Brief Announcement: On the Expected Overpayment of VCG Mechanisms in Large Networks

David Karger Evdokia Nikolova^∗

Categories and Subject Descriptors: F.m[Theory of Computation]: Miscellaneous.

General Terms: Economics, Theory.

The VCG mechanism for buying a path from s to t in a network with selfish edges, selects the lowest-cost path (LCP) and pays each edge e on the path the edge’s cost plus a bonus equal to the increase in cost of the lowest-cost path from s to t if edge e were omitted from the graph G, that is payment(e, s, t) = cost(e)+LCP (G− e, s, t) − LCP (G, s, t). These payments are unacceptably high in some graphs containing two node-disjoint paths, and there are few positive results which prove small upper bounds on the expected payments in large and more realistic networks [4, 1].

In this paper, we give an improvement on the VCG overpayment bound of Mihail, Papadimitriou and Saberi [4] for random graphs. As a corollary, we show that the overpayment is not necessarily correlated with the competitiveness of a graph (measured, for example, by the number of node-disjoint paths between a source-destination pair [1]), and it is not necessarily correlated with the size of the graph, contrary to the conjecture in Mihail et al. [4] that the overpayment in random graphs Gn,p is Θ(1/np). Our results show that the overpayment is low when there are two almost equally short paths between the source and destination; the presence of more edges or more competition does not necessarily reduce it and may even hurt it.

THEOREM 1. For G ∈ Gn,p (the Erdős-Renyi random graph model with n nodes and edge probability p) with unit edge costs and np = ω( √ n log n), with probability Ω(1 − n^{−c}) for some constant c > 0, the average VCG overpayment is^p_{2−p} .

The theorem shows that for a constant p the overpayment is Θ(1) rather than the previously conjectured Θ(1/np) [4]. Further, it is less than one and surprisingly increases with p, i.e., it increases with the presence of more competition in the graph, from a threshold on. This counterintuitive phenomenon is explained by the fact that with the increase of competitiveness and number of edges in the graph, the lowest cost paths become shorter (and cheaper) so that the overpayment increases. To an extent, this unexpected increase of overpayment is an artifact of its definition as a measure of payment or bonus per unit cost. Despite this, the measure of payment per unit cost is still sensible in network design, where one would try to design a network topology with as little cost as possible, and aim to minimize payments per unit cost.

In addition, we can consider the average payments per path rather than per unit cost, by taking the ratio of total payment to the total number of node pairs, or number of paths. Similarly we can define average bonus per path, and average cost per path (the average distance in a graph with unit costs). The proof of the theorem extends

∗MIT CSAIL, {karger, enikolova}@csail.mit.edu. Both authors supported in part by NSF grants ANI-0225660 and ITR-0219018.

Copyright is held by the author/owner.

PODC’05, July 17–20, 2005, Las Vegas, Nevada, USA. ACM 1-59593-994-2/05/0007.

to show that the average path bonus is p, the average path payment is 2 and the average path cost is 2 − p, so again these do not change as n grows large. The path payment remains constant since for p > ω( p log n/n), with high probability the second cheapest path is of cost 2.

These theoretical results are supported by simulation; Figure shows the overpayment in random graphs with n = 100, 200, 300 and 500 nodes and varying p on the horizontal axis. The minimum overpayment occurs at about p = p log n/n, which suggests a simple randomized algorithm for minimizing overpayment: if p is below or above this threshold value (equivalently if the average degree is below/above √ n log n), respectively add or remove edges at random until the threshold is reached.

Simulation on power-law graphs shows that the VCG overpayment steadily decreases from 0.49 down to 0.43 when the number of nodes in the graph grows from n = 100 to n = 20, 000. This supports the conjecture of Mihail et al. [4] that the overpayment in power-law graphs is also bounded by constant. From simulation, the overpayment in power-law graphs with uniformly random costs also appears to be below 1.

Our theoretical results explain why the average overpayment is not necessarily correlated with the degree of competition or the number of distinct node disjoint paths in a graph. The overpayment is low when the difference between the cost of the two cheapest paths is low, and the presence of more paths does not necessarily affect it, and might even worsen it. Similarly, the property which makes the overpayment on the Internet AS level graph so low [2] is not the large number of available paths, but rather then presence of two paths of almost equal cost between every pair of nodes.

For proofs and details, see Karger and Nikolova [3].

1. REFERENCES

[1] A. Czumaj, and A. Ronen. On the Expected Payment of Mechanisms for Task Allocation. PODC 2004, pp. 98 − 106.

[2] J. Feigenbaum, C. Papadimitriou, R. Sami and S. Shenker. A BGP-based Mechanism for Lowest-Cost Routing. PODC 2002, pp. 173 − 182.

[3] D. Karger, and E. Nikolova. VCG Overpayment in Random Graphs. DIMACS Workshop on Computational Issues in Auction Design, October 2004.

[4] M. Mihail, C. H. Papadimitriou, A. Saberi. On Certain Connectivity Properties of the Internet Topology. FOCS 2003, p.28.