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Assignments	
  

•  Last	
  homework	
  assignment	
  released	
  tonight,	
  
due	
  next	
  Thursday	
  (Dec.	
  5)	
  

•  Final	
  project	
  write-­‐up	
  due	
  December	
  15	
  

•  10	
  minute	
  presentaJons	
  (1	
  per	
  group)	
  
– Part	
  of	
  your	
  grade	
  
– During	
  final	
  exam	
  period,	
  Dec.	
  17,	
  10-­‐11:50am	
  

•  I	
  need	
  4	
  groups	
  to	
  volunteer	
  to	
  give	
  their	
  
presentaJon	
  on	
  Dec.	
  12	
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Dimensionality	
  reducJon	
  

•  Input	
  data	
  may	
  have	
  thousands	
  or	
  millions	
  of	
  
dimensions!	
  
– e.g.,	
  text	
  data	
  has	
  ???,	
  images	
  have	
  ???	
  	
  

•  Dimensionality	
  reduc1on:	
  represent	
  data	
  with	
  
fewer	
  dimensions	
  
– easier	
  learning	
  –	
  fewer	
  parameters	
  
– visualizaJon	
  –	
  show	
  high	
  dimensional	
  data	
  in	
  2D	
  
– discover	
  “intrinsic	
  dimensionality”	
  of	
  data	
  

•  high	
  dimensional	
  data	
  that	
  is	
  truly	
  lower	
  dimensional	
  	
  
•  noise	
  reducJon	
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Lower	
  dimensional	
  projecJons	
  
•  Rather	
  than	
  picking	
  a	
  subset	
  of	
  the	
  features,	
  we	
  can	
  
obtain	
  new	
  ones	
  by	
  combining	
  exisJng	
  features	
  x1	
  …	
  xn	
  

•  New	
  features	
  are	
  linear	
  combinaJons	
  of	
  old	
  ones	
  
•  Reduces	
  dimension	
  when	
  k<n	
  
•  Let’s	
  consider	
  how	
  to	
  do	
  this	
  in	
  the	
  unsupervised	
  
se]ng	
  	
  
–  just	
  X,	
  but	
  no	
  Y	
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Which	
  projecJon	
  is	
  be_er?	
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example of this is if each data point represented a grayscale image, and each
x(i)
j took a value in {0, 1, . . . , 255} corresponding to the intensity value of

pixel j in image i.
Now, having carried out the normalization, how do we compute the “ma-

jor axis of variation” u—that is, the direction on which the data approxi-
mately lies? One way to pose this problem is as finding the unit vector u so
that when the data is projected onto the direction corresponding to u, the
variance of the projected data is maximized. Intuitively, the data starts off
with some amount of variance/information in it. We would like to choose a
direction u so that if we were to approximate the data as lying in the direc-
tion/subspace corresponding to u, as much as possible of this variance is still
retained.

Consider the following dataset, on which we have already carried out the
normalization steps:

Now, suppose we pick u to correspond the the direction shown in the
figure below. The circles denote the projections of the original data onto this
line.

4

We see that the projected data still has a fairly large variance, and the
points tend to be far from zero. In contrast, suppose had instead picked the
following direction:

Here, the projections have a significantly smaller variance, and are much
closer to the origin.

We would like to automatically select the direction u corresponding to
the first of the two figures shown above. To formalize this, note that given a
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Reminder:	
  Vector	
  ProjecJons	
  

•  Basic	
  definiJons:	
  
– A.B	
  =	
  |A||B|cos	
  θ	
  
– cos	
  θ	
  =	
  |adj|/|hyp|	
  	
  

•  Assume	
  |B|=1	
  (unit	
  vector)	
  
– A.B	
  =	
  |A|cos	
  θ	
  
– So,	
  dot	
  product	
  is	
  length	
  of	
  
projecJon!!!	
  



Using	
  a	
  new	
  basis	
  for	
  the	
  data	
  
•  Project	
  a	
  point	
  into	
  a	
  (lower	
  dimensional)	
  space:	
  

– point:	
  x	
  =	
  (x1,…,xn)	
  	
  
– select	
  a	
  basis	
  –	
  set	
  of	
  unit	
  (length	
  1)	
  basis	
  vectors	
  
(u1,…,uk)	
  
•  we	
  consider	
  orthonormal	
  basis:	
  	
  

– ui•ui=1,	
  and	
  ui•uj=0	
  for	
  i≠j	
  
– select	
  a	
  center	
  –	
  x,	
  defines	
  offset	
  of	
  space	
  	
  
– best	
  coordinates	
  in	
  lower	
  dimensional	
  space	
  
defined	
  by	
  dot-­‐products:	
  (z1,…,zk),	
  zj	
  =	
  (x-­‐x)•uj	
  



Maximize	
  variance	
  of	
  projecJon	
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unit vector u and a point x, the length of the projection of x onto u is given
by xTu. I.e., if x(i) is a point in our dataset (one of the crosses in the plot),
then its projection onto u (the corresponding circle in the figure) is distance
xTu from the origin. Hence, to maximize the variance of the projections, we
would like to choose a unit-length u so as to maximize:
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We easily recognize that the maximizing this subject to ||u||2 = 1 gives the

principal eigenvector of Σ = 1
m

∑m
i=1 x

(i)x(i)T , which is just the empirical
covariance matrix of the data (assuming it has zero mean).1

To summarize, we have found that if we wish to find a 1-dimensional
subspace with with to approximate the data, we should choose u to be the
principal eigenvector of Σ. More generally, if we wish to project our data
into a k-dimensional subspace (k < n), we should choose u1, . . . , uk to be the
top k eigenvectors of Σ. The ui’s now form a new, orthogonal basis for the
data.2

Then, to represent x(i) in this basis, we need only compute the corre-
sponding vector
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k.

Thus, whereas x(i) ∈ Rn, the vector y(i) now gives a lower, k-dimensional,
approximation/representation for x(i). PCA is therefore also referred to as
a dimensionality reduction algorithm. The vectors u1, . . . , uk are called
the first k principal components of the data.

Remark. Although we have shown it formally only for the case of k = 1,
using well-known properties of eigenvectors it is straightforward to show that

1If you haven’t seen this before, try using the method of Lagrange multipliers to max-
imize uTΣu subject to that uTu = 1. You should be able to show that Σu = λu, for some
λ, which implies u is an eigenvector of Σ, with eigenvalue λ.

2Because Σ is symmetric, the ui’s will (or always can be chosen to be) orthogonal to
each other.

Let x(i) be the ith data point minus the mean. 

Choose unit-length u to maximize: 

Let ||u||=1 and maximize. Using the method of Lagrange 
multipliers, can show that the solution is given by the principal 
eigenvector of the covariance matrix! (shown on board) 



Basic	
  PCA	
  algorithm	
  

•  Start	
  from	
  m	
  by	
  n	
  data	
  matrix	
  X	
  
•  Recenter:	
  subtract	
  mean	
  from	
  each	
  row	
  of	
  X	
  

– Xc	
  ←	
  X	
  –	
  X	
  

•  Compute	
  covariance	
  matrix:	
  
–  	
  Σ	
  ←	
  1/m	
  Xc

T	
  Xc	
  

•  Find	
  eigen	
  vectors	
  and	
  values	
  of	
  Σ	
  	
  
•  Principal	
  components:	
  k	
  eigen	
  vectors	
  with	
  
highest	
  eigen	
  values	
  



PCA	
  example	
  

Data: Projection: Reconstruction: 



Dimensionality	
  reducJon	
  with	
  PCA	
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In high-dimensional problem, data usually lies near a linear subspace, as 
noise introduces small variability

Only keep data projections onto principal components with large eigenvalues

Can ignore the components of lesser significance. 

You might lose some information, but if the eigenvalues �
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Eigenfaces	
  [Turk,	
  Pentland	
  ’91]	
  
•  Input	
  images:	
     Principal components: 



Eigenfaces	
  reconstrucJon	
  

•  Each	
  image	
  corresponds	
  to	
  adding	
  together	
  
(weighted	
  versions	
  of)	
  the	
  principal	
  
components:	
  



Scaling	
  up	
  

•  Covariance	
  matrix	
  can	
  be	
  really	
  big!	
  
–  	
  Σ	
  is	
  n	
  by	
  n	
  
– 10000	
  features	
  can	
  be	
  common!	
  	
  
– finding	
  eigenvectors	
  is	
  very	
  slow…	
  

•  Use	
  singular	
  value	
  decomposiJon	
  (SVD)	
  
– Finds	
  k	
  eigenvectors	
  
– great	
  implementaJons	
  available,	
  e.g.,	
  Matlab	
  svd	
  



SVD	
  
• Write	
  X	
  =	
  W	
  S	
  VT	
  

– X	
  ←	
  data	
  matrix,	
  one	
  row	
  per	
  datapoint	
  

– W	
  ←	
  weight	
  matrix,	
  one	
  row	
  per	
  datapoint	
  –	
  
coordinate	
  of	
  xi	
  in	
  eigenspace	
  	
  

– S	
  ←	
  singular	
  value	
  matrix,	
  diagonal	
  matrix	
  
•  in	
  our	
  se]ng	
  each	
  entry	
  is	
  eigenvalue	
  λj	
  

– VT	
  ←	
  singular	
  vector	
  matrix	
  
•  in	
  our	
  se]ng	
  each	
  row	
  is	
  eigenvector	
  vj	
  



PCA	
  using	
  SVD	
  algorithm	
  
•  Start	
  from	
  m	
  by	
  n	
  data	
  matrix	
  X	
  
•  Recenter:	
  subtract	
  mean	
  from	
  each	
  row	
  of	
  X	
  

– Xc	
  ←	
  X	
  –	
  X	
  

•  Call	
  SVD	
  algorithm	
  on	
  Xc	
  –	
  ask	
  for	
  k	
  singular	
  
vectors	
  

•  Principal	
  components:	
  k	
  singular	
  vectors	
  with	
  
highest	
  singular	
  values	
  (rows	
  of	
  VT)	
  
– Coefficients:	
  project	
  each	
  point	
  onto	
  the	
  new	
  vectors	
  


