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Problem 1
1. -1=n-1+n-1=2n-2
2. Forallj (j =0 through n-1):
J
Ci= z a; * bj_i
i=0
3. O
This is an algorithm to calculate this:
For (1=0; i<n,i++)
For (j=0; j<n;j++)
c[j+i]=ali]*b[jl;
Notice that j + 1 goes from 0 to 2n-2.
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Problem 2
L. (Xei » Yei) = (Xaii » Yai ¥ yb,) for i = 0 through r-1

C={(Xa,05 Y20 * ¥b,0) » Xa1 > Ya.1 *¥b,1) 5 -+ » Xar1 > Yar-1 * Yor-1) }

2(n-1)

C — 2 (Xa,i > Yai * Yb,i)
1=0

There is 1 multiplication, so the complexity is:
2(n-1)

C=2 1 = 2n1=0(@)
i=0
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Problem 3
Question 1

The complexity of this conversion as a function of n is

omn’)

because the algorithm breaks down into the summation:

n-1 n-1 ]

2 2:((1)+}S (n) =

k=0 j=0 i=0

n-1 n-1 n-1 n-1 ]

> 25(1) + 2 2 2 (1 =

k=0 j=0 k=0 j=0 i=0

n-1 n-1

nz“rZZj:

k=0 j=0

n-1

2 + X n*(ntl)/2 =
k=0
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Problem 3
Question 2

Convert ( {aj} {xi} {

{yi}=0;

for(k=0;k<n;kt++)
X=1;
for =0 ;j<n;j++)
{ ykt=a * X

X *=xy;

}

Question 3:

The complexity of this new algorithm is
e’
because the algorithm breaks down into the summation:
n-1 n-1
2 Z 2) =

k=0 j=0

2n* = o(n’)
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Problem 4

Case fori=0and n= 3:

Ax0)=y0 : n=0

A(x0) = y0 [( (x0-x1)/(x0-x1) ) *( (x0-x2)/(x0-x2) ) *( (x0-x3)/(x0-x3) ) ] +
Y1 [( (x0-x0)/(x1-x1) ) *( (x0-x2)/(x1-x2) ) *( (x0-x3)/(x1-x3) ) ] +

v2 [( (x0-x0)/(x2-x0) ) *( (x0-x1)/(x2-x1) ) *( (x0-x3)/(x2-x3) ) ]

AX0)=yO0 [(1)*(1)*(1)]+
YI[(0)*(0)*(0)]+
Y2[(0)*(0)*(0)]

A(x0)=y0

n-1 n-1

A= 20 v L1 (i)
k=0  j=0
k=]

Split out case i.

n-1 n-1 n-1

ac)=yi LT (ox)(xivx3)) + Z yie TT (%)) (Xc=;))
i=0 k=0 =0
jr=i ki=i ji=k
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In the second part, one piece of each summation will = 0.
Because at some point j=i ( x;-Xj) will = 0 and so the entire second part =0 and will drop out.
n-1
yio TT ((mx)/(x%5)) = 0
j=0

jl=k

The first part will be simply y; because the mult-ation = 1.
n-1 n-1

yi 11 (XX (Xi=X})) =i IT)=y
=0 j=0

jl=i j=i

Conditions:
xj != x; foralli !=j
No 2 x’s in the vector are the same, that way you are never dividing by zero.

This is naturally true for point value representation because you need n-1 distinct points, therefore xk are
all distinct.
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Problem S:

The complexity of steps

atb+c = O @) +0O[m)+06m) =00

This growth rate is the same as the growth rate of the algorithm in problem 1.

note: The complexity of Lagrange’s formula is ©(n?).
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Problem 6
Proof'1

Prove that : (qn,k+n/2)2 = (qn,k)2

by definition:
2 2mik/ny 2
(@)’ = ()

and: |
(quitn/2)? = ( (M mm y2

— leci ((2k+n)/n)
— e2rci (2k/nt+1)
— eZni (2k/n) % eZT:i

_ o2mi (k)

= (qnx)’
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Problem 6
Proof 2
Prove that : (qn,k)2 = Qun/2,k

by definition:

ok =€ (2m ik)/(n/2)

=e (4nik)n

(6211311(/11)2

= (qn,k)2

Problem 6 Question 3:

There are n/2 distinct numbers

This is because ( q nk+n2 )2 =(qnk )2

While there are n distinct qnk ,

When they are squared, they form n/2 pairs of equal nth roots of unity,

or just n/2 distinct numbers.
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Problem 6 Question 4: For this question, I created three algorithms. Version 1 is the
most straight forward Version. Version 3 is the most optimized version.

Problem 6 Question 4:Version 1

In this version, each X (qn0 > qn.1 » --- » dnn-1 ) 1S €valuated at each level, and an array of
values are passed up (returned recursively), until an array of all the final values is
developed. Note that this version creates new arrays for the returned values, and the
newly generated values to be returned to the previous recursion.

Also, note that the

Poly2Point( A[],n ) {
if (n=1) { return A[]; }

for(i=0 ; i<n/2 ; i++) { // split into AO and A1

AO[1]=A[2i];

Al[i]=A[21+1];

}

Yodd[]=Poly2Point(A0,n/2); // Yodd = AO(x?)

Yeven[]=Poly2Point(A1,0/2); // Yeven = Al(x%)

Q=1;

Qo1 = e(271:1/n);

for(k=0; k<n; k++) { // qoi=qus’ = qus” =qs1'=qss "
Y[k]=Yeven[k%(n/2)] + q * Yodd[k%(n/2)]; // q=qnk
q=q* qu1;

}

return Y[];
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Problem 6 Question 4: Version 2:

In this second version, I use the property

Onk+®2) = -Onk

{ which can be derived from the fact that :

( q nk+n?2 )2 = ( dnk )2
but q nk+n/2 I= q nk }

to reduce the number of iterations in the for loop from n to n/2.

Poly2Point( A[],n) {
if (n=1) { return A[]; }

g=n/2;

for(i=0 ; i<g ; i++) { // splitinto A0 and A1

AO[1]=A[2i];

Al[i]=A[2i+1];

}

Yodd[]=Poly2Point(A0,g); // Yodd = A0(x?)

Yeven[]=Poly2Point(Al,g); // Yeven = Al(x%)

Q=1;

Qo1 = e(271:1/n);

for(k=0; k<g; k++) { // qoi=qus’ = qus” =qs1'=qss "
Y[k]=Yeven[k] + q * Yodd[k];
Y[k+g] = Yeven[k] - q * Yodd[k];
q9=9* qni;

}

return Y[];
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Problem 6 Question 4: Version 3:

In this third version, I speed up the algorithm by avoiding the unnecessary creation of
arrays. To do this, I exploit the fact that A0 and Yodd are the same size, and A[] and Y[]
are the same size. Plus, once A[] is split into AO[] and A1[], A[] is no longer needed.
Therefore, it can be used so store Y and passed back to the previous recursion by
reference. Note that once the recursion is don, A0 and A1 go out of scope and the
memory reclaimed. Therefore, no extra arrays need to be established “newed up” or
deleted.

All we have to do is pass A[] by reference and the next recursion can use it.
Then nothing has to be returned.

Poly2Point( & A[],n) { // A[] is called by reference
if (n=1) { return ; }

g=n/2;

for(i=0 ; i<g ; i++) { // splitinto A0 and A1
AO[1]=A[2i];

Al[i]=A[2i+1];

}

Poly2Point(A0,g); // A0 = AO(x?) after call.
Poly2Point(Al,g); // Al = Al(x") after call.
Q=1

Qo1 = e(271:1/n);

for(k=0; k<g; k++) { // qoi=qus’ =qus’ =qs1 = qss "
A[k]=A0[Kk] + q * A1[K];
Alk+g] = AO[k] - g * Al[k];
q=q* qu1;

h

return ; // A[] was passed by reference from a previous recursion.
// 1t may have been AO[] or A1[] in the previous recursion.
// Tt is implicitly passed back.
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Problem 6 Question 5:

Algorithm analysis:Version 3

Since N is halved each iteration,

The number of recursions is log,N.

Plus, 3N/2 multiplications are performed at each level because there are 3 multiplications in the for loop,
and it loops N/2 times.

T(N) =0 (N log, N ) (Growth Rate)

Because

F(n)= O(C)+2F(n/2)

Let O( C )= 3N/2, because there are 3 multiplications in the for loop, and it loops N/2 times.

F0)=0

F(1)= 0+2F@) = 0 //base case
F2)= 3N2+2F(1) = 3+0=3

F4)= 3N2+2FQ2) = 6+6=12
F8)= 3N2+2F@) = 12+24=36
F(16)= 3N/2+2F(8) = 24+72=96

F(32) = 3N/2+2F(16)= 48+ 192 =240
F(N)= 3N/2 +2F(N/2) = 3N/2 * (log;N) = O(Nlog,N)

i.e. F(32)=3(32)/2*(log,32) = 48*(5) = 240

This is also a lower bound, because even if extra orders are filled in with zero’s to make it a 2" order, the
multiplications still take place.

Therefore, F(N) = G (Nlog,;N)
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Problem 7:

The complexity of steps
a+b + c using the problem 6 algorithm =

0 (n(logyn)) + © (n) + O (n(logyn)) = © (n(logyn))
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