complete. We shall now indicate
complete I' for the various point groups which have a
center of inversion. Such groups are groups of regular
prisms with an n~-th order axis of symmetry:

| e {n/m, n/mmm, n is even,
r, nm, nis odd.

and groups of regular polyhedra: the cubic groups m3,
m3m, and the icosahedral group 53m.

The choice of the domain Gg having area 47/p is
unique only for the high symmetry groups 53m and m3m,
for which this domain is a spherical triangle. For the
remaining groups the choice of the domain Gy is to some
degree arbitrary, but the independent domain can always
be chosen to be a spherical triangle whose sides are great
¢ircle ares. For example:

1) _{ n/m, n is even,
& n, n is odd,

A vertex of the spherical triangle is at the point
where an n axis leaves the sphere S, and its base is the
arc I'y = 2n/n of the great circle perpendicular to the n
axis. :

2) {n/mmm, n is even,
N nm, 1 is odd.

A vertex of the triangle is the point where the n axis
leaves the sphere S, and its base is the arc Ty =7/n of

the great circle perpendicular to the n axis. Whenn is
even, the arc I'yis located between points where the second-
order axes leave the sphere S; for odd n, it is cut in two
by the point where the 2 axis leaves the sphere.
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3) m3, p = 24.

One vertex of the triangle is at the point where the 3axis :
leaves 8, and the other two are at the points where the 2
axes leave S.

4) m3m, p = 48.

The triangle is defined by the points where the 4, 3, and
2 axes leave S.

5) 53m, p = 120.

Theltriangle is defined by the points where the 5, 3, and
2 axes leave S.

It is easy to prove that for all the groups listed above,

except for n and nm, any side of the sphericaltriangles
so determined is complete. Also complete is any line
containing some vertex.of the triangle. For the groups
53m, m3m, and n/mmm, moreover, any line joining any
vertex with the opposite side is complete. For thegroups
m3 and n/m the line joining the point where the 3 or n
axis leaves the sphere with the opposite side is complete.

For the group nm those lines are complete whichjoin
the vertices of the triangle with the 2 axis, and for the

group n the arc I'y = 2n/n of the great circle perpendicular
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. to the n axis is complete. Any two-d1mens1on.al domain e
“containing the complete curves T listed above is com-

plete.
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discussions, and also V. V. Barynin and E. V. Orlov for
their valuable remarks.

UIf the sets {7} and { — 1} pass continuously from one to the other, then

. we will take {r} to mean the set {r} + { —1}. In the opposite case, the

set {7} does not conrain vectors which differ only by sign.

2)a domain is any continuous connected two-dimensional or one-dimen-
sional set of poimts on the sphere, A closed domain is, as usual, the unjon
of the set and its frontier.

3\hen Gy is multiply connected, that boundary is complete which is
closest to l.he. domain G—r, which is the image of the set {—7}.
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