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Figure 11. Gaussian RBF SVMs of sufficiently small width can classify an arbitrarily large number of
training points correctly, and thus have infinite VC dimension

Now we are left with a striking conundrum. Even though their VC dimension is infinite (if
the data is allowed to take all values in RdL), SVM RBFs can have excellent performance
(Schölkopf et al, 1997). A similar story holds for polynomial SVMs. How come?

7. The Generalization Performance of SVMs

In this Section we collect various arguments and bounds relating to the generalization perfor-
mance of SVMs. We start by presenting a family of SVM-like classifiers for which structural
risk minimization can be rigorously implemented, and which will give us some insight as to
why maximizing the margin is so important.

7.1. VC Dimension of Gap Tolerant Classifiers

Consider a family of classifiers (i.e. a set of functions Φ on Rd) which we will call “gap
tolerant classifiers.” A particular classifier φ ∈ Φ is specified by the location and diameter
of a ball in Rd, and by two hyperplanes, with parallel normals, also in Rd. Call the set of
points lying between, but not on, the hyperplanes the “margin set.” The decision functions
φ are defined as follows: points that lie inside the ball, but not in the margin set, are assigned
class {±1}, depending on which side of the margin set they fall. All other points are simply
defined to be “correct”, that is, they are not assigned a class by the classifier, and do not
contribute to any risk. The situation is summarized, for d = 2, in Figure 12. This rather
odd family of classifiers, together with a condition we will impose on how they are trained,
will result in systems very similar to SVMs, and for which structural risk minimization can
be demonstrated. A rigorous discussion is given in the Appendix.

Label the diameter of the ball D and the perpendicular distance between the two hyper-
planes M . The VC dimension is defined as before to be the maximum number of points that
can be shattered by the family, but by “shattered” we mean that the points can occur as
errors in all possible ways (see the Appendix for further discussion). Clearly we can control
the VC dimension of a family of these classifiers by controlling the minimum margin M
and maximum diameter D that members of the family are allowed to assume. For example,
consider the family of gap tolerant classifiers in R2 with diameter D = 2, shown in Figure
12. Those with margin satisfying M ≤ 3/2 can shatter three points; if 3/2 < M < 2, they
can shatter two; and if M ≥ 2, they can shatter only one. Each of these three families of
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classifiers corresponds to one of the sets of classifiers in Figure 4, with just three nested
subsets of functions, and with h1 = 1, h2 = 2, and h3 = 3.

M = 3/2D = 2

Φ=0

Φ=0

Φ=1

Φ=−1
Φ=0

Figure 12. A gap tolerant classifier on data in R2.

These ideas can be used to show how gap tolerant classifiers implement structural risk
minimization. The extension of the above example to spaces of arbitrary dimension is
encapsulated in a (modified) theorem of (Vapnik, 1995):

Theorem 6 For data in Rd, the VC dimension h of gap tolerant classifiers of minimum
margin Mmin and maximum diameter Dmax is bounded above19 by min{!D2

max/M2
min", d}+

1.

For the proof we assume the following lemma, which in (Vapnik, 1979) is held to follow
from symmetry arguments20:

Lemma: Consider n ≤ d + 1 points lying in a ball B ∈ Rd. Let the points be shatterable
by gap tolerant classifiers with margin M . Then in order for M to be maximized, the points
must lie on the vertices of an (n − 1)-dimensional symmetric simplex, and must also lie on
the surface of the ball.

Proof: We need only consider the case where the number of points n satisfies n ≤ d + 1.
(n > d+1 points will not be shatterable, since the VC dimension of oriented hyperplanes in
Rd is d+1, and any distribution of points which can be shattered by a gap tolerant classifier
can also be shattered by an oriented hyperplane; this also shows that h ≤ d + 1). Again we
consider points on a sphere of diameter D, where the sphere itself is of dimension d− 2. We
will need two results from Section 3.3, namely (1) if n is even, we can find a distribution of n
points (the vertices of the (n−1)-dimensional symmetric simplex) which can be shattered by
gap tolerant classifiers if D2

max/M2
min = n−1, and (2) if n is odd, we can find a distribution

of n points which can be so shattered if D2
max/M2

min = (n − 1)2(n + 1)/n2.

If n is even, at most n points can be shattered whenever

n − 1 ≤ D2
max/M2

min < n. (83)
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Training Error: 0.145
Test Error:       0.225
Bayes Error:    0.210

FIGURE 13.4. k-nearest-neighbors on the two-class mixture data. The upper
panel shows the misclassification errors as a function of neighborhood size. Stan-
dard error bars are included for 10-fold cross validation. The lower panel shows
the decision boundary for 7-nearest-neighbors, which appears to be optimal for
minimizing test error. The broken purple curve in the background is the Bayes
decision boundary.

13.3 k-Nearest-Neighbor Classifiers 467
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Training Error: 0.145
Test Error:       0.225
Bayes Error:    0.210

FIGURE 13.4. k-nearest-neighbors on the two-class mixture data. The upper
panel shows the misclassification errors as a function of neighborhood size. Stan-
dard error bars are included for 10-fold cross validation. The lower panel shows
the decision boundary for 7-nearest-neighbors, which appears to be optimal for
minimizing test error. The broken purple curve in the background is the Bayes
decision boundary.
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Nearest	
  Neighbor	
  

When	
  to	
  Consider	
  	
  
–  Instance	
  map	
  to	
  points	
  in	
  Rn	
  
–  Less	
  than	
  20	
  aQributes	
  per	
  instance	
  
–  Lots	
  of	
  training	
  data	
  

Advantages	
  
–  Training	
  is	
  very	
  fast	
  
–  Learn	
  complex	
  target	
  func8ons	
  
–  Do	
  not	
  lose	
  informa8on	
  

Disadvantages	
  
–  Slow	
  at	
  query	
  8me	
  
–  Easily	
  fooled	
  by	
  irrelevant	
  aQributes	
  



Issues	
  

•  Distance	
  measure	
  
– Most	
  common:	
  Euclidean	
  

•  Choosing	
  k	
  
–  Increasing	
  k	
  reduces	
  variance,	
  increases	
  bias	
  

•  For	
  high-­‐dimensional	
  space,	
  problem	
  that	
  the	
  nearest	
  
neighbor	
  may	
  not	
  be	
  very	
  close	
  at	
  all!	
  

•  Memory-­‐based	
  technique.	
  	
  Must	
  make	
  a	
  pass	
  through	
  
the	
  data	
  for	
  each	
  classifica8on.	
  	
  This	
  can	
  be	
  prohibi8ve	
  
for	
  large	
  data	
  sets.	
  



Distance	
  
•  Notation: object with p measurements 

•  Most common distance metric is Euclidean distance: 

•  ED makes sense when different measurements are commensurate; each 
is variable measured in the same units.   

•  If the measurements are different, say length and weight, it is not clear. 



Standardiza8on	
  

When variables are not commensurate, we can standardize 
them by dividing by the sample standard deviation.  This 
makes them all equally important. 

The estimate for the standard deviation of xk : 

where xk is the sample mean: 



Weighted	
  Euclidean	
  distance	
  

Finally, if we have some idea of the relative importance of 
each variable, we can weight them: 



The	
  Curse	
  of	
  Dimensionality	
  

•  Nearest	
  neighbor	
  breaks	
  down	
  in	
  high-­‐dimensional	
  spaces	
  because	
  the	
  
“neighborhood”	
  becomes	
  very	
  large.	
  

•  Suppose	
  we	
  have	
  5000	
  points	
  uniformly	
  distributed	
  in	
  the	
  unit	
  
hypercube	
  and	
  we	
  want	
  to	
  apply	
  the	
  5-­‐nearest	
  neighbor	
  algorithm.	
  	
  	
  

•  Suppose	
  our	
  query	
  point	
  is	
  at	
  the	
  origin.	
  	
  	
  
–  1D	
  –	
  	
  

•  On	
  a	
  one	
  dimensional	
  line,	
  we	
  must	
  go	
  a	
  distance	
  of	
  5/5000	
  =	
  0.001	
  on	
  
average	
  to	
  capture	
  the	
  5	
  nearest	
  neighbors	
  

–  2D	
  –	
  
•  In	
  two	
  dimensions,	
  we	
  must	
  go	
  sqrt(0.001)	
  to	
  get	
  a	
  square	
  that	
  contains	
  
0.001	
  of	
  the	
  volume	
  

–  D	
  –	
  
•  In	
  D	
  dimensions,	
  we	
  must	
  go	
  (0.001)1/D	
  



15 

K-­‐NN	
  and	
  irrelevant	
  features	
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K-­‐NN	
  and	
  irrelevant	
  features	
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Nearest	
  neighbor	
  problem	
  

[Slides	
  from	
  Mehyrar	
  Mohri]	
  
pageMehryar Mohri - Introduction to Machine Learning

NN Problem

Problem: given sample                                      , 
find the nearest neighbor of test point   .

• general problem extensively studied in computer 
science.

• exact vs. approximate algorithms.

• dimensionality    crucial.

• better algorithms for small intrinsic dimension 
(e.g., limited doubling dimension).

13

S = ((x1, y1), . . . , (xm, ym))
x

N



Efficient	
  Indexing:	
  N=2	
  

[Slides	
  from	
  Mehyrar	
  Mohri]	
  
pageMehryar Mohri - Introduction to Machine Learning

NN Problem - Case N = 2

Algorithm:

• compute Voronoi diagram in                 .

• point location data structure to determine NN.

• complexity:         space,              time.

14

O(m log m)

O(m) O(log m)

x



Efficient	
  Indexing:	
  N>2	
  

[Slides	
  from	
  Mehyrar	
  Mohri]	
  pageMehryar Mohri - Introduction to Machine Learning

NN Problem - Case N > 2

Voronoi diagram: size in                .

Linear algorithm (no pre-processing): 

• compute distance             for all             .

• complexity of distance computation:           .

• no additional space needed.

Tree-based data structures: pre-processing.

• often used in applications:  -d trees ( -dimensional 
trees).

15

�x− xi� i ∈ [1, m]

Ω(Nm)

kk

O
�
m

�N/2��



Efficient	
  Indexing	
  for	
  N>2:	
  KD	
  trees	
  

[Slides	
  from	
  Mehyrar	
  Mohri]	
  

pageMehryar Mohri - Introduction to Machine Learning

k-d Trees - Illustration

17

(4, 2), X (5, 9), X

(3, 5), Y

(1, 1) (8, 4) (2, 9.5) (7, 5.5)

pageMehryar Mohri - Introduction to Machine Learning

k-d Trees - Construction

Algorithm: for each non-leaf node,

• choose dimension (e.g., longest of hyperrectangle).

• choose pivot (median).

• split node according to (pivot, dimension).

18

balanced tree, binary space partitioning.

Construc8on	
  algorithm	
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k-d Trees - NN Search

19

[Slides	
  from	
  Mehyrar	
  Mohri]	
  

pageMehryar Mohri - Introduction to Machine Learning

k-d Trees - NN Search

Algorithm:

• find region containing    (starting from root 
node, move to child node based on node test).

• save region point     as current best.

• move up tree and recursively search regions  
intersecting hypersphere                     :

• update current best if current point is closer.

• restart search with each intersecting sub-tree.

• move up tree when no more intersecting sub-
tree.

20

x

x0

S(x, �x− x0�)

Search	
  algorithm	
  

Efficient	
  Indexing	
  for	
  N>2:	
  KD	
  trees	
  



k-­‐NN	
  is	
  similar	
  to	
  SVM	
  with	
  Gaussian	
  kernel!	
  

•  Consider	
  the	
  following	
  generaliza8on	
  of	
  the	
  k-­‐NN	
  algorithm	
  (specialized	
  to	
  
binary	
  classifica8on):	
  

•  Looks	
  at	
  all	
  training	
  points	
  (i.e.,	
  k=N),	
  but	
  weights	
  the	
  i’th	
  training	
  point’s	
  
label	
  by	
  how	
  far	
  xi	
  is	
  from	
  x	
  

•  Now	
  compare	
  this	
  to	
  classifica8on	
  with	
  SVM	
  and	
  a	
  Gaussian	
  kernel:	
  

•  The	
  discriminant	
  func8ons	
  are	
  nearly	
  iden8cal!	
  The	
  SVM	
  has	
  parameters	
  	
  
that	
  can	
  be	
  learned	
  to	
  maximize	
  predic8ve	
  accuracy	
  

ŷ(�x) ← sign

�
N�

i=1

yid(�xi, �x)

�
d(�xi, �x) =

1

||�xi − �x||22
with	
   or…	
   d(�xi, �x) = exp

�
− ||�xi − �x||22

2σ2

�

ŷ(�x) ← sign

�
N�

i=1

αiyiK(�xi, �x)

�

0 ≤ αi ≤ C

αi



KNN	
  Advantages	
  

•  Easy	
  to	
  program	
  
•  No	
  op8miza8on	
  or	
  training	
  required	
  

•  Classifica8on	
  accuracy	
  can	
  be	
  very	
  good;	
  can	
  
outperform	
  more	
  complex	
  models	
  


