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The	
  General	
  GMM	
  assumpHon	
  

µ1	


µ2	



µ3	



•  P(Y):	
  There	
  are	
  k	
  components	
  

•  P(X|Y):	
  Each	
  component	
  generates	
  data	
  from	
  a	
  mul(variate	
  
Gaussian	
  with	
  mean	
  μi	
  and	
  covariance	
  matrix	
  Σi	
  

Each	
  data	
  point	
  is	
  sampled	
  from	
  a	
  genera&ve	
  process:	
  	
  

1.  Choose	
  component	
  i	
  with	
  probability	
  P(y=i)	
  

2.  Generate	
  datapoint	
  ~	
  N(mi,	
  Σi	
  )	
  

Gaussian	
  mixture	
  model	
  
(GMM)	
  



Mixtures	
  of	
  Gaussians	
  



E.M.	
  for	
  General	
  GMMs	
  
Iterate:	
  	
  On	
  the	
  t’th	
  iteraHon	
  let	
  our	
  esHmates	
  be	
  

λt	
  =	
  {	
  μ1(t),	
  μ2(t)	
  …	
  μK(t),	
  Σ1
(t),	
  Σ2

(t)	
  …	
  ΣK
(t),	
  p1(t),	
  p2(t)	
  …	
  pK(t)	
  }	
  

E-­‐step	
  
	
  Compute	
  “expected”	
  classes	
  of	
  all	
  datapoints	
  for	
  each	
  class	
  

€ 

P Yj = k x j ,λt( )∝ pk
( t )p x j µk

(t ),Σk
( t )( )

pk(t)	
  is	
  shorthand	
  for	
  
esHmate	
  of	
  P(y=k)	
  on	
  
t’th	
  iteraHon	
  

M-­‐step	
  	
  	
  

	
  	
  Compute	
  weighted	
  MLE	
  for	
  μ	
  given	
  expected	
  classes	
  above	
  

€ 

µk
t+1( ) =

P Yj = k x j ,λt( )
j
∑  x j

P Yj = k x j ,λt( )
j
∑

€ 

Σk
t+1( ) =

P Yj = k x j ,λt( )
j
∑  x j − µk

t+1( )[ ] x j − µk
t+1( )[ ]

T

P Yj = k x j ,λt( )
j
∑  

€ 

pk
(t+1) =

P Yj = k x j ,λt( )
j
∑

m m	
  =	
  #training	
  examples	
  

Just	
  evaluate	
  a	
  
Gaussian	
  at	
  xj	
  



Gaussian	
  Mixture	
  Example:	
  Start	
  



A]er	
  first	
  iteraHon	
  



A]er	
  2nd	
  iteraHon	
  



A]er	
  3rd	
  iteraHon	
  



A]er	
  4th	
  iteraHon	
  



A]er	
  5th	
  iteraHon	
  



A]er	
  6th	
  iteraHon	
  



A]er	
  20th	
  iteraHon	
  



What	
  if	
  we	
  do	
  hard	
  assignments?	
  
Iterate:	
  	
  On	
  the	
  t’th	
  iteraHon	
  let	
  our	
  esHmates	
  be	
  

λt	
  =	
  {	
  μ1(t),	
  μ2(t)	
  …	
  μK(t)	
  }	
  
E-­‐step	
  

	
  Compute	
  “expected”	
  classes	
  of	
  all	
  datapoints	
  

M-­‐step	
  

	
  Compute	
  most	
  likely	
  new	
  μs	
  given	
  class	
  expectaHons	
  

€ 

µk =  
δ Yj = k,x j( ) x j

δ Yj = k,x j( )
j=1

m

∑

δ	
  represents	
  hard	
  
assignment	
  to	
  “most	
  
likely”	
  or	
  nearest	
  
cluster	
  

	
  Equivalent	
  to	
  k-­‐means	
  clustering	
  algorithm!!!	
  

€ 

P Yj = k x j ,µ1...µK( )∝ exp − 1
2σ 2 x j − µk

2⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ P Yj = k( )

€ 

µk =  
P Yj = k x j( )

j=1

m

∑ x j

P Yj = k x j( )
j=1

m

∑



The	
  general	
  learning	
  problem	
  with	
  
missing	
  data	
  

•  Marginal	
  likelihood:	
  X	
  is	
  observed,	
  
	
   	
   	
   	
   	
   	
   	
   	
   	
  
	
   	
   	
  	
  	
  	
  Z	
  (e.g.	
  the	
  class	
  labels	
  Y)	
  is	
  missing:	
  

•  ObjecHve:	
  Find	
  argmaxθ	
  l(θ:Data)	
  



ProperHes	
  of	
  EM	
  

•  We	
  will	
  prove	
  that	
  
– EM	
  converges	
  to	
  a	
  local	
  maxima	
  

– Each	
  iteraHon	
  improves	
  the	
  log-­‐likelihood	
  

•  How?	
  (Same	
  as	
  k-­‐means)	
  
– E-­‐step	
  can	
  never	
  decrease	
  likelihood	
  
– M-­‐step	
  can	
  never	
  decrease	
  likelihood	
  



EM	
  pictorially	
  Derivation of EM algorithm

L(θ) l(θ|θn)

θn θn+1

L(θn) = l(θn|θn)
l(θn+1|θn)

L(θn+1)

L(θ)
l(θ|θn)

θ

Figure 2: Graphical interpretation of a single iteration of the EM algorithm:
The function l(θ|θn) is bounded above by the likelihood function L(θ). The
functions are equal at θ = θn. The EM algorithm chooses θn+1 as the value of θ
for which l(θ|θn) is a maximum. Since L(θ) ≥ l(θ|θn) increasing l(θ|θn) ensures
that the value of the likelihood function L(θ) is increased at each step.

We have now a function, l(θ|θn) which is bounded above by the likelihood
function L(θ). Additionally, observe that,

l(θn|θn) = L(θn) + ∆(θn|θn)

= L(θn) +
∑

z

P(z|X, θn) ln
P(X|z, θn)P(z|θn)

P(z|X, θn)P(X|θn)

= L(θn) +
∑

z

P(z|X, θn) ln
P(X, z|θn)

P(X, z|θn)

= L(θn) +
∑

z

P(z|X, θn) ln 1

= L(θn), (16)

so for θ = θn the functions l(θ|θn) and L(θ) are equal.
Our objective is to choose a values of θ so that L(θ) is maximized. We have

shown that the function l(θ|θn) is bounded above by the likelihood function L(θ)
and that the value of the functions l(θ|θn) and L(θ) are equal at the current
estimate for θ = θn. Therefore, any θ which increases l(θ|θn) will also increase
L(θ). In order to achieve the greatest possible increase in the value of L(θ), the
EM algorithm calls for selecting θ such that l(θ|θn) is maximized. We denote
this updated value as θn+1. This process is illustrated in Figure (2).
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What	
  you	
  should	
  know	
  
•  Mixture	
  of	
  Gaussians	
  

•  EM	
  for	
  mixture	
  of	
  Gaussians:	
  
–  Coordinate	
  ascent,	
  just	
  like	
  k-­‐means	
  

–  How	
  to	
  “learn”	
  maximum	
  likelihood	
  parameters	
  (locally	
  max.	
  like.)	
  in	
  the	
  case	
  
of	
  unlabeled	
  data	
  

–  RelaHon	
  to	
  K-­‐means	
  	
  
•  Hard	
  /	
  so]	
  clustering	
  
•  ProbabilisHc	
  model	
  

•  Remember,	
  E.M.	
  can	
  get	
  stuck	
  in	
  local	
  minima,	
   	
  	
  
–  And	
  empirically	
  it	
  DOES	
  



LogisHc	
  Regression	
  
Logis(c	
  func(on	
  (Sigmoid):	
  

•  Learn	
  P(Y|X)	
  directly!	
  
•  Assume	
  a	
  parHcular	
  

funcHonal	
  form	
  

•  Sigmoid	
  applied	
  to	
  a	
  linear	
  
funcHon	
  of	
  the	
  data:	
  

Features	
  can	
  be	
  
discrete	
  or	
  
con(nuous!	
  

Copyright
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where the superscript j refers to the jth training example, and where �(Y = yk) is
1 if Y = yk and 0 otherwise. Note the role of � here is to select only those training
examples for which Y = yk.

The maximum likelihood estimator for ⇥2
ik is

⇥̂2
ik =

1
⇤ j �(Y j = yk) ⇤

j
(X j

i � µ̂ik)2�(Y j = yk) (14)

This maximum likelihood estimator is biased, so the minimum variance unbi-
ased estimator (MVUE) is sometimes used instead. It is

⇥̂2
ik =

1
(⇤ j �(Y j = yk))�1 ⇤

j
(X j

i � µ̂ik)2�(Y j = yk) (15)

3 Logistic Regression
Logistic Regression is an approach to learning functions of the form f : X ⇤Y , or
P(Y |X) in the case where Y is discrete-valued, and X = ⌅X1 . . .Xn⇧ is any vector
containing discrete or continuous variables. In this section we will primarily con-
sider the case where Y is a boolean variable, in order to simplify notation. In the
final subsection we extend our treatment to the case where Y takes on any finite
number of discrete values.

Logistic Regression assumes a parametric form for the distribution P(Y |X),
then directly estimates its parameters from the training data. The parametric
model assumed by Logistic Regression in the case where Y is boolean is:

P(Y = 1|X) =
1

1+ exp(w0 +⇤n
i=1 wiXi)

(16)

and
P(Y = 0|X) =

exp(w0 +⇤n
i=1 wiXi)

1+ exp(w0 +⇤n
i=1 wiXi)

(17)

Notice that equation (17) follows directly from equation (16), because the sum of
these two probabilities must equal 1.

One highly convenient property of this form for P(Y |X) is that it leads to a
simple linear expression for classification. To classify any given X we generally
want to assign the value yk that maximizes P(Y = yk|X). Put another way, we
assign the label Y = 0 if the following condition holds:

1 <
P(Y = 0|X)
P(Y = 1|X)

substituting from equations (16) and (17), this becomes

1 < exp(w0 +
n

⇤
i=1

wiXi)

Copyright
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⇤
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1

1 + e�z



Naïve	
  Bayes	
  	
  	
  	
  vs.	
  	
  	
  Logis(c	
  Regression	
  

Genera(ve	
  	
  
•  Assume	
  funcHonal	
  form	
  for	
  	
  

–  P(X|Y)	
  	
  assume	
  cond	
  indep	
  	
  
–  P(Y)	
  
–  Est.	
  params	
  from	
  train	
  data	
  

•  Gaussian	
  NB	
  for	
  cont.	
  features	
  
•  Bayes	
  rule	
  to	
  calc.	
  P(Y|X=	
  x):	
  

–  P(Y	
  |	
  X)	
  ∝	
  P(X	
  |	
  Y)	
  P(Y)	
  
•  Indirect	
  computaHon	
  	
  

–  Can	
  generate	
  a	
  sample	
  of	
  the	
  data	
  
–  Can	
  easily	
  handle	
  missing	
  data	
  

Discrimina(ve	
  
•  Assume	
  funcHonal	
  form	
  for	
  	
  

–  P(Y|X)	
  	
  	
  no	
  assump(ons	
  

–  Est	
  params	
  from	
  training	
  data	
  
•  Handles	
  discrete	
  &	
  cont	
  features	
  

•  Directly	
  calculate	
  P(Y|X=x)	
  
–  Can’t	
  generate	
  data	
  sample	
  

Learning:	
  h:X	
   Y	
   	
  	
  	
  	
  	
  X	
  –	
  features	
  
	
   	
   	
   	
   	
  	
  	
  	
  	
  Y	
  –	
  target	
  classes	
  



	
  Naïve	
  Bayes	
  vs.	
  LogisHc	
  Regression	
  

•  GeneraHve	
  vs.	
  DiscriminaHve	
  classifiers	
  
•  	
  AsymptoHc	
  comparison	
  	
  

(#	
  training	
  examples	
  	
  infinity)	
  
–  	
  when	
  model	
  correct	
  

•  NB,	
  Linear	
  Discriminant	
  Analysis	
  (with	
  class	
  independent	
  
variances),	
  and	
  LogisHc	
  Regression	
  produce	
  idenHcal	
  
classifiers	
  

–  	
  when	
  model	
  incorrect	
  
•  	
  LR	
  is	
  less	
  biased	
  –	
  does	
  not	
  assume	
  condiHonal	
  
independence	
  

– therefore	
  LR	
  expected	
  to	
  outperform	
  NB	
  

[Ng	
  &	
  Jordan,	
  2002]	
  



Naïve	
  Bayes	
  vs.	
  LogisHc	
  Regression	
  

•  GeneraHve	
  vs.	
  DiscriminaHve	
  classifiers	
  
•  Non-­‐asymptoHc	
  analysis	
  

–  	
  convergence	
  rate	
  of	
  parameter	
  esHmates,	
  	
  
	
  	
  	
  (n	
  =	
  #	
  of	
  a@ributes	
  in	
  X)	
  
•  Size	
  of	
  training	
  data	
  to	
  get	
  close	
  to	
  infinite	
  data	
  soluHon	
  
•  Naïve	
  Bayes	
  needs	
  O(log	
  n)	
  samples	
  
•  LogisHc	
  Regression	
  needs	
  O(n)	
  samples	
  

– Naïve	
  Bayes	
  converges	
  more	
  quickly	
  to	
  its	
  (perhaps	
  
less	
  helpful)	
  asymptoHc	
  esHmates	
  

[Ng	
  &	
  Jordan,	
  2002]	
  



Some	
  
experiments	
  
from	
  UCI	
  data	
  

sets	
  
©Carlos	
  Guestrin	
  2005-­‐2009	
   28	
  

Naïve	
  bayes	
  
LogisHc	
  Regression	
  



LogisHc	
  regression	
  for	
  discrete	
  
classificaHon	
  

LogisHc	
  regression	
  in	
  more	
  general	
  case,	
  where	
  	
  
set	
  of	
  possible	
  Y	
  is {y1,…,yR}	
  
•  Define	
  a	
  weight	
  vector	
  wi	
  for	
  each	
  yi,	
  i=1,…,R-­‐1	
  

P(Y=y1|X)	
  
biggest	
  

P(Y=y2|X)	
  
biggest	
  

P(Y=y3|X)	
  
biggest	
  

error =
⇤

i

(ti � t̂i)
2 =

⇤

i

�
ti �

⇤

k

wkhk(xi)

⇥2

P (Y = 1|X) ⇥ exp(w10 +
⇤

i

w1iXi)

P (Y = 2|X) ⇥ exp(w20 +
⇤

i

w2iXi)

3

error =
⇤

i

(ti � t̂i)
2 =

⇤

i

�
ti �

⇤

k

wkhk(xi)

⇥2

P (Y = 1|X) ⇥ exp(w10 +
⇤

i

w1iXi)

P (Y = 2|X) ⇥ exp(w20 +
⇤

i

w2iXi)

3

error =
⇤

i

(ti � t̂i)
2 =

⇤

i

�
ti �

⇤

k

wkhk(xi)

⇥2

P (Y = 1|X) ⇥ exp(w10 +
⇤

i

w1iXi)

P (Y = 2|X) ⇥ exp(w20 +
⇤

i

w2iXi)

P (Y = r|X) = 1�
r�1⇤

j=1

P (Y = j|X)

3

…	
  



LogisHc	
  regression	
  for	
  discrete	
  
classificaHon	
  

•  LogisHc	
  regression	
  in	
  more	
  general	
  case,	
  where	
  	
  
Y	
  is	
  in	
  the	
  set	
  {y1,…,yR}	
  

	
  for	
  k<R	
  

	
  for	
  k=R	
  (normalizaHon,	
  so	
  no	
  weights	
  for	
  this	
  class)	
  

Features	
  can	
  be	
  discrete	
  or	
  con(nuous!	
  



PredicHon	
  of	
  conHnuous	
  variables	
  
•  Billionaire	
  says:	
  Wait,	
  that’s	
  not	
  what	
  I	
  meant!	
  	
  	
  	
  	
  	
  
•  You	
  say:	
  Chill	
  out,	
  dude.	
  
•  He	
  says:	
  I	
  want	
  to	
  predict	
  a	
  conHnuous	
  
variable	
  for	
  conHnuous	
  inputs:	
  I	
  want	
  to	
  
predict	
  salaries	
  from	
  GPA.	
  

•  You	
  say:	
  I	
  can	
  regress	
  that…	
  	
  



0	
   20	
  0	
  

20	
  

40	
  

Linear	
  Regression	
  

Prediction 

x1

ŷ = w0 + w1x1

0	
   10	
   20	
   30	
   40	
  

0	
  
10	
  

20	
  
30	
  

20	
  
22	
  
24	
  
26	
  

Prediction 
ŷ = w0 + w1x1 + w2x2

x1
x2



Ordinary	
  Least	
  Squares	
  (OLS)	
  

0	
   20	
  0	
  

Error or “residual” 

Prediction 

Observation 

=
X

i

 
yi �

X

k

wkx
(i)
k

!2

sum	
  over	
  data	
  points	
   features	
  



The	
  regression	
  problem	
  

•  Precisely,	
  minimize	
  the	
  residual	
  squared	
  error:	
  

w⇤ = argmin
w

X

i

 
yi �

X

k

wkx
k
i

!2



y2

yN

...

Regression:	
  matrix	
  notaHon	
  

K features 

N
 observed outputs 

measurements weights 

K 

w⇤ = argmin
w

X

i

 
yi �

X

k

wkx
k
i

!2

One	
  data	
  point	
  
per	
  row	
   y1

=
X

i

�
x

T
i w � yi

�2

x

T
1

N
 data points 

x

T
2

x

T
N



Regression	
  soluHon:	
  simple	
  matrix	
  math	
  

where 

K×K matrix of 
feature correlations 

K×1 vector 



But,	
  why?	
  
•  Billionaire	
  (again)	
  says:	
  Why	
  sum	
  squared	
  error???	
  

•  You	
  say:	
  Gaussians,	
  Dr.	
  Gateson,	
  Gaussians…	
  
•  Model:	
  predicHon	
  is	
  determinis(c	
  linear	
  funcHon	
  plus	
  

Gaussian	
  noise:	
  

•  Learn	
  w	
  using	
  MLE:	
  

y
observed

=
X

k

wkxk + � � � N (0,⇥2)

Pr(y
observed

| x,w,⇥) =
1

⇥
�
2�

e
�(y

observed

�
P

k wkxk)

2

2�2



Maximizing	
  log-­‐likelihood	
  

Maximize	
  wrt	
  w:	
  

Least-­‐squares	
  Linear	
  Regression	
  is	
  MLE	
  for	
  Gaussian	
  noise!!!	
  

µMLE , ⇥MLE = argmax
µ,�

P (D | µ,⇥)

= �
NX

i=1

(xi � µ)

⇥2
= 0

= �
NX

i=1

xi +Nµ = 0

= �N

⇥
+

NX

i=1

(xi � µ)2

⇥3
= 0

argmax
w
ln

✓
1

⇥
⇥
2�

◆N

+
NX

j=1

�[tj �
P

i wihi(xj)]2

2⇥2
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w

NX

j=1
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= �
NX
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  that	
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  here	
  is	
  
slightly	
  different)	
  


