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Abstract

Due to the non-stationary environment, learning in
multi-agent systems is a challenging problem. This pa-
per first introduces a new gradient-based learning algo-
rithm, augmenting the basic gradient ascent approach
with policy prediction. We prove that this augmenta-
tion results in a stronger notion of convergence than the
basic gradient ascent, that is, strategies converge to a
Nash equilibrium within a restricted class of iterated
games. Motivated by this augmentation, we then pro-
pose a new practical multi-agent reinforcement learning
(MARL) algorithm exploiting approximate policy pre-
diction. Empirical results show that it converges faster
and in a wider variety of situations than state-of-the-art
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an agent can only observe the immediate reward after select-
ing and performing an action.

In this paper, we first propose a new gradient-based algo-
rithm that augments a basic gradient ascent algorithm with
policy prediction. The key idea behind this algorithm isttha
a player adjusts its strategy in response to forecasteigstra
gies of the other players, instead of their current ones. We
analyze this algorithm in two-person, two-action, general
sum iterated game and prove that if at least one player uses
this algorithm (if not both, assume the other player uses the
standard gradient ascent algorithm), then players’ gjiiede
will converge to a Nash equilibrium. Like other MARL al-
gorithms, besides the common assumption, this algorithm
also has additional requirements that a player knows the

MARL algorithms. other player’s strategy and current strategy gradientdgr p

off matrix) so that it can forecast the other player’s sggte

I ntroduction Motivated by our theoretical convergence analysis, we
o ) then propose a new practical MARL algorithm exploiting
Learning is a key component of multi-agent systems (MAS), - the jdea of policy prediction. Our practical algorithm only
which allows an agent to adapt to the dynamics of other requires an agent to observe its reward when choosing a
agents and the environment and improves the agent perfor- given action. We show that our practical algorithm can learn
mance or the system performance (for cooperative MAS). ap gptimal policy when other players use stationary paicie
However, due to the non-stationary environmentwhere mul- gmpjrical results show that it converges in more situations
tiple interacting agents are learning simultaneouslyglsin than that covered by our formal analysis. Compared to state-
agent relnfo_rcemer)t learning t_echnlques are not guardntee of_the-art MARL algorithms, WPL (Abdallah and Lesser
to converge in multi-agent settings. 2008), WOLF-PHC (Bowling and Veloso 2002) and GIGA-

Several multi-agent reinforcement learning (MARL) al-  \oLF (Bowling 2005), it empirically converges faster and
gorithms have been proposed and studied (Singh, Kearns, in 3 wider variety of situations.

and Mansour 2000; Bowling and Veloso 2002; Huand Well- | the remainder of this paper, we first review the basic

man 2003; Bowling 2005; Conitzer and Sandholm 2007; gradient ascent algorithm and then introduce our gradient-
Banerjee and Peng 2007), all of which have some theoretical hased algorithm with policy prediction followed by its the-

results of convergence in general-sum games. A common gretical analysis. We then describe a new practical MARL
assumption of these algorithms is that an agent (or player) agorithm and evaluate it in benchmark games, distributed

knows its own payoff matrix. To guarantee convergence, task allocation problem and network routing.
each algorithm has its own additional assumptions, such as

requiring an agent to know a Nash Equilibrium (NE) and Notation
the strategy of the other players(Bowling and Veloso 2002; ] ]

Banerjee and Peng 2007; Conitzer and Sandholm 2007), or - A denotes the valid strategy space, i.e., [0, 1].
observe what actions other agents executed and what re- - IIn : ® — A denotes the projection to the valid space,
wards they received (Hu and Wellman 2003; Conitzer and
Sandholm 2007). For practical applications, these assump-
tions are very constraining and unlikely to hold, and, iadte

alz] = argminga |z — 2|
- Pa(z,v) denotes the projection of a vectoonz € A,

Copyright(© 2010, Association for the Advancement of Artificial Pa(z,v) = lim
Intelligence (www.aaai.org). All rights reserved. n—0 n



Gradient Ascent

We begin with a brief overview of normal-form games and
then review the basic gradient ascent algorithm.

Normal-Form Games

A two-player, two-action, general-sum normal-form game is
defined by a pair of matrices

C12

C22

specifying the payoffs for theow player and thecolumn
player, respectively. The players simultaneously selact a
action from their available set, and the joint action of the
players determines their payoffs according to their payoff
matrices. If the row player and the column player select ac-
tioni,j € {1, 2}, respectively, then the row player receives
a payoffr;; and the column player receives the paygjt
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wherer is the gradient step size. If the gradient moves the
strategy out of the valid probability space, then the fuoreti
ITa will project it back. This will only occur on the bound-
aries (i.e., 0 and 1) of the probability space.

Singh, Kearns, and Mansour (2000) analyzed the gradient
ascent algorithm by examining the dynamics of the strate-
gies in the case of an infinitesimal step siden_.¢). This
algorithm is callednfinitesimal Gradient Ascent (IGAlts
main conclusion is that, if both players use IGA, their aver-
age payoffs will converge in the limit to the expected pagoff
for some Nash equilibrium.

Note that the convergence result of IGA focuses on the av-
erage payoffs of the two players. This notion of convergence
is still weak, because, although the players’ average pay-
offs converge, their strategies may not converge to a Nash
equilibrium (e.g., in zero-sum games). In the next section,
we will describe a new gradient ascent algorithm with pol-

The players can choose actions stochastically based oniCy prediction that allows players’ strategies to conveime

some probability distribution over their available acton
This distribution is said to be a mixed strategy. bet [0, 1]
andp € [0, 1] denote the probability of choosing the first ac-
tion by the row and column player, respectively. With a joint
strategy(a, ), the row player’s expected payoff is

Vi, B) ri(af) +ri2(a(l = B)) +r21((1 — @) 3)
+ra(l—a)(l - 7)) (1)
and the column player’s expected payoff is
Ve(a, B) cii(af) + ciz(a(l = B)) + e ((1 — a)B)
+ c2((1 = ) (1 = B)). )
A joint strategy (a*, 8*) is said to be aNash equilib-
rium if (i) for any mixed strategya of the row player,

V.. (a*, 5%) > Vi («, 8*), and (ii) for any mixed strateg§ of
the column playefV.(a*, 5*) > V.(a*, 8). In other words,

a Nash equilibrium.

Gradient Ascent With Policy Prediction

As shown in Equation 4, the gradient used by IGA to adjust
the strategy is based on current strategies. Suppose that on
player knows its change direction of the opponent’s stiateg
i.e., strategy derivative, in addition to its current st
Then the player can forecast the opponent’s strategy and ad-
just its strategy in response to the forecasted strategys Th
the strategy update rules is changed to:

a1 = Halag + 10 Vi (o, B +v05Ve(ak, Br))]
Br+1 = Ha[Br +n9sVe(ar +7v0aVi(ou, Br), Br)]  (5)
The new derivative terms witly serve as a short-term pre-

diction (i.e., with lengthy) of the opponent’s strategy. Each
player computes its strategy gradient based on the foestast

no player can increase its expected payoff by changing its strategy of the opponent. If the prediction lengtk= 0, the

equilibrium strategy unilaterally. It is well-known thatery
game has at least one Nash equilibrium.

Learning using Gradient Ascent in Iterated Games
In an iterated normal-form game, players repeatedly play th

algorithm is actually IGA. Because of using policy predic-
tion (i.e.,v > 0), we call this algorithm IGA-PP (for theo-
retical analysis, we also consider the case of an infinitalsim
step sizel{m,,—q)). As will be shown in the next section, if
one player uses IGA-PP and the other uses IGA-PP or IGA,

same game. Each player seeks to maximize it own expectedtheir strategies will converge to a Nash equilibrium.

payoff in response to the strategy of the other player. Using

the gradient ascent algorithm, a player can increase its ex-

pected payoff by moving its strategy in the direction of the

The prediction length will affect the convergence of the
IGA-PP algorithm. With a too large prediction length, a
player may not predict the opponent strategy in a right way.

current gradient with some step size. The gradient is com- Then the gradient based on the wrong opponent strategy de-

puted as the partial derivative of the agent’s expectedfpayo
with respect to its strategy:

_ V(e )

BQV;(CY, 6) Do = urﬁ + br
0sVe(a, B) = %Ogﬂ) = Uex + b, 3)

whereu, = ri1 + 722 — 112 — T21,bp = T12 — T2, U =
ci1 + co2 — c12 — co1, ANAbe = co1 — €22,

If (e, Or) are the strategies on tl¢h iteration and both
players use gradient ascent, then the new strategies will be

a1 = afag + 10 Vi (ag, Br)]

Bry1 = A [Br + n0sVe (o, Br.)] 4)

viates too much from the gradient based on the current strat-
egy, and the player adjusts its strategy in a wrong direction
As a result, in some cases (e.@,u. > 0), players’ strate-
gies converge to a point that is not a Nash equilibrium. The
following conditions restricty to be appropriate.

Condition 1: ~ > 0,

Condition 2: y2u,u. # 1,

Condition 3: for anyz € {b,,u, + b} andy € {b.,u. +
be}, if © # 0, thenz(x + yu,y) > 0, and ify # 0, then
y(y + yuex) > 0.

Condition 3 basically says the term withwill not change

the sign of ther or y, and a sufficiently smaly > 0 will
always satisfy them.



Analysis of | GA-PP 1. 9g- = 0, which implies Pa(3*,0p<) = 0. 8a- +
In this section, we will prove the following main result. Yurdg+ > 0anda” = 1implies Pa(a”, 0ax) = 0.

Theorem 1. If, in a two-person, two-action, iterated 2. 95+ = uc + be > 0, due to Condition 3, implieds- +
general-sum game, both players follow the IGA-PP algo- Tucar > 0. Because the projected gradient@fis
rithm (with sufficiently smally > 0), then their strategies zero, theni™ = 1, which impliesP (5%, 93-) = 0.

will asymptotically converge to a Nash equilibrium. Oox +urOg« = Uy + by +yur(uc+b:) > 0and Con-

Similar to the analysis in (Singh, Kearns, and Mansour \(,jvllttlﬁr;:f inlp“ien?gﬁ;s}zzatlg *>)O:,v3/h|ch, combined
2000; Bowling and Veloso 2002), our proof of this theorem ’ e y o
is accomplished by examining the possible cases of the dy- - 98 = te +be < 0. The analysis of this case is similar
namics of players’ strategies following IGA-PP, as done by to the case above witfls- > 0, excepi3™ =0.
Lemma 3, 4, and 5. To facilitate the proof, we first prove that Case3: at least one gradient is less than zero. The proof
if players’ strategies converge by following IGA-PP, then of this case is similar to Case 2. Without loss of general-

they must converge to a Nash equilibrium, i.e., Lemma 2. ity, assume,- + yu,d- < 0, which impliesa* = 0.

For brevity, letd,, denoted,V, (ay, B), andds, denote Then using Condition 3 and analyzing three cases of
95V.(cu+, Bx). We reformulate the update rules of IGA-PP 0= = uca”™ + be = b Will also getPa(a*,da-) = 0
from Equation 5 using Equation 3: andPa (6%, 9p+) = 0.

a1 = Hafok +1(0ay + vurOg, )] =
BkJrl =IIa [ﬁk + n(aﬁk + Vucaak)] (6)

To prove IGA-PP’s Nash convergence, we now will ex-
Lemma 1. If the projected partial derivatives at a strat-  amine the dynamics of the strategy pair following IGA-PP.
egy pair(a*, 5*) are zero, that is,Pa(a*,0,+) = 0 and The strategy paifa, 3) can be viewed as a point i* con-
Pa(B*,03+) = 0, then(a*, 5*) is a Nash equilibrium. strained to lie in the unit square. Using Equation 3, 6, and
an infinitesimal step size, it is easy to show thatuheon-
straineddynamics of the strategy pair is defined by the fol-
lowing differential equation

Proof. Assume that(a*, 3*) is not a Nash equilibrium.
Then at least one player, say the column player, can increase
its expected payoff by changing its strategy unilateralét
the improved point béa*, 5). Because the strategy space & YUl Uy a ~urbe + by
A is convex and the linear dependenceldfa, ) on 5, [5} = [ U Vucur:| {5] {chT + bc] ()
then, for anye > 0, (a*, (1 — €)3* + €¢3) must also be an
improved point, which implies the projected gradientdof We denote th@ x 2 matrix in Equation 7 a#/.
at(a*, 8*) is not zero. By contradictiorfo*, 5*) is a Nash In the unconstrained dynamics, there exists at most one
equilibrium. O point of zero-gradient, which is called the center (or ar)gi

. . . -~ and denoteda®, 5¢). If the matrixU is invertible, by setting
Lemma 2. If, in following IGA-PP with sufficiently small 5 jef hanglaside )of Equation 7 to zero, using Condition 2

Klaih%qﬂﬁilﬁﬁfngak’ﬁk) = (a7, 57), then(a”, 37) is & (i.e.,72u,u. < 1), and solving for the center, we get

Proof. The strategy pair trajectory convergegat, 5*) if (% B°) = ( br, bc). (8)

and only if the projected gradients used by IGA-PP are zero, Ur  Ue

that is, Pa(a*, 0o+ + yu,0p-) = 0 and Pa(3",0p- + Note that the center is in general not at (0, 0) and may not
Yucdar) = 0. Now we are showing thaPa (a*, da- + even be in the unit square.

yurdg+) = 0 and Pa (5%, 0« + YucOar) = 0 Will imply

Pa(a*,0,+) = 0 and Pa (0, 9g«) = 0, which, according

to Lemma 1, will finish the proof and indicatés*, 3*) is a

Nash equilibrium. Assume > 0 is sufficiently small that (N v

satisfies Condition 2 and 3. Consider three possible cases
when the projected gradients used by IGA-PP are zero.

Case1: both gradients are zero, that &, + yu,03- =0
anddg- + yu.0o- = 0. By solving them, we gefl —

Y2 Urte)Dpx = 0 @anddg« = —yu.d4~, Which implies

Jo+ = 0 anddg- = 0, due to Condition 2 (i.ey?u,u. #

1). Therefore Pa(a*, da+) = 0 andPa (5%, 9 ) = 0. ) e
Case2: at least one gradient is greater than zero. Without a) A saddle at the center b) A stable focus at the center

loss of generality, assundk,- +~yu,dg- > 0. Because its

projected gradient is zero, its strategy is on the boundary ) ]

of the strategy spacd, which impliesa* = 1. Now Figure 1: The pha}se portraits of the IGA-PP Qynamlcs: a)
we consider three possible cases of the column player's WhenU has real eigenvalues and b) whérhas imaginary
partial strategy derivativds- = uc.a* + b. = u. + b,. eigenvalues with negative real part



From dynamical systems theory (Perko 1991), if the ma-
trix U is invertible, qualitative forms of the dynamical sys-
tem specified by Equation 7 depend on eigenvalue§ of
which are given by

A1 = YUupue +  urue andAs = yupue — Jupte.  (9)

If U is invertible,u,u. # 0. If u,u. > 0, thenU has two
real eigenvalues; otherwisE, has two imaginary conjugate
eigenvalues with negative real part (becayse 0). There-
fore, based on linear dynamical systems theory] if in-

equilibrium. Cases when the center on the boundary or out-
side the unit square can be shown similarly to converge, and
are discussed in (Singh, Kearns, and Mansour 2000)

Lemma 5. If U has two imaginary conjugate eigenvalues
with negative real part, for any initial strategy pair, th&A-
PP algorithm leads the strategy pair trajectory to asymptot
ically converge to a point that is a Nash equilibrium.

Proof. From dynamical systems theory (Perko 1991Y)/if
has two imaginary conjugate eigenvalues with negative real

vertible, Equation 7 has two possible phase portraits shown part, the unconstrained dynamics of Equation 7 has a sta-
in Figure 1. In each diagram, there are two axes across ple focus at the center, which means, starting from any
the center. Each axis is corresponding to one player, whose point, the trajectory will asymptotically converge to thene

strategy gradient on this axis are zero. Becausei. # 0
in Equation 7, two axes are off the horizonal or the verti-

ter (ac, 5¢) in a spiral way. From Equation 9, the imaginary
eigenvalues implies,u. < 0. Assumeu, > 0 andu, < 0

cal line and not orthogonal to each other. These two axes (the case with:, < 0 andu,. > 0 is analogous), whose gen-

produce four quadrants.
To prove Theorem 1, we only need to show that IGA-PP

eral phase portraitis shown in Figure 1b. One observation is
that the direction of the gradient of the strategy pair clegng

always leads the strategy pair to converge a Nash equilib- in a clockwise way through the quadrants.

rium in three mutually exclusive and exhaustive cases:
e u,u. =0, i.e.,U is notinvertible,

e u,u. < 0, i.e., having ssaddleat the center,

e u,u. > 0, i.e., having asstable focust the center.

Lemma 3. If U is notinvertible, for any initial strategy pair,
IGA-PP (with sufficiently smaly) leads the strategy pair
trajectory to converge to a Nash equilibrium.

Proof. If U is notinvertibledet(U) = (v2upue—1)upu, =
0. A sufficiently smallv will always satisfy Condition 2,
i.e., Y2u,u. # 1. Thereforeu, or u. is zero. Without
loss of generality, assums. is zero. Then the gradient for
the row player is constant (See Equation 7), ibg., As a
result, ifb,. = 0, then its strategy keeps on its initial value;
otherwise, its strategy will converge to = 0 (if b, < 0)
ora = 1 (if b, > 0). After the row player’s strategy
becomes a constant, dued#p = 0, the column player’s

a) Center within the unit square

b) Center on the boundary

Figure 2: Example dynamics whénhas imaginary eigen-
values with negative real part

strategy gradient also becomes a constant. Then its sirateg | BY Lemma 2, we only need to show the strategy pair tra-
3 stays on a value (if the gradient is zero) or converges to one J8Ctory will converge a point in the constrained dynamics.
or zero, depending on the sign of the gradient. According to Ve analyze three possible cases to consider depending on

Lemma 2, the joint strategy converges to a Nash equilibrium.
O

Lemmad. If U has real eigenvalues, for any initial strategy
pair, IGA-PP leads the strategy pair trajectory to converge
to a point on the boundary that is a Nash equilibrium.

Proof. From Equation 9, real eigenvalues implies:. > 0.
Assumeu,. > 0 andu. > 0 (the analysis for the case with
u, < 0 andu. < 0 is analogous and omitted). In this case,
the dynamics of the strategy pair has the qualitative form
shown in Figure 1a.

Consider the case when the center is inside the unit
square. If the initial point is at the center where the gra-
dient is zero, it converges immediately. For an initial poin
in quadrantB or D, if it is on the dashed line, the trajectory
will asymptotically converge to the center; otherwise, the
trajectory will eventually enter either quadrafior C. Any
trajectory in quadrandl (or C) will converge to the top-right
corner (or the bottom-left corner) of the unit square. There
fore, by Lemma 2, any trajectory always converges a Nash

the location of the centdn®, 3°).

1. Center in theinterior of the unit square. First, we ob-

serve that all boundaries of the unit square are tangent to
some spiral trajectory, and at least one boundary is tan-
gent to a spiral trajectory, whose remaining part after the
tangent point lies entirely within the unit square, e.gg tw
dashed trajectories in Figure 2a.

If the initial strategy pair coincidentally is the center, i
will always stay because its gradient is zero. Otherwise,
the trajectory starting from the initial point either does n
intersect any boundary, which will asymptotically con-
verge to the center, or intersects with a boundary. In the
latter case, when the trajectory hits a boundary, it then
travels along the boundary until it reaches the point at
which the boundary is tangent to some spiral, whose re-
maining part after the tangent point may or may not lie
entirely within the unit square. If it does, then the trajec-
tory will converge to the center along that spiral. If it does
not, the trajectory will follow the tangent spiral to the mex
boundary in the clockwise direction. This process repeats



until the boundary is reached that is tangent to a spiral,

Algorithm 1: PGA-APP Algorithm

whose remaining part after the tangent point lies entirely
within the unit square. Therefore, the trajectory will even
tually asymptotically converge to the center.

. Center on the boundary. Consider the case where the
center is on the left-side boundary of the unit square, as
shown in Figure 2b. For convenience, assume the top left
corner only belongs to the left boundary and the bottom
left corner only belongs to the bottom boundary. If the ini-
tial strategy pair coincidentally is the center, it will @ys
stay because of its gradient is zero. Otherwise, because of
clockwise directions of the gradient, no matter where the
trajectory starts, it will always finally hit the left bounga
below the center, and then travels up along the left bound-
ary and asymptotically converge to the center. A similar o
argument can be constructed when the center is on someyg
other boundary of the unit square. "

. Center outsidethe unit square. In this case, the strategy 12
trajectory will converge to some corner of the unit square 13

1

N

Let § andn be the learning rateg,be the discount

factor,~ be the derivative prediction length;

Initialize value functiony and policyr;

3 repeat

Select an action in current state according to
policy (s, a) with suitable exploration ;
Observing reward and next state’, update
Q(Sa a) — (I_G)Q(Sv CL)+9(T+§ maxg/ Q(S/v CL/));
Average reward’ (s) « >, 7(s,a)Q(s, a);
foreach actiona € A do
if 7(s,a) = 1then 6(s,a) — Q(s,a) — V(s)
dsed(s,a) — (Q(s,a) = V(s))/(1 —7(s,a));
d(s,a) < d(s,a) = 7/0(s,a)[x(s,a) ;
7(s,a) — 7w(s,a) +nd(s,a) ;
end
m(s) — Halr(s)];
until the process is terminated

depending on the location of the unit square, as discussed

in (Singh, Kearns, and Mansour 2000).
O

Theorem 2. If, in a two-person, two-action, iterated
general-sum game, one player uses IGA-PP (with a suffi-
ciently smally) and the other player uses IGA, then their
strategies will converge to a Nash equilibrium.

The proof of this theorem is omitted, which is similar to
that of Theorem 1.

A Practical Algorithm

Based on the idea of IGA-PP, we now present a new prac-
tical MARL algorithm, called Policy Gradient Ascent with
approximate policy prediction (PGA-APP), shown in Algo-
rithm 1. The PGA-APP algorithm only requires the obser-
vation of the reward of the selected action. To drop the as-
sumptions of IGA-PP, PGA-APP needs to address the key
guestion: how can an agent estimate its policy gradient with
respect to the opponent’s forecasted strategy without know
ing the current strategy and the gradient of the opponent?
For clarity, let us consider the policy update rule of IGA-
PP for the row player, shown by Equation 6. IGA-PP’s pol-
icy gradient of the row player (i.ed,, + yu,03,) contains
two components: its own partial derivative (i.€., ) and the
product of a constant and the column player’s partial deriva
tive (i.e.,yu,0g,) with respect to the current joint strategies.
PGA-APP estimates these two components, respectively.
To estimate the partial derivative with respect to the cur-
rent strategies, PGA-APP uses Q-learning to learn the ex-
pected value of each action in each state. The value func-
tion Q(s, a) returns the expected reward (or payoff) of ex-
ecuting actiorn in states. The policyn(s,a) returns the
probability of taking actioru in states. As shown by Line
5 in Algorithm 1, Q-learning only uses the immediate re-
ward to update the expected value. With the value func-
tion @ and the current policyr, PGA-APP then can cal-
culate the partial derivative, as shown by Line 8. To illus-
trate that the calculation works properly, let us consider a

two-person, two-action repeated game, where each agent
has a single state. Let = m,(s,1) andf = m.(s,1)

be the probability of the first action of the row player and
the column player, respectively. Thép.(s, 1) is the ex-
pected value of the row player playing the first action, which
will converge to * 1 + (1 — 3) * r12 by using Q-
learning. Itis easy to show that, when Q-learning converges
(Qr(s,1) = V(9))/(1 = m0(5, 1)) = up 3 + b, = LB,
which is the partial derivative of the row player (as shown
by Equation 3).

Using Equation 3, we can expand the second component,
YurOg, = Yuruco + yurbe. SO itis actually a linear func-
tion of the row player's own strategy. PGA-APP approxi-
mates the second component by the termd (s, a)|7 (s, a),
as shown in Line 9. This approximation has two advantages.
First, when players’ strategies converge to a Nash equilib-
rium, this approximated derivative will be zero and will not
cause them to deviate from the equilibrium. Second, the
negative sign of this approximation term is intended to sim-
ulate the partial derivative well for the case withu, < 0
(where IGA does not converge) and allows the algorithm to
converge in all cases (properly smallwill allow conver-
gence in other cases, i.e.,u. > 0). Line 12 projects the
adjusted policy to the valid space.

In some sense, PGA-APP extends Q-learning and is capa-
ble of learning mixed strategies. A player following PGA-
APP with~ < 1 will learn an optimal policy if the other
players are playing stationary policies. It is becauseh wit
stationary environment, using Q-learning, the value fiomct
Q@ will converge to the optimal one, denoted &/, with a
suitable exploration strategy. With < 1, the approximate
derivative term in Line 9 will never change the sign of the
gradient, and policyr converges to a policy that is greedy
with respect taQ. So when(Q is converging taQ*, = con-
verges to a best response.

Learning parameters will affect the convergence of PGA-
APP. For competitive games (with-u. < 0), the larger the



(a) Matching Pennies by PGA-APP

i

(b) Shapley’s Game by PGA-APP

(c) Three—player Matching Pennies by PGA-APP
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Figure 3:Convergence of PGA-APP (on the top row) and WPL (on the bottma) in games. Plot (a), (c), (d) and (f) shows the dynamics
of the probability of the first action of each player, and glgtand (e) shows the dynamics of the probability of eacloadatf the first player.
Parameters) = 0.8, =0,y = 3,7 = 5/(5000 + t) for PGA-APP § is tuned and decayed slower for WPL), wheig the current number
of iterations, and a fixed exploration rate = 0.05. Value fiorcQ is initialized with zero. For two-action games, playerstial policies are
(0.1, 0.9) or (0.9, 0.1), respectively, and, for three@ttjames, their initial policies are (0.1, 0.8, 0.1) and,(0.8, 0.1).

derivative prediction length, the faster the convergence.
But for non-competitive games (with.u. > 0), too largey

will violate Condition 3 and cause players’ strategies tn-co
verge to a point that is not a Nash equilibrium. With higher
learning rate®) andrn, PGA-APP learns a policy faster at
the early stage but the policy may oscillate at late stages.
Properly decaying andn makes PGA-APP converge bet-
ter. However, the initial value and the decay of learning rat
1 need to be set appropriately for the value of the learning
rated, because we do not want to take larger policy update
steps than steps with which values are updated.

Experiments. Nor mal-Form Games

(c) Three-Player

(a) Matching Pennies (b) Shapley's Game Matching Pennies
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Figure 4: Normal-form games.

Player 1 gets one dollar for
matching player 2;

player 2 gets one dollar for
matching player 3;

player 3 gets one dollar for
not matching player 1;
otherwise, players get zero.

We have evaluated PGA-APP, WoLF-PHC (Bowling and
Veloso 2002), GIGA-WoLF (Bowling 2005), and WPL (Ab-
dallah and Lesser 2008) on a variety of normal-form games.
Due to space limitation, we only show results of PGA-APP

and WPL in three representative benchmark games: match-

and GIGA-WoLF have been shown and discussed in (Bowl-
ing 2005; Abdallah and Lesser 2008). As shown in Fig-
ure 3, using PGA-APP, players’ strategies converge to a
Nash equilibrium in all cases, including games with three
players or three actions that are not covered by our formal
analysis. Therefore, PGA-APP empirically has a stronger
convergence property than WPL, WoLF-PHC and GIGA-
WOoLF, each of which does not converge in one of two
games: Shapley’s game and three-player matching pennies.
Through experimenting with various parameter settings, we
also observe that PGA-APP generally converges faster than
WPL, WoLF-PHC and GIGA-WoLF. One possible reason is
that, as shown in Figure 1b, the strategy trajectory foliayvi
IGA-PP spirals directly into the center, while the trajegto
following IGA-WoLF moves along an elliptical orbit in each
quadrant and slowly approaches to the center, as discussed
in (Bowling and Veloso 2002).

Experiments. Distributed Task Allocation

We used our own implementation of the distributed task al-
location problem (DTAP) that was described in (Abdallah
and Lesser 2008). Agents are organized in a network. Each
agent may receive tasks from either the environment or its
neighbors. At each time unit, an agent makes a decision
for each task received during this time unit whether to ex-
ecute the task locally or send it to a neighbor for process-
ing. A task to be executed locally will be added to the local
first-come-first-serve queue. The main goal of DTAP is to
minimize the average total service time (ATST) of all tasks,
including routing time, queuing time, and execution time.

ing pennies, Shapley’s game, and three-player matching We applied WPL, GIGA-WoLF, and PGA-APP, respec-

pennies, as defined in Figure 4. The results of WoLF-PHC

tively, to learn the policy of deciding where to send a task:
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Figure 5: Performance in distributed task allocation Figure 6: Performance in network routing
the local queue or one of its neighbors. The agent’s state Conclusion

is defined by the size of the local queue, which is different We first introduced IGA-PP, a new gradient-based algo-
from the experiments in (Abdallah and Lesser 2008) (where rithm, augmenting the basic gradient ascent algorithm with
each agents has a single state). All algorithms use value- policy prediction. We proved that, in two-player, two-actj
learning rate# = 1 and policy-learning rateg = 0.0001. general-sum matrix games, IGA-PP in self-play or against
PGA-APP used prediction length= 1. IGA would lead players’ strategies to converge to a Nash
Experiments were conducted using uniform two- equilibrium. Inspired by IGA-PP, we then proposed PGA-
dimension grid networks of agents with different sizes: ,6x6 APP, a new practical MARL algorithm, only requiring the
10x10, and 18x18, and with different task arrival patterns, observation of an agent’s local reward for selecting an spe-
all of which show similar comparison results. For brevity, cific action. Empirical results in normal-form games, dis-
we only present here the results for the 10x10 grid (with 100 tributed task allocation problem and network routing shdwe
agents), where tasks arrive at the 4x4 sub-grid at the center that PGA-APP converged faster and in a wider variety of sit-
at an average rate 0.5 tasks/time unit. Communication delay uations than state-of-the-art MARL algorithms.
between two adjacent agents is one time unit. All agents
can execute a task at a rate of 0.1 task/time unit. References
Figure 5 shows the results of these three algorithms, all of Apqaiah. S. and Lesser. V. 2008. A multiagent reinforce-
which converge. PGA-APP converges faster and to a better .o Iear’nin’g algorithm with non-linear dynamiciurnal
ATST: WPL converges t84.25 + 1.46 and GIGA-WOLF to of Artificial Intelligence Researcd3:521-549.
30.30 £ 1.64, while PGA-APP converges t4.89 + 0.82

(results are averaged over 20 runs). Banerjee, B., and Peng, J. 2007. Generalized multiagent

Iearr_1ing with performance boundutonomous Agents and
Experiments; Network Routing Multi-Agent Systemb5(3):281-312.

We also evaluated PGA-APP in network routing. A network _Bowllng,_M., and Ve_Ioso, M. 2002. Mult!agent Iear.nmg us-
consists of a set of agents and links between them. Packetsi"d 2 variable learning ratértificial Intelligence136:215—

are periodically introduced into the network under a Paisso

distribution with a random origin and destination. When a Bowling, M. 2005. Convergence and no-regretin multiagent
packet arrives at an agent, the agent puts it into the local learning. InNIPS’05 209-216.

gueue. At each time step, an agent makes its routing deci- Conitzer, V., and Sandholm, T. 2007. Awesome: A gen-
sion of choosing which neighbor to forward the top packet eral multiagent learning algorithm that converges in self-
in the queue. Once a packet reaches its destination, it is re- play and learns a best response against stationary opgonent
moved from the network. The main goalin this problemisto Machine Learning7(1):23-43.

minimize the Average Delivery Time (ADT) of all packets. ;3 and Wellman, M. P. 2003. Nash g-learning for

We used the experimental setting that was described in general-sum stochastic gamasurnal of Machine Learning
(Zhang, Abdallah, and Lesser 2009). The network is a Researcht:1039-1069.
10x10 irregular grid with some removed edges. The time . : : .
cost of sending a packet down a link is a unit cost. The Perko, L. 1991 .Differential equations and dynamical sys-

packet arrival rate to the network is 4. Each agent uses the tgms Springer-Verlag Inc.

learning algorithm to learn its routing policy. Singh, S.; Kearns, M.; and Mansour, Y. 2000. Nash con-
Figure 6 shows the results of applying WPL, GIGA- Vvergence of grad|ent_dynam|cs in general-sum games. _In

WOLF, and PGA-APP to this problem. All three algorithms ~ Proceedings of the Sixteenth Conference on Uncertainty in

demonstrate convergence, but PGA-APP converges fasterArtificial Intelligence 541-548. Morgan.

and to a better ADT: WPL converges t4.60 + 0.29 and Zhang, C.; Abdallah, S.; and Lesser, V. 2009. Integrat-

GIGA-WoLF t010.22 +0.24, while PGA-APP convergesto  ing organizational control into multi-agent learning. Aé-

9.86 £ 0.29 (results are averaged over 20 runs). MAS’09



