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Attention for transformers has recently received significant “attention” as a target 
for custom acceleration. Our prior work, TeAAL, proposes a new accelerator design 
methodology that allows architects to reason about and optimize their designs 
iteratively. With a focus on attention, this work makes contributions to both the 
theory and practice of TeAAL’s methodology. On the theory side, we propose a 
set of analyses that can be applied using only the algorithm specification—the 
cascade of Einsums summations. On the practice side, we use the new analyses 
to understand and taxonomize the space of attention algorithms and to iteratively 
build up an efficient, high-utilization accelerator. Our resulting design, FuseMax, 
achieves an average 6.7# speedup on attention and 5.3# speedup on end-to-end 
transformer inference over the prior state of the art, FLAT, while using 79% and 83% 
of the energy, respectively. 

Over the past few years, transformers7 have 
emerged as the model architecture of choice for 
a wide range of machine learning applications, 

from natural language processing to computer vision 
to speech recognition. This rise has been accompanied 
by a corresponding wave of proposals for accelerating 
transformers in both software and hardware.

Although these accelerators have the potential to 
provide dramatic speedup over the best CPU and GPU 
algorithms, they take significant effort and space to de-
scribe, model, evaluate, compare, and extend. Indeed, 
accelerators regularly employ specialized algorithms 
and mechanisms to improve compute utilization and 

performance while reducing memory traffic and en-
ergy, all tailored to the specific algorithms they aim 
to optimize. As a result, accelerators are typically de-
scribed with either Register Transfer Language (RTL) 
or a block diagram and an accompanying natural lan-
guage description. The former is verbose and often 
makes it difficult to identify key conceptual features, 
while the latter is imprecise and often incomplete. Nei-
ther makes it easy to model and evaluate the impact of 
proposed design changes.

Our prior work, TeAAL,4 improves accelerator de-
sign methodology in a way that enables architects to 
qualitatively and quantitatively compare and optimize 
accelerators. More specifically, it provides a separa-
tion of concerns between the different features that 
compose the implementation of a specific kernel on an 
accelerator by proposing a hierarchy of specifications 
from the most high level and concise—the algorithm— 
to the most detailed and verbose—the binding of 
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compute and data movement in time and space. The 
architecture of the accelerator exists outside the hier-
archy, placing constraints on the choices that can be 
made at each level.

At the top of this hierarchy, TeAAL proposes a nov-
el algorithm specification: a directed, acyclic graph 
of tensor algebra operations called the cascade of 
Einsums (Einstein summations). In a nutshell, an Ein-
sum describes a multidimensional space called the 
iteration space, and, for each point in that space, it 
defines a projection into the tensors and a compute 
specification. A cascade of Einsums is a sequence of 
dependent Einsums that can be used to describe and 
specify a larger kernel. Although we hypothesized that 
cascades of Einsums were general enough to describe 
algorithms across a variety of domains, TeAAL focused 
on a single domain-sparse tensor algebra.

In this work, we go beyond sparse tensor algebra 
and propose a novel accelerator for attention, called 
FuseMax. Beyond the FuseMax accelerator itself, the 
work makes contributions to both the theory and 
practice of TeAAL’s separation of concerns-based de-
sign methodology.

On the theory side, we propose a set of Einsum-level 
analyses that provide insight into accelerator efficien-
cy regardless of later choices made in other parts of 
the TeAAL hierarchy (e.g., the mapping). Importantly, in 
TeAAL’s separation of concerns, the precise amount of 
compute and the precise dependencies between those 
computes are fully specified in the cascade of Einsums, 
enabling designers to reason about accelerator effi-
ciency using only the cascade of Einsums. In this work, 
we show how Einsum-explicit compute dependencies 
can be used to make nontrivial deductions about a 
kernel’s allowed fusion granularity and algorithmic 
minimum per-tensor live footprint. The relationship be-
tween the live footprint and the buffer capacity, in turn, 
has implications for the required data movement.

On the practice side, we apply TeAAL’s separation 
of concerns-based methodology to the design of Fuse-
Max. We formalize attention algorithms by expressing 
them as cascades of Einsums and taxonomize the 
space of attention algorithms using our newly proposed 
analysis. Based on our taxonomy, we select an efficient 
variant to implement for our accelerator. We then lower 
this cascade onto a spatial-array accelerator, modifying 
the architecture to remove constraints and enable the 
desired choices at each level of the hierarchy.

FuseMax is compute bound and provides ~100% 
utilization of both its 2-D and 1-D arrays throughout the 
attention layer. Additionally, FuseMax’s on-chip mem-
ory requirements are invariant to sequence length 
and require no extra spills to memory regardless of 

sequence length. With this design, FuseMax achieves 
6.7# speedup on attention and a 5.3# speedup on full 
end-to-end inference with 79% and 83% of the energy, 
respectively, relative to the prior state-of-the-art ac-
celerator FLAT.3

CASCADES OF EINSUMS
We describe the algorithms implemented by the ac-
celerator using computations expressed as Einsums, 
where an Einsum expresses computation on tensors.

An N-tensor is a multidimensional array with N di-
mensions (called ranks). For example, a 0-tensor is a 
scalar, a 1-tensor is a vector, and a 2-tensor is a matrix. 
A point is a logical location within a tensor that con-
tains a scalar value. A point is identified by an N-tu-
ple of coordinates with one coordinate for each rank 
in the tensor. For example, we can define a matrix A 
with a value at coordinates ( , )m k  as .A ,m k  A fiber is a 
set of points in a tensor with the same coordinates in 
all ranks except one. Following the example, we can 
talk about M-fibers of A—points in A with the same  
k coordinate and different m coordinates—and K-fibers 
of A—points in A with the same m coordinate and dif-
ferent k coordinates. We use the same symbol (e.g., M) 
to describe both the name and shape of a rank.

In Einsum notation, we can express matrix multiply as

	 .Z A B, , ,m n k m k n#= � (1)

An Einsum describes a multidimensional space 
K M N# #  called the iteration space. For each point 
( , , )k m n  in that space, it defines a projection into the 
tensors— ,A ,k m  ,B ,k n  and Z ,m n—and a compute specifi-
cation (#) between the inputs and an (implied) sum of 
partial products into the output.

Extended General Einsums (EDGE)6 allow us to 
express kernels beyond standard tensor algebra by 
supporting user-defined compute operators. For ex-
ample, the following is the full specification for matrix 
multiplication:

	 : : ( ) ( ) .Z A B·, , ,m n k m k n
k k
# + ,= +0 / � (2)

EDGE allows the user to specify two actions: the 
map action /^ h and the reduce action ,0^ h  specified af-
ter the “::” delineator. Each map and reduce action con-
tains two operations: merge and compute. Compute 
defines the operation to apply between two data val-
ues and can be any user-defined function. In this work, 
we use #, ', max (maximum), + , exp (exponentiation) 
and -  (see Cascades 2 and 3). Merge specifies which 
regions of the iteration space to touch; execution will 
not need to access the data space corresponding to 
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culled points. Common merge operations include in-
tersection ,+^ h  which touches points with nonzero 
values in both operands, and union (,), which touches 
points where at least one of the operands is nonzero. 
Together, merge and compute precisely define the 
computations in an Einsum.

In (2), k/^ h specifies a map action between A and 
B on the k rank, and the intersection merge operator 
+^ h culls k points where at least one operand is zero. 

The compute operator (#) multiplies the data values 
of the coordinates surviving intersection. The reduce 
action k0^ h on the k rank gathers all non-empty points 
in the k rank and reduces them using addition (+). As a 
shorthand, we allow the compute operator of the map 
action to be placed between the inputs and use addi-
tion as the default compute for reduction [e.g., (1)].

Additionally, EDGE expresses recursion and itera-
tion through generational/iterative ranks. We can ex-
press the iterative prefix sum as follows:

	 S S Ai i i1 = ++ � (3)

	 : .i IG $ � (4)

Here, S is a tensor with the iterative rank (as op-
posed to a standard rank), I, ranging from zero to K (in-
clusive). Statement 4 indicates the stopping condition 
for the iterative expression (when i is greater than or 
equal to I).

A cascade of Einsums4 is a sequence of dependent 
Einsums that can be used to describe and specify a 
larger kernel. The cascade provides a precise speci-
fication of the dependencies between tensors in the 
algorithm. Additionally, depending on how the cas-
cade is interpreted, it can provide an upper bound,4 
lower bound,2 or, like in this work, an exact specifica-
tion for the compute performed. Importantly, all oth-
er details of the kernel implementation are described 
in lower-level specifications, as discussed in the next 
section.

SEPARATION OF CONCERNS
Beyond the cascade of Einsums, this work applies 
TeAAL’s separation of concerns-based hierarchy, visu-
alized in Figure 1, to accelerator design. Although the 
cascade of Einsums specifies what computation is 
required, the mapping, format, and binding describe 
how it should occur.

The mapping describes a mapping graph, a di-
rected, acyclic graph whose nodes are points in the 
iteration spaces of the Einsums, and whose edges are 
ordering constraints between the points. Mapping 
specifications typically include aspects such as loop 
order (dataflow), partitioning, and work scheduling 

(sequential versus parallel operations). Thus, the edg-
es in the mapping graph can be true dependencies 
(enforced by the cascade) or additional constraints 
imposed by the mapping specification. We note that 
the mapping graph is never realized explicitly; it is sim-
ply an abstraction used to explain what we mean by 
mapping.

The format describes the tensors’ representations. 
Because all the tensors in the target workload (atten-
tion) are dense, the only rational representation is that 
of an uncompressed, multidimensional array. Thus, we 
do not discuss the format specification further in this 
work.

The binding describes how the nodes in the map-
ping graph are bound to the architecture, including 
which compute unit each node is associated with, 
when that node will be executed, and where the inputs 
and outputs are stored in the memory hierarchy. This 
binding must obey the ordering enforced by the map-
ping graph and the physical limitations of the architec-
ture but is otherwise unconstrained.

The architecture (not pictured in Figure 1) con-
strains the allowed choices at each level of the hier-
archy. Based on the included functional units, data 
paths, buffers, and so on, certain Einsums, mappings, 
formats, and bindings may or may not be efficient or 
even legal. Designing a new accelerator requires en-
abling sufficient choices in the cascade, mapping, 
format, and binding to support efficient execution 
while, at the same time, making it cost-effective to 
implement.

PASSES PERFORMED  
BY A CASCADE

Before describing the FuseMax architecture, we 
demonstrate a novel analysis on kernels expressed in 
the cascade of Einsums abstraction. Although prior 
work4 provides a precise definition of Einsums, a major 
contribution in our work is to show how this definition 

FIGURE 1.  Separation of the concerns-based hierarchy first 

proposed in TeAAL.4
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can be leveraged to inform accelerator design. Spe-
cifically, we recognize that the cascade makes ex-
plicit precisely what the dependencies are between 
Einsums. We show how this can be used to make 
nontrivial deductions about a kernel’s allowed fusion 
granularity and algorithmic minimum per-tensor live 
footprint. The relationship between the live footprint 
and the buffer capacity, in turn, has implications for 
the required data movement.

To illustrate this idea, we present a simple peda-
gogical example, shown in Cascade 1.

Cascade 1: An example two-pass cascade.

	 Y A Bk k#= � (5)

	 .Z Y Ak#= � (6)

The Einsum in (5) performs a dot product between 
Ak  and ,Bk  and the Einsum in (6) multiplies the first 
Einsum’s result Y by Ak  again to produce Z. If we want 
to minimize the data traffic of ,Ak  we need to choose a 
dataflow for each Einsum that keeps Ak  stationary and 
fuses the two Einsums together. In other words, the 
dataflow must finish using the first element of Ak  be-
fore moving on to the next. However, such a dataflow 
does not exist for this cascade. Any implementation 
must visit every element of Ak  to compute Y before it 
can revisit any element of Ak  to compute Z.

Based on this pattern, we define a pass that a cas-
cade performs over a particular fiber of a particular 
rank and tensor to be a traversal of every element of 
that fiber. Each time that an element must be revisited 
after visiting every other element of that fiber, there is 
an additional pass. For example, Cascade 1 performs 
two passes over the K rank of .Ak

The number of passes that a cascade performs is 
relevant because it restricts the possible fusion sched-
ules. Einsums within a pass can be fused at will, pro-
ducing and consuming a tile of the intermediate at a 
time. Einsums in different passes can only be fused if 
fibers of the reread rank are small enough to fit in local 
storage, which is often not the case. Revisiting Cas-
cade 1, for large K, Einsums 5 and 6 cannot be fused on 
the K rank. Any implementation must visit all elements 
of the K-fiber of A to produce Y before it can visit any of 
the elements of that fiber to produce Z.

This analysis also provides a nontrivial lower bound 
on the tensors’ live footprints. For example, the algo-
rithmic minimum live footprint for tensor A is a fiber of 
shape K. In other words, an architecture must either 
have enough buffer space to hold an entire K-fiber of 
A or spill and reload that fiber, incurring memory traf-
fic proportional to the shape of K. We note that this 
analysis is mapping independent. There is no dataflow 

for this cascade that enables a smaller live footprint. 
Different algorithms for the same problem may require 
different numbers of passes. A full discussion of how 
to manipulate a cascade to reduce the number of 
passes required can be found in the original article.5

TAXONOMIZING ATTENTION
Next, we apply the passes analysis to the family of 
numerically stable attention algorithms. To do so, we 
first need to express each algorithm as a cascade of 
Einsums.

In the original transformer article,7 the kernel was 
described with the following equation:

	 ( , , ) .Attention softmaxQ K V
d

QK V
k

T

= e o � (7)

However, this equation says almost nothing about 
what the inputs Q, K, and V look like, what iteration 
space needs to be traversed, or even what compute is 
required for softmax. We clarify these points by rewrit-
ing (7) as a cascade of Einsums (Cascade 2). We name 
the ranks as follows: M and P are the sequence lengths 
for Q and K/V, respectively, and E and F are the embed-
dings for Q/K and V, respectively.

Cascade 2: A three-pass attention cascade.

	 / *   * /PassQK Q K 1, , ,m p e p e m#= � (8)

	 : :  ( )maxGM QK ,p m p
m

,= 0 � (9)

	 / *  * /Pass SN e 2,m p
QK GM,m p p= - � (10)

	 SD SN ,p m p= � (11)

	 / / *   * /PassA SN SD 3, ,m p m p p= � (12)

	 .AV A V, , ,f p m p f m#= � (13)

We now summarize this cascade; more detail is 
available in the original article.5 Einsum 8a,b multiplies 
the query Q ,e p^ h and the key .K ,e m^ h  Einsum 9 then 
computes the maximum value in each M-fiber, improv-
ing numerical stability by preventing overflow during 
exponentiation. Einsum 10 computes the softmax 
numerator, Einsum 11 computes the softmax denom-
inator, and Einsum 12 computes the softmax result. 
Finally, Einsum 13 multiplies this result with the value 

aEinsums do not require the transpose as this information is 
implicit in the indices.
bIn Einsum 8, we also substitute E for dk following the notation 
defined earlier, where the name of a rank is also its rank shape.
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.V ,f m^ h  Einsums 8–13 can be modified to refer to the full 
batched, multihead self-attention7 by adding the batch 
(B) and head (H) ranks to all tensors. To simplify the no-
tation, we assume the presence of the B and H ranks 
but omit writing them throughout the rest of this work.

We find that existing approaches to attention can 
be classified as three-, two-, or one-pass cascades, 
where an N-pass cascade performs N passes of a giv-
en M-fiber. Under this taxonomy, Cascade 2 is a three-
pass cascade. In pass 1, we compute QK ,m p  and ;GMp  
in pass 2, we compute SN ,m p  and ;SDp  and in pass 3, 
we compute A ,m p  and .AV ,f p  Notice that we must fin-
ish an entire M-fiber of Einsum 9 (reading an entire M- 
fiber of QK ,m p ) before GMp  is ready to start Einsum 10 
(where we must read the same M-fiber of QK ,m p  again). 
Similarly, we must finish an entire M-fiber of Einsum 11 
(reading an entire M-fiber of SN ,m p ) before SDp  is ready 
to start Einsum 12 (where we must read the same M-fi-
ber of SN ,m p  again). To summarize, as a consequence 
of the dependencies between Einsums, this cascade 
must perform three passes over each M-fiber. This 
holds for any choice of mapping (including ones that 
perform fusion).

Using the notion of passes, we taxonomize the 
space of attention algorithms, dividing them into 
three-, two-, and one-pass algorithms (see Table 1). 
We select the FlashAttention-2 cascade (reproduced 
in Cascade 3) to implement for FuseMax because it 
is the one-pass cascade that minimizes the required 
compute. A detailed walk-through of this cascade is 
available in the original article.5

Cascade 3: A one-pass attention cascade. Note 
that M1 is used as a standard rank (e.g., to access 
BQK , ,m m p1 0 ) and as an iterative rank (e.g., to access 
RM ,m p1 ). The stopping condition for all iterative ranks 
is m M1 1$  (Statement 31). 

Initialization:

	 BK K, , ,e m m e m M m1 0 1 0 0= # + � (14)

	 BV V, , ,f m m f m M m1 0 1 0 0= # + � (15)

	 RM : ,m m p1 1 0 3=-= � (16)

	 RD 0: ,m m p1 1 0 == � (17)

	 .RNV 0: ,m m p1 1 0 == � (18)

Extended Einsums:

	 BQK Q BK, , , , ,m m p e p e m m1 0 1 0#= � (19)

	 : : ( )maxLM BQK, , ,m p m m p
m

1 1 0
0

,= 0 � (20)

	 ( , )maxRM RM LM, , ,m p m p m p1 1 1 1=+ � (21)

	 SLN e, ,m m p
BQK RM

1 0
, , ,m m p m p1 0 1 1= - + � (22)

	 SLD SLN, , ,m p m m p1 1 0= � (23)

	 SLNV SLN BV, , , , , ,f m p m m p f m m1 1 0 1 0#= � (24)

	 PRM e,m p
RM RM

1
, ,m p m p1 1 1= - + � (25)

	 SPD RD PRM, , ,m p m p m p1 1 1#= � (26)

	 RD SLD SPD, , ,m p m p m p1 1 1 1= ++ � (27)

	 SPNV RNV PRM, , , , ,f m p f m p m p1 1 1#= � (28)

	 RNV SLNV SPNV, , , , , ,f m p f m p f m p1 1 1 1= ++ � (29)

	 /AV RNV RD, , , ,f p f M p M p1 1= � (30)

	 : .m M1 1G $ � (31)

FuseMax ACCELERATOR DESIGN
We now describe FuseMax, an efficient mapping and 
binding of an attention algorithm (specifically the one-
pass cascade in Cascade 3) to a spatial-array-style archi-
tecture. We start with an architecture based on the prior 
state-of-the-art accelerator, FLAT,3 shown in Figure 2(a). 
This architecture features three main components: a 2-D 
processing element (PE) array that performs matrix mul-
tiplication via a skewed dataflow, a 1-D array that contains 
many more functional units, and a global buffer between 
the arrays and the off-chip memory. We now describe the 
modifications that we make to the architecture to enable 
an efficient cascade, mapping, and binding.

The goal when selecting the mapping, binding, and 
architecture is to fully utilize all the available compute 
units. In our evaluation of prior work [Figure 5(b) and (c)], 
we observe that at short sequence lengths, the 2-D PE 
array is underutilized because it must wait for the 1-D 
PE array to compute the softmax. At longer sequence 

TABLE 1.  Classifying prior attention algorithms based on the 

number of passes required by each. The reference citations 

correspond to those in the conference article.5

Three Pass Two Pass One Pass 

PyTorch42 TileFlow62 FlashAttention15

TensorFlow2 Choi et al.12 FlashAttention-214

FLAT28 < > Rabe and Staats47

E.T.6 < > < >
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lengths, both arrays are underutilized because the 
workload becomes memory-bandwidth limited.

Cascade of Einsums
Looking only at the cascade of Einsums, we already 
see that this architecture will be unable to achieve 
high utilization of the 2-D array. Only (19) and (24) can 
be evaluated by the 2-D array, and all other Einsums 
must be evaluated on the 1-D array. In fact, assuming 
that all floating-point operations (including exponen-
tiation and division) take one (pipelined) cycle, when 
computing attention for BERT, the FLAT architecture 
requires the 1-D array to be active, greater than 9# lon-
ger than the 2-D array.

To alleviate the 1-D array compute bottleneck, we 
add logic to support exponentiation via the Taylor se-
ries expansion and a max functional unit, to allow Ein-
sums 20, 22, and 23 to also be computed on the 2-D 
array. Figure 3 shows these changes. At long sequence 
lengths, the ratio of 1-D to 2-D array compute is nearly 
one to one.

Mapping
FuseMax leverages fusion in conjunction with the one-
pass cascade to eliminate the memory traffic of these 

tensors, regardless of the sequence length. Specifical-
ly, we partition on both M and P (forming M1, M0 and 
P2, P1, and P0) and maximally fuse all levels in the at-
tention loop nest. The full loop nest is available in the 
original article,5 but for this discussion, let us focus 
on Einsums 20–22. The loop nest for these Einsums is 
shown in Mapping 1.

Mapping 1: The fused loop nest for Einsums 20–22.
	 1	 for p2 in range(P2):
	 2 	   for m1 in range(M1):
	 3 	     for p1 in range(P1):
	 4 	         parallel_for p0 in range(P0):
	 5 	           parallel_for m0 in range(M0):
	 6 	             # Computed on the 2-D array
	 7 	             LM[p2, m1, p1, p0, m0 + 1] =
	 8 	               max(LM[p2, m1, p1, p0, m0],
	 9 	                 BQK[p2, m1, p1, p0, m0])
	10 	           # Computed on the 1-D array
	 11 	           RM[p2, m1 + 1, p1, p0] =
	12 	               max(RM[p2, m1, p1, p0],
	13 	                 LM[p2, m1, p1, p0, M0])
	14 	           parallel_for m0 in range(M0):
	15 	             # Computed on the 2-D array
	16 	             SLN[p2, m1, p1, p0, m0] =
	 17 	               exp(BQK[p2, m1, p1, p0, m0]
	18 	                 - RM[p2, m1 + 1, p1, p0])

To enable this mapping, we favor a very tight cou-
pling between the 2-D and 1-D arrays. As soon as 
the 2-D array finishes producing an element of LM, it 
should be available for RM on the 1-D array, and, sim-
ilarly, as soon as the 1-D array produces the new ele-
ment of RM, it should be available for the 2-D array. Un-
fortunately, in the FLAT architecture [see Figure 2(a)], 
the two arrays communicate via the global buffer, re-
quiring extra cycles to translate between the skewed 

(a) (b)

FIGURE 2.  Spatial-array architecture evolution. (a) Spatial-array architecture used by FLAT.3 (b) Spatial-array architecture used 

by FuseMax. max: maximum; exp.: exponentiation.

(a) (b)

FIGURE 3.  2-D array PE architecture evolution. (a) FLAT.3 PE. 

(b) FuseMax PE. 
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(2-D array) and unskewed (1-D array) dataflows and ex-
tra energy to read and write operands to the buffer. We 
alleviate these issues by skewing the dataflow of the 
1-D array and supporting direct connectivity between 
the two arrays [see Figure 2(b)].

Binding
The dependencies between different Einsums in our 
cascade necessitate a binding that implements fine-
grain pipeline parallelism to achieve high utilization of 
both the 1-D and 2-D spatial arrays. Figure 4 shows the 
waterfall diagram for FuseMax in the steady state. Time 
is broken into epochs. Each epoch performs the same 
set of tile-granular operations at specific tile-relative 
coordinates (given by (a)–(d) in the figure). Across all 
epochs, the kernel evaluates all tiles, and each Einsum 
in Cascade 3 is mapped to either the 2-D or 1-D array 
for all epochs (as shown in Figure 4). A more detailed 
description of the interleaving is available in the orig-
inal article.5 The only change we need to make to en-
able this interleaved binding is to expand the register 
files of the 1-D and 2-D arrays so that they can hold in-
termediates for multiple tiles.

EVALUATION
We now summarize our experimental setup and eval-
uation results for FuseMax. We evaluate all accelera-
tors and configurations using the same transformer 
models used by FLAT:3 BERT-Base (BERT), TrXL-wt103 
(TrXL), T5-small (T5), and XLM, focusing on sequence 
lengths between 1K and 1M. We perform our evalu-
ation using two tools for tensor algebra accelerator 
modeling and design space exploration: Timeloop and 

Accelergy. We use these tools to build models of the 
accelerator architectures and evaluate each Einsum 
individually. The results from individual Einsums are 
combined using the heuristics presented in prior work 
for evaluating full cascades.4

We evaluate FuseMax against two baselines: an 
unfused baseline and FLAT.3 We build the unfused 
baseline that implements the three-pass cascade 
(Cascade 2) by combining the costs of three phases: 
QK (Einsum 8), the three-pass softmax (Einsums 9–12), 
and AV (Einsum 13). For the FLAT baseline, we created 
and validated a Timeloop model that reproduces the 
FLAT authors’ (corrected) code to within a <1% error.

To demonstrate the sources of the improvements 
achieved by FuseMax, we present three configura-
tions, building up the full design: +Cascade uses the 
one-pass cascade on the FLAT architecture, +Archi-
tecture adds all FuseMax architecture changes but im-
plements a binding that fully produces and consumes 
one M P0 0#  tile of BQK before starting the next, and 
+Binding adds FuseMax’s pipelined/interleaved bind-
ing. The FuseMax architecture uses the hardware pa-
rameters presented in Figure 2(b).

Figure 5(a) shows the speedup of the various con-
figurations of FuseMax over an unfused baseline and 
FLAT. Across all models and sequence lengths, Fuse-
Max achieves an average speedup of 10# over the 
unfused baseline and 6.7# over FLAT on attention. We 
explore the source of these improvements by looking 
specifically at the utilization of the two PE arrays.

Figure 5(b) shows the utilization of the 1-D PE 
array when performing attention. FLAT’s utilization 
drops for sequence lengths greater than 256K—it be-
comes memory-bandwidth limited because it must 
spill the QK and A tensors to memory. By using a one-
pass cascade (+Cascade), FuseMax is never memory 
bound, and its utilization becomes independent of 
sequence length. We also note that without the Fuse-
Max binding (+Architecture), the 1-D array is forced 
to stall and utilization drops. Adding in this binding 
(+Binding) enables FuseMax to fully utilize the 1-D  
array again.

Similarly, Figure 5(c) shows the utilization of the 
2-D array. Because of the large amount of compute 
required for the softmax, most configurations achieve 
poor utilization of this array. In fact, because the one-
pass cascade increases the compute required, +Cas-
cade’s 2-D array utilization is lower than FLAT’s at 
short sequence lengths. On the other hand, FuseMax 
(+Binding) achieves high utilization across the board 
and, at long sequence lengths, reaches almost 100% 
utilization, making it 2-D-array compute bound. Both 
baselines achieve slightly higher utilization on XLM, 

FIGURE 4.  FuseMax pipelining at a glance. Each tensor name 

(e.g., SLNV) corresponds to the Einsum used to compute that 

tensor (see Cascade 3). a, b, c, and d denote tile-relative co-

ordinates where .a b c d1 1 1  If epoch i produces tiles with 

coordinates a, b, c, and d, Epoch i 1+  produces tiles with iden-

tifiers , , ,a b c d1 1 1 1+ + + +  and so on. “A|B” denotes “comput-

ing tile A is interleaved with computing tile B.” “ A B" ” denotes 

“computing tile A is done before computing tile B.” Computing 

AVf,p is not shown. The green and blue time periods that make 

up an epoch take almost the same number of cycles. 
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which can be attributed to the higher intensity caused 
by a larger embedding dimension (E/F).

FuseMax’s improved utilization and significant-
ly decreased memory traffic translate not only to 
speedups but also to energy savings across the board. 
Across all models and sequence lengths, FuseMax 
uses an average of 77% of the unfused baseline’s en-
ergy and 79% of FLAT’s energy. These results indicate 
that, even though FuseMax requires more compute 
than the unfused baseline or FLAT, the cost of the ad-
ditional compute is less than the savings achieved by 
lower memory and global buffer traffic.

As sequence length increases, a larger fraction of 
the total end-to-end transformer latency and energy is 
spent on attention. On end-to-end transformer infer-
ence, FuseMax achieves an average speedup of 7.6# 
over the unfused baseline and 5.3# over FLAT, using 
only 82% of the unfused baseline’s energy and 83% of 
FLAT’s energy.

We further observe the efficiency of the FuseMax 
design across a range of accelerator sizes. By varying 
the size of the PE array (between 16 # 16 and 512 # 
512) and setting the global and per-PE buffers to ac-
commodate the resulting pipelined/interleaved bind-
ing, we can generate a family of designs for efficient 
transformer inference (see Figure 6). These designs 
scale only the compute available, not the memory 
bandwidth, and yet continue to see improvements, 

indicating that even for very large accelerators, the 
FuseMax kernel is not memory bound.

CONCLUSION
This work extends and implements the TeAAL4 accel-
erator design methodology to propose a high-utiliza-
tion spatial-array architecture for attention. To design 
FuseMax, we first started by expressing the space of 
numerically stable exact attention variants as cas-
cades of Einsums. Studying these cascades revealed 

(a)

(b)

(c)

FIGURE 5.  Utilization and speedup for the different PE arrays on the unfused baseline, FLAT, and three configurations building 

up FuseMax. (a) Speedup on attention. (b) 1-D PE array utilization. (c) 2-D PE array utilization.

FIGURE 6.  Pareto-optimal curves for FuseMax at sequence 

length 256 K. 
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a novel analysis, applicable to any cascade, that can 
be used to infer nontrivial lower bounds on either the 
required on-chip buffer capacity or memory traffic. 
We then explored the architecture requirements at 
each level of the TeAAL hierarchy and minimally, it-
eratively improved our accelerator design to remove 
constraints and enable a high-utilization and efficient 
implementation.

Beyond this work, we are actively exploring how to 
apply this methodology to a wider range of domains. 
Cascades are a powerful tool for describing algorithm 
proposals and differentiating between competing pro-
posals. For example, leading up to the publication of 
this work, we used cascades to describe and differen-
tiate between sparse attention kernels. Similar to the 
attention kernels that we described in this article, the 
sparse attention kernels we explored were describable 
in ~10 Einsums each, and one could clearly articulate 
the core differences between them as point differenc-
es in the cascades. We are currently exploring the ex-
pression of algorithms across domains—including ful-
ly homomorphic encryption, robotics, RTL simulation, 
tensor decomposition, and more—using cascades of 
Einsums.

Similarly, we have found the iterative approach en-
abled by the TeAAL methodology to be effective both 
for the design of new accelerators (like this work) and 
the implementation of software kernels on existing 
architectures. For example, as part of an ongoing col-
laboration with Amazon Web Services (AWS), we have 
successfully applied the TeAAL methodology to the 
design of kernels for the AWS Trainium accelerator. We 
hope that this line of work will promote a more effec-
tive and more efficient implementation and optimiza-
tion process for software and hardware designers and 
across both academia and industry.
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