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Abstract

One way of overcoming the intractable nature of problems in graphs is by con-
sidering them on special classes of graphs. In this thesis, we study the properties
of two important classes of graphs — asteroidal triple-free graphs and distance-
hereditary graphs, and use their properties to design efficient polynomial-time
algorithms for a variety of problems that are N P-complete on general graphs.

Three independent vertices in a graph are said to constitute an asteroidal triple
(AT) if there is a path between every two of them that avoids the neighbourhood
of the third. Graphs which do not have an AT are said to be AT-free. These
graphs strictly contain the well-known class of cocomparability graphs, but are
not necessarily perfect. We present O(n?) algorithms for the problems of finding a
minimum cardinality connected dominating set and a Steiner set on these graphs.
These are the first known algorithms for these problems on any non-trivial class of
non-perfect graphs — in addition, these are the first known algorithms on AT-free
graphs for any problem.

Distance-hereditary graphs are an important class of perfect graphs in which
all induced paths between any pair of vertices are isometric. We present the
following algorithms on these graphs : an O(m + n) algorithm for the minimum
weighted connected dominating set problem (improving the existing best result
of O(n?)), an O(m + n) algorithm for the minimum weighted clique domination
problem, an O(mn) algorithm for the Steiner problem, and an O(n®) algorithm
for the maximum clique problem. A unified approach based on the properties of
separators has been used to solve all these problems — to enable this, we have also
designed and presented an O(m + n) algorithm to find all the minimal separators

of a distance-hereditary graph.
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Chapter 1

Algorithmic and Graph-theoretic
Background

1.1 Algorithms and Complexity

An area of Computer Science that has enjoyed a very rapid growth in the past 25
years is the field of algorithms and complexity theory — in particular, the design
and analysis of computer algorithms. The goals of research in this area are to
study the nature of problems that are solvable on a digital computer, to provide
solutions to solvable problems, as well as to classify problems into categories
depending on their relative degree of difficulty or intractability.

Formally, a problem consists of a question to be answered, a requirement to
be fulfilled, or a best possible situation or structure to be found, called a solution.
This is usually in response to several input parameters or variables. An instance
of a problem P is a specification of particular values for its parameters. An
algorithm for P is a step-by-step, terminating procedure, which when applied to
any instance of P produces a solution. A decision problem is one that requires a

simple “yes” or “no” answer — for example, the question, “Is the number of primes



infinite?” is a decision problem.
There are mainly two kinds of questions we wish to answer when confronted

with a particular problem P.

o Computability: Is there an algorithm which solves the problem P?7 A nega-

tive answer to this question would mean that P is undecidable.

o Complexity: This deals with the quantitative aspects of algorithm design.
It addresses the issue of what can be computed in a practical or reasonable
amount of time and space — it is dependent on the problem, the algorithm,

and the implementation.

We usually express complexity as a function of the size of the input. We say
that an algorithm A for a problem P runs in time O(f(m)) if for some positive
constant ¢, there exists an implementation of A4 which terminates after at most
cf(m) computational steps, for all instances of size m — this is the notion of

worst-case complexity.

1.2 Graph-theoretic Preliminaries

Graphs are discrete mathematical structures that have been studied extensively.
They have a variety of practical applications, and are used to model and solve
several real-world problems arising in diverse areas such as VLSI design, commu-
nication networks, and operations research. For mathematical results and prop-
erties of graphs, the reader is referred to [7, 20]; classical algorithmic results and
applications are given in [7, 13, 19].

The graphs we deal with in this thesis, unless otherwise stated, are simple,
finite, undirected, loopless, and without multiple edges.

A graph is a tuple G = (V| F), where V is a finite set and F is a collection

of unordered pairs of distinct elements of V. The elements of V' are called the



vertices of G, and the elements of F are called the edges of G. We denote |V| by
n, and |E| by m.

Two vertices v and v such that (u,v) € E are said to be adjacent to each
other, or neighbours of each other. Common representations of graphs involve the
specification of adjacencies in terms of adjacency lists and matrices [1].

A path is a sequence of distinct vertices vy, vg, ..., v such that v; and v;44 are
adjacent for all 1 < < k. A path from u to v is denoted by u---v. A cycle is a
sequence of vertices vy, vy, ..., vk, vy such that vy -+ - vy is a path and (vy,vi) € E.

The complement of a graph G = (V| F), denoted G°, is the graph (V, F’),
where e € F’ if and only if e € E. A graph is said to be connected if there exists
a path between any two vertices.

Given a subset S of V| the vertex-induced subgraph of S, denoted G[S], (or
S itself, when no confusion can arise), is the graph (5, E,), where £, = {(u,v) :
u,v € S A (u,v) € E}. An edge-induced subgraph is defined similarly. In this
thesis, unless otherwise mentioned, all subgraphs are vertex-induced.

A graph(subgraph) is a clique if there is an edge between any two vertices,
and it is independent if no two vertices are joined by an edge (i.e, its complement
is a clique). The chromatic number of a graph is the minimum number of colours
required to colour its vertices under the constraint that adjacent vertices get
different colours.

The set of vertices adjacent to a vertex u defines the neighbourhood of w,
denoted N(u). The neighbourhood is said to be closed if it includes u, and is
denoted Nfu].

Given two graphs Gy = (V1, E1) and Gy = (Va, E2), we define the disjoint union
of Gy and (3, denoted (i1 U Gy to be the graph G = (V; U Vy, By U Ey). We also
define the join of the two graphs to be the graph G = (V1 U Vo, By U Ey U {(2,y) :
r € Fy Ny € Eql).

A connected component, (or simply component) of a graph is any subgraph



that is maximally connected. A set of vertices S constitutes a separator of GG if
G[V — S] has more components than (. If |S| = 1, then the single element of
S is called a cut-vertex. A biconnected component, or block of (G is a maximal
subgraph that has no cut-vertices.

In some applications, it may be useful to associate a weight with either the
vertices or the edges of the graph. Such graphs are called weighted graphs; in
this thesis, a weighted graph refers to one with weights associated only with the

vertices.

1.3 Special Classes of Graphs

Several problems on general graphs are N P-complete, but admit polynomial solu-
tions when restricted to special classes. Since the graphs used to model real-world
problems are in general not arbitrary but have some special structure, we are mo-
tivated to design algorithms on such special classes.

One very important special class of graphs is the class of perfect graphs [5, 6,
19]. The maximum clique size of a perfect graph equals its chromatic number,
for every induced subgraph. There are several important subclasses of the class

of perfect graphs [19] — we briefly describe some of them below.

o Chordal graphs: These have no chordless cycles of length greater than three,

because of which they are also referred to as triangulated graphs.

o Comparability graphs: The edges of a comparability graph are orientable in

such a way that (uv) A (viv) = (uw).

o Cocomparability graphs: The complement of a comparability graph is co-

comparability.

o Interval graphs: These are the graphs obtained by considering the intersec-



tion family of a set of intervals on a real line; these are both chordal and

cocomparability.

o Permutation graphs: Given a permutation Il of the set {1,2,... n}, we
may define the graph G'p = (Vp, Ep), where Vp = {1,2,...,n} and Ep =
{(4,7) : (1 —7) x (II"*(4) — TU~'(y) < 0}. A graph isomporphic to Gp,
for some 11, is said to be a permutation graph. Alternatively, permutation
graphs are precisely the class of graphs that are both comparability and

cocomparability.

o Bipartite graphs: In these graphs, the vertex set can be partitioned into two
parts S and 7T such that the induced subgraphs G[S] and G[T] are both
independent, i.e., all edges of G are between S and T'. All bipartite graphs
are comparability, since the edges can all be oriented in one direction (say,

from S to T'). All trees are bipartite.

o Cographs: These are graphs that have no induced paths of length greater
than or equal to 3. All cographs are permutation graphs.

o Distance-hereditary graphs: Briefly, these are graphs in which all induced
paths between any two vertices have the same length. These are described

and studied in detail in Chapter 4.

The rest of this thesis is organized as follows. In Chapter 2, we describe the
problems of domination and Steiner set, and mention the current status of these
problems on some classes of graphs. Chapter 3 is devoted to solving the problems
of connected domination and Steiner set on asteroidal-triple free graphs. In Chap-
ter 4, we look at a few interesting properties of distance-hereditary graphs, and
present an efficient algorithm to find all the minimal separators of such a graph.

We use this algorithm and these properties to solve the problems of connected and



clique domination, Steiner set, and maximum clique on distance-hereditary graphs

in Chapter 5. Chapter 6 contains some concluding remarks and open problems.



Chapter 2

Domination and Steiner

Problems

In this chapter, we describe the problems of domination and Steiner set, and
mention the current status of these problems on some classes of graphs. We also

describe an interesting application of the Steiner problem.

2.1 Domination Problems in Graphs

The earliest ideas of dominating sets date back to the origin of the game of chess
in India centuries ago, in which one studies sets of chess pieces which cover or
dominate opposing pieces or various squares of the chessboard. In recent years,
several results have appeared in the literature related to the concept of domina-
tion in graphs — these results are theoretical, algorithmic, and applied in nature.
Applications of the various kinds of domination include problems in communica-
tion networks, operations research (e.g., finding the optimal location of servers to
service clients), etc. In this section we describe several kinds of domination prob-
lems in graphs, and pay special attention to the connected domination problem.

For a comprehensive survey of domination in graphs, the reader is referred to [21].
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Figure 2.1: A minimum connected dominating set of this graph is {2,4,5,6}. The
vertices enclosed in ovals are the given set of terminal vertices; the set {2,6} is a

minimum Steiner set for these vertices.

A dominating set of vertices in a graph G = (V, F) is a set S such that any
vertex of V' — S has a neighbour in S. A dominating set is independent if the
subgraph induced on S has no edges, clique if it is complete, total if it has no
isolated vertices, and connected if it is connected. Finding minimum dominating
sets of these various types has attracted much attention. Connected domination
involves finding a smallest connected subgraph which dominates the remainder
of the vertices (see Figure 2.1). In the graph shown, {2,4,5,6} is a minimum
connected domination set, and {1,4,8} is a minimum dominating set. Since the
size of any clique dominating set is at least as large as a connected one, and since
the graph has no 4-clique, it has no clique that dominates it.

This problem, as well as the other types of domination problems, are N P-
complete on the class of comparability graphs; some of them are N P-complete
even on bipartite graphs [21, 18]. Connected domination is N P-complete for split
and chordal graphs too, while polynomial-time algorithms are known for strongly
chordal [28], and permutation graphs [2, §].

In this thesis, we present polynomial-time algorithms for the connected dom-
ination problem on two special classes of graphs — AT-free graphs and distance-

hereditary graphs. On AT-free graphs, our result generalizes the result of [2], but



uses a totally different method based on dominating paths. On distance-hereditary
graphs, we use the properties of minimal separators to solve this problem. In [11],
d’Atri and Mascarini present an algorithm to solve this problem, which is poly-
nomial, but quite complex. We present an O(m + n) algorithm, thus improving
their result. In addition, we also solve the clique domination problem on these

graphs.

2.2 The Steiner Problem : Theory and Appli-
cations

A very simple but instructive problem was treated by Jacob Steiner, the famous
representative of geometry at the University of Berlin in the early nineteenth
century. “Three villages A, B, C are to be joined by a system of roads of minimum
total length.” This remark of Courant and Robbins (1941) led to the name of a
problem that originated two hundred years earlier and should have been attributed
to Fermat [16]. This geometric problem was already solved around 1640 : the
fourth point p has to be chosen in such a way that joining the three given points
to p creates three angles of exactly 120 degrees — assuming all angles in the triangle
induced by the points are less than 120 degrees. Over the centuries this problem
was rediscovered and generalized by many others, among them Jacob Steiner.
Nowadays, two versions are especially interesting from an algorithmic point of

view.

Problem 2.1 “Euclidean Steiner Problem” : Given a (finite) set T C R*.Find a

shortest network that interconnects all points of T'.

Problem 2.2 “Steiner Problem in Graphs” : Given a graph G = (V. E), and a
set of terminals R C V. Find a set S C V' of vertices such that



e GG[RU S] is connected, and
o |S| is as small as possible.

In this thesis, we deal only with the Steiner problem on graphs. An example

of a graph and its Steiner set is shown in Figure 2.1.

2.2.1 Special Cases

Two well-studied problems in graph algorithmics turn out to be special cases of
the Steiner problem. If R contains just two terminals, the Steiner problem reduces
to the shortest path problem. If on the other hand R consists of the entire vertex
set V', the Steiner problem coincides with the minimum spanning tree problem.
Based on the classical algorithm of Dijkstra [14], Fredman and Tarjan [17] describe
O(nlogn 4+ m) implementations for both problems using Fibonacci heaps.

In contrary to the polynomial solvability of these special cases, the general

problem is N P-complete, as the following theorem shows.

Theorem 2.1 (Karp, 1972) [23]. The Steiner problem in bipartite graphs is N P-

complete.

2.2.2 Algorithms on Special Classes of Graphs

Because the general Steiner problem is N P-complete, a lot of work has been
done to design approximate algorithms, as well as algorithms on special classes
of graphs, for this problem. We briefly review the current status of this problem
on various classes. Arvind and Pandu Rangan [2] provide an O(m + nlogn)
algorithm for this problem on permutation graphs. White, Farber and Pulleyblank
[28] consider this problem on chordal graphs and some of its subclasses such as
strongly chordal graphs. Various approximate and (exponential) exact algorithms

are also known for this problem; see [24] for a survey.

10



In this thesis, we present polynomial-time algorithms for this problem on AT-
free graphs and distance-hereditary graphs. On AT-free graphs, our approach is
based on the properties of dominating paths, and we obtain an O(n?) algorithm.
On distance-hereditary graphs, we use the properties of minimal separators to
solve this problem. We present an O(mn) algorithm; another O(mn) algorithm
is known for this problem [11], but our approach is more general since it can be

used to solve some other problems too with some modifications.

2.2.3 An Application of the Steiner Problem

Finding Steiner trees in graphs has proven to be one of the most essential tools
in attacking the routing problem in VLSI-layout. Roughly speaking, the routing
problem can be described as follows : given a graph G and a collection N =
{No, N1, ..., N,_1} of mutually disjoint subsets of the vertex set of G, find pairwise
disjoint trees Sp, Si,...,S,—1 such that S5; spans N; for every ¢ (but possibly
contains more vertices than N;). The intended interpretation is that the vertices
in each of the subsets N; form a net which has to be connected by wires. Wirings
of different nets have to be disjoint to prevent short circuits from occurring.

If each of the sets N; contains just two elements, the problem reduces to finding
a collection of disjoint paths. Unfortunately, in practical applications typically
more than half the nets contain more than two elements. Thus, in general, one
has to find a collection of disjoint Steiner trees to solve the routing problem — and

a minimum number of Steiner vertices must be found to minimise the cycle time

of the chip.
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Chapter 3

Algorithms on Asteroidal
Triple-free Graphs

3.1 AT-free Graphs — Properties and Charac-
terizations

An independent set of vertices x,y,z is an asteroidal triple if between every two of
them there exists a path that avoids the neighbourhood of the third. An asteroidal
triple-free (AT-free) graph is a graph that contains no asteroidal triples. AT-free
graphs were first considered by Lekkerkerker and Boland [25] in the early 1960s,
when they introduced and studied the properties of interval graphs.The following
facts about the AT-free graphs are well-known.

Observation 3.1 AT-free graphs are not necessarily perfect.

Consider (s, for example, which is AT-free but not perfect. However, the strong
perfect graph conjecture (which states that a graph is perfect if and only if it

contains no odd holes or anti-holes) has been shown to be valid on AT-free graphs.

12



BN

Induced Homeomorphic to (5 Homeomorphic to Py
Homeomorphic to P U P, Homeomorphic to 3P,

Figure 3.1: Forbidden configurations for AT-free graphs.

Observation 3.2 G is an interval graph if and only if it is chordal and AT-free
[25].

Actually, an equivalent result states that a graph is interval if and only if it is
chordal and cocomparability. Since AT-free graphs strictly contain the cocompa-

rability graphs, this observation is stronger one way, and weaker the other.

Observation 3.3 [9] Perfect AT-free graphs strictly contain the cocomparability
graphs.

The following theorem provides a characterization of AT-free graphs in terms

of forbidden subgraphs.

Theorem 3.1 [9] The graphs of Figure 3.1 are forbidden configurations for AT-

free graphs.
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Figure 3.2: A dominating pair (u,v) in an AT-free graph.

AT-free graphs and their subclasses have many areas of applications such as
in molecular biology, archaeology, information retrieval, computer memory man-

agement, channel routing, and circuit layout [9, 19, 12, 15].

3.2 Dominating Pairs in AT-free Graphs

We first introduce some notation. dom(S) denotes the set of vertices dominated
by an arbitrary S C V. Note that a set D is a dominating set of G = (V, F) if
and only if dom(D) = V. A pair of vertices (u,v) is said to be a dominating pair
of a graph G if every u---v path in G dominates all vertices of . Corneil et.
al. [9] have stated a property of AT-free graphs in terms of dominating pairs. We

state their result below as a theorem :

Theorem 3.2 ([9]) Fvery connected AT-free graph contains a dominating pair of

vertices.

Note that the presence of a dominating pair in not sufficient to conclude that
the graph is AT-free, for instance, Cs has a domainting pair, but is not AT-free.
Figure 3.2 shows an AT-free graph and a dominating pair of vertices.

We now present a simple algorithm to find all the dominating pairs in an ar-

bitrary graph. This is needed as a preprocessing step in our later algorithms. It
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is clear that a pair of vertices (u,v) is a dominating pair of GG if and only if for
any vertex * € V, u and v lie in different connected components of G — N{z].
(Otherwise, there would exist a w---v path that did not pass through the closed
neighbourhood of ). The algorithm proceeds by removing N|[z] from G for every
vertex x in V', and finding the connectedness status of every other pair of vertices
in the resulting reduced graph. We declare all pairs (u,v) which lie in different

components in every such reduced graph to be the dominating pairs of G.

Algorithm Dominating Pairs
Input : An AT-free graph G = (V. E). |V|=n, |F| = m.
QOutput : A list of all the dominating pairs of G.

A, A" array[l..n, 1..n] of boolean entries.

begin

—_

. initialize A[z, j] to true for e =1,2,... ,nand 7 =1,2,... n;
2. for all vertices v € V' do
3. construct G' = G — NJvJ;
4. do a DFS of G’ to find out its connected components;
5. fore=1,2,...,nand y=1,2,...,n do
if vertices ¢ and j are in the same connected component of G’ then
A'li, 5] + false
else
A'li, j] + true;
6. Ali,j]  Ali ] A AT,
7.fori=1,2,...,nand 3 =1,2,...,n
if Ali, 7] = true then (i,7) is a dominating pair

end.

15



Theorem 3.3 Algorithm Dominating Pairs above correctly finds all the dominat-
ing pairs of an AT-free graph G in O(n®) time.

Proof. Correctness follows from the discussion above. We now prove the
complexity bound. Step 1 takes time quadratic in n. Steps 3 and 4 can be
executed in linear time for every iteration. Fach execution of step 5 takes O(n?)
time. Hence each execution of the loop in step 2 takes O(n?) time; so step 2
requires O(n?) time for execution. Step 7 takes O(n?) time. Hence the overall

complexity is dominated by step 2 and is O(n?). O

3.3 Connected Domination on AT-free Graphs

In this section, we consider the problem of computing a minimum connected
dominating set (M C DS) of an AT-free graph. This problem has been extensively
studied on various classes of graphs [10, 8]. Arvind and Pandu Rangan [2] give
an O(m + nlogn) algorithm for this problem on the class of permutation graphs.
We present an efficient algorithm on AT-free graphs, which are a large superset
of cocomparability (and permutation) graphs. This algorithm can be used on any
AT-free graph, regardless of whether it is perfect or not.

Let (u,v) be a dominating pair of (¢ and let X = N(u) and Y = N(v). For
each x € X, let A, C V be the set of all vertices in V' — {u} such that if « € A,,
then {a,x} dominates all vertices in X. Similarly, for each y € Y let B, CV be
the set of all vertices in V — {v} such that if b € B,, then {b,y} dominates all

vertices in Y. Define I as follows :

'={P|P=u---v, or
P=w---by, foryeY,be B, or
P=za---v, forz e X,a€ A, or
P=zxa---by, forv e X,yeYac A,,be B, }

16



Theorem 3.4 Fvery path P € I such that |P| is minimum in I' is an MC DS
of G.

Proof. Let P € I'. We show first that P is a connected dominating set. Clearly

P is connected. To show that dom(P) =V, we have to consider four cases :

Case 1: P = wu---v. In this case clearly dom(P) = V, since (u,v) is a domi-

nating pair.

Case 2: P =wu---by, fory € Y, b € B,. Note that () = Pv is a dominating
path since (u,v) is a dominating pair. But {b,y} dominates every vertex domi-

nated by v, and so P is also a dominating path.

Case 3: P = za---v, for x € X, a € A,. This case is symmetric to Case

2.

Case 4: P = xa---by. In this case, note that () = uPy is a dominating set;
but {a,z,b,y} dominates every vertex dominated by {u,v} and so P is a domi-

nating path.

Next, we show that given any MCDS S, we can convert it into an MCDS S’

such that S" € I'. Once again, we consider four cases:

Case 1: u,v € S. In this case clearly 5" € T'.

Case 2: w € S,v € S. In this case since S dominates u, some vertex x € X

is in S. Since S is connected, it has a x---v path P.

Subcase 2(a): If S # P, then consider S = P U{u}. Clearly, S’ contains a (u,v)

17



path and is therefore a dominating set of (G with size smaller than or equal to
that of 9, satisfying 5" € I'.

Subcase 2(b): In this case, S = P. If the vertex a adjacent to = in P belongs
to A, clearly S € I'. If not, then there is some z' € X such that {z,a} does
not dominate #’. So 2’ must be dominated by some other vertex ' on the x---v
path P. Replace {z,a} in S ( = P) by {u,2'} to obtain S’ from S. Clearly, S
is connected because u is adjacent to 2/, 2’ is adjacent to a’ (€ 5), and S itself
was originally connected. Now, S is a u---v path, and so S’ € I'. Also note that
|S7| = |S]; this shows that the required transformation is possible in this case as

well.

Case 3: uw € S,v € S. This case is symmetric to Case 2.

Case 4: u ¢ S,v ¢ S. In this case consider x,2’,a,a’ as in case 2(b) and re-
place {x,a} by {u, 2’} to get S” which satisfies the conditions of Case 3. Using

the same technique as in Case 3, this can be transformed into an MC DS 5" € T'.

So in all cases we can transform S to S’ € I' as desired. This proves the

theorem. O

3.3.1 The Algorithm

We present below an algorithm to find an MCDS of an AT-free graph & which

relies on the above theorem.

Algorithm Connected Domination
Input: An AT-free graph G = (V. F). |V|=n,|E| = m.

18



Output: An MCDS for G.

begin
1. Find a dominating pair (u,v) of G.
2. X « N(u),Y < N(v).
3. forall z € X do
construct A,.
Let A < J,cx Ae-
4. forally €Y do
construct B,,.
Let B + U,ey By
5. do an All Pairs Shortest Paths on G and store the results in array D.
i.e. D[i,j] = length of a shortest (7, j) path.

6. Let
li « Dlu,v]
ly ¢ mingea D]a,v] + 1
l3 ¢+ mingep D[u, bl + 1

l4 — minaEA’beB D[a, b] + 2

7. [« min(ll, lz, l3, l4)

8. [ gives the size of the MCDS. We can also easily construct the MCDS
with the above information.
end.

3.3.2 Proof of Correctness

Theorem 3.5 Algorithm Connected domination correctly computes the MCDS
of an AT-free graph G in O(n®) time using O(n?) space.

Proof. The correctness of the algorithm follows from the previous theorem. The

only thing to note is that we add 1 or 2 to [y, I3 and [; in step 6 to take care of
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the fact that the actual dominating path must contain a vertex from X or Y or
both, as stated in the previous theorem.

We now prove the complexity bound. Step 1 can be done in O(n?) time using
Algorithm Dominating Pairs. Step 2 takes linear time. Each iteration of steps
3 and 4 takes O(n?) time, and so steps 3 and 4 require O(n?®) time. Step 5
takes O(n?) time using the standard All Pairs Shortest Paths algorithm [1, 26].
Step 6 takes O(n?) time because there are totally O(n?) pairs of distances to be
compared. Step 7 takes constant time. Step 8 can be executed in O(m + n) time
using a BFS to find the actual shortest path given the endpoints of the path.
Hence the overall time complexity of the algorithm is O(n?).

Computing the dominating pair requires O(n?) space (Theorem 2.2). X and
Y take O(n) space as do each A, and B,. Observe that we can avoid storing each
A, (By) explicitly by constructing A (B) directly, thus requiring only O(n) space.
The All Pairs algorithm requires O(n?) space, and the subsequent BF'S requires

O(m + n) space. Hence the overall space requirement is O(n?). O

The above algorithm computes the minimum cardinality connected dominating
set of an AT-free graph in O(rn®) time. We have exploited the property that
there exists an MC DS that induces a path (or a cycle) in the algorithm. On
permutation graphs, every minimum wetghted connected dominating set induces
a path or a cycle. This property has been exploited in [2] to solve the weighted
version of the problem on permutation graphs in O(m+nlogn) time. However on
AT-free graphs it is not necessary that there be a minimum weighted connected
dominating set that induces a path or a cycle. (See Figure 3.3.) Hence the same

approach may not be extendable to the weighted case on AT-free graphs.
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2 (1)
3 (1)
(1) 40/ \05 (1)
(10) 60/ \07 (10)

Figure 3.3: The weighted MCDS = {2,3,4,5} is not a path or a cycle (numbers

in brackets are the weights of the vertices).
3.4 Steiner Set on AT-free Graphs

In this section we consider the problem of computing the Steiner set of an AT-
free graph GG, with respect to a set R C V' of vertices. The method used to solve
this problem is similar to that used to solve the M DS problem in the previous
section. It has already been observed that these two problems are algorithmically
closely related [28] in the sense that they are either both polynomial or both
NP-complete on all classes of graphs investigated so far. However, their precise
relationship with each other is unknown. Arvind and Pandu Rangan [2] provide
an O(m + nlogn) algorithm for this problem on the class of permutation graphs.
We present an O(n?) algorithm for the Steiner set problem on AT-free graphs.

We denote by R the set of vertices with respect to which the Steiner set is to
be computed. Denote by Ry, Rs,..., Rx the k connected components of R. Let
P be a dominating path in (G between any dominating pair of vertices. Number
the vertices of this path 1,2, ..., p, where |P| = p. Let the number assigned to
any vertex v on the path be number(v). Define

ming(P) = {vlv € P, v € Ror (v,r) € F for some r € R, and number(v) is
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minimum }, and
maxp(P) = {vlv € P, v € Ror (v,r) € E for some r € R, and number(v) is
maximum }.

We define an R-dominating pair of an AT-free graph with respect to any
R C V to be a pair of vertices (u,v) such that every path from « to v dominates
all vertices of R. This is a generalization of the concept of a dominating pair
defined previously, which is just a V-dominating pair of G.

Construct an auxiliary graph Gr from G in the following manner :
1. Replace all the vertices of each connected component R; by a single vertex r;,
with the adjacency of r; equal to the union of the adjacencies of all the vertices
in R;.
2. Choose any dominating path P corresponding to some dominating pair. Com-
pute u = ming(P) and v = maxg(P).
3. Delete all vertices of P that are mnot numbered in the range
[number(u), number(v)]. Let Pr be the corresponding path obtained.
4. Delete all vertices of G — R that are not adjacent to any vertex of Pg.
5. Delete all vertices of ¢ — R that are adjacent to either u or v.
The graph thus obtained is Gr = (Vg, Fr), which has certain interesting proper-

ties.
Lemma 3.1 G is AT-free.

Proof. Straightforward. For if not, there exists an asteroidal triple (z,y, z) in Gg.
Since G'r is constructed from G by only deleting certain vertices and edges, and

adding no new edges, (x,y, z) is an asteroidal triple in i as well — a contradiction.

O
Lemma 3.2 u = ming(P) and v = maxg(P) form an R-dominating pair in Gg.

Proof. It is clear that the subpath Pr of P = x---y between u and v is a

connected dominating set of g (this follows directly from the construction of G'r),
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and therefore dominates all vertices of R. If (u,v) is not an R-dominating pair of
(7R, then there is some path P’ between u and v, and some vertex r € R such that
ris adjacent to no vertex on P’. Now consider the path Q = (- w)UP'U(v---y).
Since (x,y) is a dominating pair of G, r must be adjacent to @) somewhere —
moreover, this adjacency must be in the P’-segment of (), since u and v are the
smallest and largest numbered vertices on P to which any vertex of R is adjacent.

This completes the proof. a

3.4.1 The Algorithm

We now present the actual algorithm for the Steiner set.
Algorithm Steiner-Set
Input: An AT-free graph GG = (V, F) and a set R C V of vertices.

Qutput: A minimum cardinality Steiner set of G with respect to R.

begin

1. Construct the graph G as explained previously.

Let w = ming(P) and v = maxpr(P).

Let X = N(u)Nn Rand Y = N(v)N R.

As in the MO DS algorithm, construct sets A, and B,.

Ll

Use these to construct the sets A and B.
5. Construct a weighted graph G' = (V', E') from G/g in the following manner:
wt(w) =0 if w € R, and 1 otherwise.
6. Asin the MC DS algorithm, compute the shortest path among the four
different kinds of paths using the All Pairs Shortest Paths algorithm.
7. Let P, be the minimum weighted path.
8. Output S=P, — R

end.
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3.4.2 Proof of Correctness

Theorem 3.6 Algorithm Steiner-Set presented above correctly computes the min-
imum cardinality Steiner set of an AT-free graph G with respect to a set R C 'V

of vertices.

Proof. Let S be a Steiner set. If S is not already in a form that can be the output
of the above algorithm, we show how it can be transformed to such a form, 5.
Note that from the algorithm, (u,v) is an R-dominating pair of G'g, and that no
two vertices of R are adjacent (since we have replaced each connected component
of R by a single vertex). It is evident that this replacement does not affect the
Steiner set — the same set is the output here as well. Since the weight of only
those vertices in R is 0, and the others 1, it follows that a shortest weighted path
will be one that minimises the number of vertices not in R, as we require. From
the method of construction of the output set, S’ in the above algorithm, it is
apparent that R U S’ is connected. Define T" = R U S’. To show minimality, we

distinguish the following cases :

Case 1. v and v are both in S.
In this case, the minimum weight path between v and v in R U S sets a lower
limit on the size of the Steiner set. The above algorithm attains this limit, and

so 1s correct.

Case 2. u g S,veS.

We show that S can be transformed to a set S’ of same cardinality that the above
algorithm can produce. We distinguish two sub-cases:

Sub-case 2(a). Consider T'=RUS. If in T, r € X is adjacent to some a € A,,
we are done, because the above algorithm definitely considers a minimum weight

A, to v path.
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Sub-case 2(b). r € X is adjacent to no a € A,.

Since T is connected, r is adjacent to some &' € A. In addition, ' € R, since
each r is maximally connected, and so wt(a’) = 1. The set X consists only of
vertices of R (by construction); if r is the only vertex in X, we are done since this
sub-case doesn’t apply at all. Therefore, there is a vertex ' € X, not adjacent to
r, which is connected to S in some manner, say, to vertex s € S. Replace a’ € S
by u to obtain S’ from S. Now, T = RU S’ is connected and also dominates all
the vertices of R, since (u,v) is an R-dominating pair of G'g. In addition, we have
replaced one vertex of unit weight (a’) by another (u); therefore |S'| = [S]|. In
our algorithm we find a minimum weight w - - - v path, which sets a lower limit on
the size of the Steiner set — a limit which we actually attain. Hence the required

transformation is possible in this case too.

Case 3. ue S, v & 5.

This is symmetric to Case 2 considered above, with u and v interchanged.

Case 4. Both v and v ¢ T".
In this case, as in cases 2 and 3, replace a by u and b by v to get a Steiner set of

the same cardinality as S’. Formally, we can replace one of them and argue as in

Case 2 (or 3).

Thus, in all cases, we can transform any Steiner set into one capable of being

output by the above algorithm. This completes the proof. a
Theorem 3.7 Algorithm Steiner-Set presented above terminates in O(n?®) time.

Proof. Step 1 takes O(n®) time since we require to determine a dominating pair.
Steps 2 and 3 can be done in linear time. As in the MC' DS algorithm, Step 4

requires O(n”) time. Step 5 is trivially linear, while Step 6 can be done in O(n?)
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time using the standard algorithm. Once again, the vertices on the path can be
obtained in O(m + n) time using a BF'S, as we did in the MCDS. Thus, we see
that the overall time complexity of the algorithm is O(n?*). The algorithm can be
implemented using O(n?) space, since we only require to store all graphs in the

adjacency matrix form. The precise details are similar to those explained in the

MCDS algorithm. O

Theorem 3.8 The minimum cardinality Steiner set problem can be solved on

AT-free graphs in O(n®) time, using O(n*) space.

Proof. Follows from the discussion above. O

3.5 Remarks

In this chapter, we have presented O(n?) algorithms on AT-free graphs for the
problems of connected domination and Steiner set. To the best of our knowledge,
no algorithms have so far appeared in the literature for solving these problems
on any non-trivial class of non-perfect graphs. As already noted, AT-free graphs
are not necessarily perfect. These algorithms also generalize the algorithms pre-
sented in [2] for connected domination and Steiner sets on permutation graphs.
In addition, this is the largest known class of graphs that strictly contains both
interval and permutation graphs on which these problems have been solved. How-
ever, we have not been able to generalize the algorithms for the weighted case,
which remain open. We also note that the algorithms presented here are actually
applicable to a class of graphs larger than the class of AT-free graphs — more
specifically, to the class of graphs that contain a dominating pair of vertices. This
class is a proper superset of the class of AT-free graphs (e.g., Cs belongs to this

class, but is not AT-free). Our results also strengthen the conjecture in [28] that
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the connected domination and Steiner set problems are algorithmically closely re-
lated. We also feel that AT-free graphs have nice structural properties which can
be exploited to design algorithms for several problems which are NP-complete on

general graphs.
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Chapter 4

Properties of

Distance-hereditary Graphs

In this chapter, we study a few properties of distance-hereditary graphs and the
relationship of these graphs with some other important classes of graphs. We also
investigate in detail the properties of separators in these graphs. Our algorithms
for a variety of problems presented in Chapter 5 are based on these properties.
We also present an O(m + n) algorithm to find all the minimal separators of a

distance-hereditary graph. This is used in all the algorithms of the next chapter.

4.1 Properties and Characterizations

A graph G is distance-hereditary if and only if for every pair u,v € V', and for every
connected induced subgraph H of ¢ containing both v and v, dg(u,v) = dg(u,v).
In other words, a graph is distance-hereditary if and only if every two vertices have
the same distance in every connected subgraph containing both of them; alterna-
tively, all induced paths in a distance-hereditary graph are isometric. Distance-
hereditary graphs were first introduced by Howorka [22]. Further characterizations

in terms of metric properties, forbidden subgraphs, separators and relationships
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Figure 4.1: Some forbidden configurations for distance-hereditary graphs

with other graph classes have appeared in [4] and [11]. It is well-known that
distance-hereditary graphs are perfect[4], and there exists an O(mn) recognition
algorithm for these graphs [11].

We state below some important known facts about distance-hereditary graphs
as lemmas. We don’t formally prove all of them here, but sometimes refer the

reader to the appropriate papers where these are proved.

Lemma 4.1 [22] Distance-hereditary graphs are precisely the class of graphs in

which every cycle on five or more vertices has at least two crossing chords.

Here, two chords (u,v) and (w, z) cross if the vertices u,w, v,z are distinct and

in this order on the cycle.

Lemma 4.2 [/] A graph G is distance hereditary if and only if none of the con-

figurations shown in Figure 4.1, and C,,n > 4, is a subgraph of G.

It is easy to see that in each of these configurations there is a five cycle without
two crossing chords.

Before we look at distance-hereditary graphs from the point of view of their
separators, we first explore their relationship with some other important classes
of graphs. We first consider an important subclass of distance-hereditary graphs,

called cographs. Cographs are the class of graphs which contain no induced path
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Figure 4.2: A distance-hereditary graph that is not a cograph

on four vertices (denoted by Py). They are exactly the class of distance-hereditary
graphs with diameter less than or equal to two [4], and may be defined recursively
starting from K as follows: if (G; and (5 are cographs, so are their disjoint union

and join (Chapter 1 defines these terms).

Lemma 4.3 All cographs are distance-hereditary, and there are distance-

hereditary graphs that are not cographs.
Figure 4.2 shows a distance-hereditary graph that is not a cograph.

Lemma 4.4 [}] All distance-hereditary graphs can be obtained starting from K,

by an application of the following operations:

1. Operation F — A fraternal vertex split: Create a new vertexr v similar to an

existing vertex u such that N(u) = N(v), and (u,v) € E.

2. Operation N — A non-fraternal vertex split: Create a new vertex v similar

to an existing vertex u such that N(u) = N(v), and (u,v) € E.

3. Operation P — Pendant vertex addition: Add a pendant vertex (a vertex of
degree one) to any existing vertex of the graph.

The above lemma allows us to construct distance-hereditary graphs by a se-

quence of local operations, in contrast to a sequence of global operations that a
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recursive definition such as the one used for cographs would entail. We have
already mentioned that all cographs are distance-hereditary, so it is natural to
ask what restrictions on the above three operations produce cographs (through a
sequence of local operations). We answer this and related questions below. We

first make an important observation.

Observation 4.1 P and N operations do not introduce a new (chordless) Cy in

the graph. In fact, a P operation introduces no new cycle at all.

Various combinations of F, N, and P operations produce the following sub-

classes of distance-hereditary graphs.

o If we restrict ourselves to operation P alone, starting from K, we obtain all

trees. This immediately means that all trees are distance-hereditary.
e Operation N alone produces all cliques.
e Operation F alone produces just isolated vertices.
o Operations F and N produce the class of cographs.

e Operations N and P produce all distance-hereditary graphs that are chordal
— this is the class of Ptolemaic graphs.

o Operations F and P alone produce the class of distance-hereditary graphs
that have no odd cycles, i.e., the class of bipartite distance-hereditary
graphs, also called 6-2 chordal bipartite graphs.

We also mention here that distance-hereditary graphs are a subset of the class
of parity graphs, which are the graphs in which all induced paths between a given
pair of vertices have the same parity.

Now that we have stated some important characterizations of distance-

hereditary graphs, and have described their relationship to other important graph
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classes, we are in a position to investigate the properties of separators in these

graphs.

4.2 Separators in Distance-hereditary Graphs

We denote the subgraph G[V — S] by G — S, and G[V — {v}] by G —v. S is a
separator of G, if the number of connected components of GG — S is greater than
that of (. S is said to be an (z,y)-separator of a connected graph G is if # and
y lie in different components of G — S. A separator S is said to be a minimal
separator if no proper subset of S is a separator. A separator of cardinality one is
called a cut-vertex. We denote by dg(u,v), the distance between vertices u and
v in the graph G the subscript may be dropped if the graph is clear from the
context.

The following theorem, due to d’Atri and Mascarini [11], provides an im-
portant characterization of distance-hereditary graphs in terms of their minimal

separators.

Theorem 4.1 [11]G is a distance-hereditary graph if and only if for every T CV
and for every vertex v in a minimal separator S of G[T], we have Np_g(v) =

Nr_s(S).

Corollary 4.1.1 Let X be a minimal separator of a distance-hereditary graph G
and let Y = N(X). Let C ={(z,y): x € X,y € Y'}. Then, the edges of C induce

a complete bipartite subgraph of G with X and Y as its bipartitions.

This means that the edges between every minimal separator S and its neigh-
bourhood N(S) form an edge-induced complete bipartite subgraph of G. It also
implies that, as far as the rest of the graph is concerned, all the vertices of a

minimal separator are identical. These facts are the central ideas on which our
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algorithms on distance-hereditary graphs are based. We state below another im-

portant and interesting lemma.

Lemma 4.5 The induced subgraph on any minimal separator S of a distance-

hereditary graph is a cograph.

Proof. If not, then S has a Py, say P, as a subgraph. Let v be any vertex in G— 5
that is adjacent to some vertex of S (the existence of such a vertex is guaranteed).
By Theorem 4.1, v is adjacent to all vertices of S. The sugraph G[P Uwv] is a Cs
without two crossing chords; hence the result. O

We define the hanging (also known as a level diagram, or a neighbour-
hood diagram) of G with respect to a vertex u to be a collection of sets
Ni(u), No(u), ..., Ng(u), such that if v € N;(u), then d(u,v) =i. In other words,
a hanging is simply what is obtained upon doing a breadth first search (BFS) [1]
of G, starting from vertex u. Define the interval, I(u,v), of two vertices u and v
of a distance-hereditary graph G as follows.

I{u,v) = {x: x lies on some shortest « - -- v path}.

Denote Ni(u) N I(u,v) by Ni(u,v) for all 1 <k < d(u,v).

Lemma 4.6 Let GG be a distance-hereditary graph and let v and v be some two
vertices of . Consider the hanging of G from u, and let d(u,v) = k. Then,
Ni—1(u,v) = Ni_1(u) N N(v).

Proof. It is clear that all the vertices x that lie on a shortest w - - - v path such that
d(u,v) = k—1, i.e, the set Njy_;(u,v), are obtained by considering the adjacencies

of v in the previous level; hence the result. a

Lemma 4.7 Let @ and y be two vertices in the same level k of the hanging of a
distance-hereditary graph from vertex u, i.e, let d(u,z) = d(u,y) = k. Then, if x
and y are in the same connected component of G[Ny(u)], then N(x) N Ny_1(u) =
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N(y) N Ni—1(u). If not, then either the two intersections are disjoint, or one is a

subset of the other.

Proof. Suppose x and y are in the same connected component, but have different
adjacencies in the previous level. Then, induced paths of different lengths between
u and x (one directly, and the other through y) are present in G, a contradiction.
If, on the other hand, « and y are in different components of G[Ng(u)], and the
two intersections are neither disjoint nor such that one contains the other, then
once again there are non-isometric induced paths between u and x in . This

completes the proof. a.
Lemma 4.8 [}] For any vertex u, Ng(u) is a cograph.

Proof. If Ny(u) had a Py, P, then by the previous lemma there is a vertex v in
Ni—1(u) adjacent to all the vertices of P. But then G[P U v] induces a 5-cycle

without two crossing chords. O

Lemma 4.9 [f a vertex v of Ni(u) is adjacent to two non-adjacent vertices x and
y in the same connected component of Ni_1(u), then the vertices of this component

which are not adjacent to v are adjacent to both x and y, or none.

Proof. Let, if possible, t € Njy_1(u) be a vertex in the same connected component
as « and y, such that (¢,2) € F and (t,y) € F. Since (x,y) € F, there is a P,
(x,t,w,y) in Ni_i(u). This is not possible since, by Lemma 4.5, the induced
subgraph on each level is a cograph. O

The above lemma (due to Bandelt and Mulder) originally appeared in [4], but
the requirement that = and y be non-adjacent was not mentioned, which was an
error. If they were adjacent, the statement wouldn’t necessarily be true — see

Figure 4.3, for instance.
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Figure 4.3: Figure showing a counter-example to the claim of Bandelt and Mulder

Lemma 4.10 Same conditions as in the previous lemma. Then, Ny_1(u,x) is a

minimal (u,x) separator in G.

Proof. Let X = Ny_q(u,x). We first show that X is a (u,x) separator. If not,
then there is a path P from z to u passing through a level numbered larger than
d(u,x) as well as another vertex y in the same level as «. If 2 and y are in the
same connected component in G[Ny(u)], then by Lemma 4.7 such a path P is
not possible since @ and y have the same adjacencies in Ny_q(u). If they are in
different components, then there are induced paths of lengths k and greater than
k between u and x in . Hence X is a (u,x) separator. If X were not minimal,
a proper subset S of X is — and there will surely be a path from u to = passing
through any t € X — 5. O

The above lemma suggests a (somewhat inefficient) method by which we can
obtain all the minimal separators of a distance-hereditary graph . For each pair
of vertices (u,v), find N;(u,v), which is clearly a separator of G (since it is a
(u,v) separator). In addition, all minimal separators are clearly included in this
set, so it is an easy matter to sequentially maintain and update a list (set) of such

separators. This crude method takes roughly O(mn) time.
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We now present an efficient algorithm to find all the minimal separators in

O(m + n) time.

Algorithm Candidate-Separators
Input: A distance-hereditary graph G.
Qutput: A list L, which is a list of candidate separators of (.
{Note that some elements of L need not be minimal separators, though}
begin
Initialize L to an empty list;
Use a BFS to construct the hanging of G with respect to u;
Let d be the depth of the hanging;
Treat u as part of both levels 1 and 2;
for ¢ < d downto 2 do begin
for each v € N;(u) do
S« Ni—1(u) N N(v);
append(L, 5);
endfor;

end.

We call each element of the list I at the end of the algorithm a candidate

separator.

Theorem 4.2 Algorithm Candidate-Separators finds all the minimal separators
of a distance- hereditary graph G' in O(m + n) time.

Proof. Each set obtained in the list L is clearly a separator of (G, since it is a
(u, ) separator for some x. Also, by Theorem 4.1, a minimal separator cannot
include vertices from more than one level (the only exception to this is vertex u

itself, which is treated as being part of level 1 as well as level 2, since it can share
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adjacencies fully with some vertices in both these levels). Note that all minimal
separators are (x,y)-separators for some @ and y. To show that all these separa-

tors are obtained as candidate separators, we distinguish the following cases.

Case 1: v = uw or y = u. This case is trivial, since by construction all candi-

date separators are (u,v)-separators.

Case 2: @ and y are in the same level, k. This implies that d(u,z) = d(u,y) = k.
Sub-case 2(a): x and y are in the same connected component of G[N(u)]. In
this case, this (z,y)-separator cannot be minimal, since there is a path from x
to y through previous levels, as well as through the current level, and a minimal
separator will have to include vertices from both. This is forbidden by Theorem
4.1.

Sub-case 2(b): x and y are in different components. In this case, there clearly
exists a x---y path passing through earlier levels. But, at each vertex, we keep
track of the set of vertices it is adjacent to in the earlier level, and if two vertices

are in different components, these sets have an empty intersection.

Case 3: x and y are in different levels. Without loss of generality, let = be
in a level earlier than y. Since (z,y) € F, any x---y path must pass through
Ni—1(u) N N(y).

The time complexity follows from the fact that the BF'S takes O(m +n) time, and
after that each edge is considered at most once. append(L,.S) takes O(n) time to

perform, so the overall time complexity is O(m + n). O

Corollary 4.2.1 Minimal separators in a distance-hereditary graph are vertex-

disjoint.
Corollary 4.2.2 There are O(n) minimal separators in a distance-hereditary
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Figure 4.4: A distance-hereditary graph and its vertex-disjoint minimal separators
graph.

From the above corollaries, it follows that the procedure append(L,S) needs
to maintain only vertex disjoint subsets of V', and so its size never exceeds n.

Which is why append(L, S) takes O(n) time to do.

Corollary 4.2.3 A minimum cardinality separator of a distance-hereditary graph

can be found in O(m +n) time.

A distance-hereditary graph and its vertex-disjoint minimal vertex separators

are shown in Figure 4.4.

Lemma 4.11 Let X be a minimal separator of a distance-hereditary graph G.
Let H be obtained from G by identifying all v € X. Then H is distance-hereditary

as well.

Proof. Straightforward. For otherwise, there would be non-isometric paths be-

tween the same two vertices in (&, as in H. O
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Chapter 5

Algorithms on
Distance-hereditary Graphs

In this chapter, we solve the problems of connected and clique domination, Steiner
set, and maximum clique using a unified approach based on the properties of
minimal separators described in the previous chapter. The algorithm presented
in Chapter 4 to find all the minimal separators of a distance-hereditary graph is

used in these algorithms.

5.1 Domination Problems

In this section, we solve the problem of computing a minimum weighted connected
dominating set and a minimum weighted clique dominating set of a distance-
hereditary graph. For the first problem, we are given a distance-hereditary graph
(G and are required to find a connected set of minimum possible weight that
dominates (. For the second problem, such a set must be a clique, i.e, the
subgraph of (G induced on it must be complete. An algorithm due to d’Atri
and Mascarini [11] is already known for the first problem, but this algorithm,

though polynomial, is quite complex. We present efficient linear algorithms for
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both problems using the properties of separators; more precisely, by exploiting
the manner in which minimal separators are connected with one another. Both
these problems are N P-complete on general graphs; their status on some other
special classes of graphs has been mentioned in Chapter 2.

We first introduce some notation. Let G be a distance-hereditary graph, let
X1, Xa, ..., X be its minimal separators, and let X = J, .., Xi. By Corollary
4.2.1 to Theorem 4.2, X; N X; = ¢. Let & be an auxiliary graph obtained from G
in the following manner: § = (X, &), where (X;, X;) € F’ if and only if there is
an edge in G between some u € X; and some v € X;. Note that this also means

that Yu € X;,Vv € X, (u,v) € E.
Lemma 5.1 G[X] is a connected subgraph of G.

Proof. Suppose not, then in ¢ there exist minimal separators X; and X; such that
all paths between them pass through vertices T' not part of any Xi; however, T
would constitute a separator of (¢, and hence some subset of it would be minimal.

a

In other words, the above lemma implies that the graph S is connected.
Lemma 5.2 X is a dominating set of G.

Proof. Suppose not, then Jw € V : d(w, X) > 2 (since w is not adjacent to
any X;). Consider the first neighbourhood of w in G, Ng(w), which constitutes a
separator of ¢ (its removal disconnects w from the rest of the graph) — a subset

of this set is minimal, and would therefore be adjacent to w. a

Lemma 5.3 Any connected dominating set of G must include a vertex from each

X;.

Proof. Suppose there is some minimal separator X; such that no vertex from it

is included in some connected dominating set, . Since D is connected, and all
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other vertices in V' — X, are adjacent to some vertex of D, G[V — X;] is connected.

This contradicts the fact that X; is a separator of G; hence the result. O

5.1.1 Connected Domination

The above lemmas immediately suggest an algorithm to find the minimum

weighted connected dominating set of a distance-hereditary graph.

Algorithm DH-ConnectedDomination
Input: A distance-hereditary graph G.
Output: A minimum weighted connected dominating set C' of G.
begin
C — ¢;
werght < 0;
Use Algorithm Candidate-Separators to find the
set of minimal separators X = { X1, X5,... X3 };
for 2 <~ 1 to k do begin
let s be a vertex of minimum weight in X;;
C+ CU{s};
weight = weight 4+ weight(s);
end;

end.

Theorem 5.1 Algorithm DH-ConnectedDomination finds a minimum weighted

connected dominating set of a distance-hereditary graph in O(m + n) time.

Proof. Correctness follows from the lemmas and discussions above, since in
the algorithm we clearly include a vertex of smallest weight from every minimal
separator in the set. Finding the set of all minimal separators takes O(m+n) time.

Once this is done, the algorithm considers each vertex at most once, performing a
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constant amount of work each time. Hence the time complexity of the algorithm

is O(m + n). O

5.1.2 Clique Domination

We wish to determine a dominating set S of a distance-hereditary graph G such
that G[S] is a clique, with as small a total weight as possible. Our algorithm for
clique domination is an extension of the one used for connected domination. The

following lemma is the basis for the algorithm.

Lemma 5.4 A d-h graph G has a clique dominating set if and only if the algo-
rithm for MCDS described in Section 5.1 produces a clique as output.

Proof. Every clique dominating set is obviously connected, and any connected
dominating set of G must include at least one vertex from each cutmodule. Now,
given any minimal separator 7', there cannot be edges between vertices in different
components of G[V — T1; hence, such vertices cannot be part of the same clique.
This means that a clique dominating set, if any, can include only vertices of that

belong to some minimal separator. O

5.2 Steiner Set

A problem that is closely related to the connected domination problem is the
Steiner set problem. Here, we are given a graph G = (V, F) and a set R C V of
vertices, and are required to compute a set S C V such that G[RUS] is connected,
and |S| is as small as possible.

We present below an algorithm to compute the Steiner set of a distance-
hereditary graph G with respect to a set R of vertices.

Our algorithm works as follows. If R is already connected, then there’s nothing

to compute. If all the vertices of R are part of the same minimal separator (but
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R is not connected), then any vertex v adjacent to some vertex of this separator
(but not part of the separator itself) constitutes the required Steiner set. This
is because v is adjacent to all the vertices of the separator (and hence to all the
vertices of R), and so G[R U {v}] is connected. If, on the other hand, R has no
vertex in any minimal separator, but all the vertices of R have the same adjacencies
in the set X, then the same argument applies here too. This situation is detected
by the function find.if_same_adj() in the algorithm. Finally, if none of the
above situations hold, we check (one by one) if the removal of minimal separator
X, disconnects (&, such that the vertices of R lie in different components. If so,
we include (since we must) some vertex from X; into our set S. It is not difficult
to see that the above cases exhaust all possibilities and indeed lead to a correct

Steiner set being computed.

Algorithm DH-SteinerSet
Input: A distance-hereditary graph ¢ and a set R of vertices.
Qutput: A Steiner set S for (.
begin
Use Algorithm Candidate-Separators to find the
set of minimal separators X = { X1, X5,... X3 };
if R is connected then
S — o
else if R C X; for some X; then begin
let s ¢ X; be a vertex adjacent to some r € R;
S {sh
endif;
else if R CV — X then begin
flag < find_if_same_adj(R);
if flag =T RUF then begin
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let s € X be a vertex adjacent to some r € R;
S s}
endif;
endif;
else
for 1 <~ 1 to k do begin
if RN X, = ¢ then begin
let Hy, Hy, ..., H; be the connected components of
(G — X; that contain some vertex of R;
if & > 1 then begin
let s be some vertex in X;;
S« SU{s};
endif;
endif;
endfor;

end.

When the above algorithm terminates, S is the required set of Steiner vertices.

The function find_if-same_adj(), takes as input a set R of vertices, and for all those
vertices in this set that don’t belong to X (the set of vertices in some minimal
separator), determines if they all have the same adjacencies outside R. It is
formally stated below. In this function, adj(v) is the set of all vertices belonging

to X that v € R is adjacent to.

Function find_if same_adj

Input: A set R of vertices of a distance-hereditary graph ¢
that has no vertex in any minimal separator.

Qutput: TRUE if all vertices of R have the same adjacencies
in X, FALSE otherwise.
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begin
adjset < adj(v) for some v € R;
for each w € R —{v} do
if adj(w) # adjset then
return FALSE;
return TRUE;

end.

Theorem 5.2 Algorithm DH-SteinerSet finds the Steiner set of a distance-

hereditary graph G in O(mn) time.

Proof. Correctness follows from the discussion above. The function
find_if_same_adj() takes O(n?) time, since it does O(n) iterations, each iter-
ation requiring O(n) work. The last case when the vertices of R are “spread out”
in (G requires O(n) iterations to process, each doing O(m + n) work; hence the

overall time complexity of the algorithm is O(mn). O

5.3 Maximum Clique

We now consider the problem of determining a clique of largest size in a distance-
hereditary graph. This problem is NP-complete on general graphs, but has been
shown to be polynomial on perfect graphs. However, the complexity of the algo-
rithm on perfect graphs is very high and has large embedded constants, because
of which 1t is interesting and useful to study this problem on subclasses of perfect

graphs.

Algorithm DHMaxClique
Input: A distance-hereditary graph G' = (V, F).

Qutput: A maximum clique of G.
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begin
if GG is disconnected then begin
let G1,Go, ..., G be its components;
maxeliq < max;(DHMaxClique(G;));
endif;
else if GG is a join of two graphs (G; and G5 then
mazcliq < max (DHMaxClique(Gy) + |Val, [Vi| + DHMaxClique(Gy));
else begin { neither G nor G° is connected }
Use Algorithm Candidate-Separators to find
a minimal separator 5
Let Hy, Hy, ..., H; be the components of G — 5
Let G; « G[V; U S];
maxeliq < max;(DHMaxClique(G;)) ;
endelse;

end.

Theorem 5.3 Algorithm DHMaxCligue computes the mazimum clique of a
distance-hereditary graph G in O(n®) time.

Proof. Correctness follows from the fact that the maximum clique cannot include
two vertices from different components of ¢ — X for any separator X. To show
the time bound of O(n?), we show that in O(n) iterations, we have only cographs
to handle (disjoint union or join cases). In each iteration, we do O(n*) work,
which is the cost of determining if either G or GG° is disconnected (G here refers
to the “current” graph being processed). Consider the function ¢ = n — k + ¢,
where n is the number of vertices, k is the number of components, and ¢ is the
number of minimal separators, all in the current graph. This is a monotonically

decreasing function, and is bounded above and below by O(n). Hence the number
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of iterations before a cograph is obtained is O(n), leading to an overall time

complexity of O(n?).

5.4 Remarks

In this chapter, we have presented algorithms for the problems of connected and
clique domination, Steiner set, and maximum clique of distance-hereditary graphs.
The algorithm presented for the maximum clique problem can easily be extended
to the weighted case as well. We have solved these problems based on a unified
approach motivated by the properties of minimal separators. It would be inter-
esting to investigate if the same or similar techniques can be extended to obtain
efficient algorithms for some other problems too. We mention here that we have
solved the problem of computing the treewidth of distance-hereditary graphs [27]

using an extension of the techniques presented in this Chapter.
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Chapter 6

Concluding Remarks and Open

Problems

6.1 Conclusions

An important method of overcoming the intractable nature of problems in graphs
is to focus attention on special classes of graphs and try to obtain solutions for
them. If a problem remains intractable even on some special class, it is worth
studying what structural properties of this class make the problem inherently
difficult on it. This is followed by investigating the same problem on related
classes and sub-classes of this class, and to provide as “narrow” a margin as
possible between tractability and intractability for the problem — colloquially,
this may be referred to as “narrowing down the gap between P and NP7, on
some hierarchy of graphs. The whole exercise leads to a thorough understanding
of the problem at hand, and of the properties of the graphs under consideration.

The results presented in this thesis are as follows :

e An O(n®) algorithm for the connected domination problem on AT-free

graphs.

48



e An O(n?) algorithm for the Steiner set problem on AT-free graphs.

e An O(m + n) algorithm for the weighted connected domination problem on

distance-hereditary graphs.

e An O(m + n) algorithm for the weighted clique domination problem on
distance-heredtary graphs.

e An O(mn) algorithm for the Steiner set problem on distance-hereditary

graphs.

e An O(r?®) algorithm for the weighted maximum clique problem on distance-

hereditary graphs.

In this thesis, we have presented O(n?*) algorithms on AT-free graphs for the
problems of connected domination and Steiner set [3]. To the best of our knowl-
edge, no algorithms have so far appeared in the literature for solving these prob-
lems on any non-trivial class of non-perfect graphs. As already noted, AT-free
graphs are not necessarily perfect. These algorithms also generalize the results
presented in [2] for connected domination and Steiner sets on permutation graphs,
but use an entirely different approach based on dominating pairs. In addition,
this is the largest known class of graphs that strictly contains both interval and
permutation graphs on which these problems have been solved. We also note that
the algorithms presented here are actually applicable to a class of graphs larger
than the class of AT-free graphs — more specifically, to the class of graphs that
contain a dominating pair of vertices. This class is a proper superset of the class
of AT-free graphs (e.g., Cs belongs to this class, but is not AT-free). We also
feel that AT-free graphs have nice structural properties (especially in the con-
text of dominating pairs) which can be exploited to design algorithms for several

problems which are N P-complete on general graphs.
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On distance-hereditary graphs, we have presented algorithms for many prob-
lems that are N P-complete on general graphs. We have used the properties of
separators in these graphs as a paradigm to design a unified approach to tackle
these problems. The underlying theme that makes such a unified approach possi-
ble is the fact that vertices of a minimal separator are indistinguishable outside the
separator, i.e, they all have the same adjacencies outside. This approach has been
used to solve the problem of computing the treewidth of a distance-hereditary
graph as well. The previous best known algorithm for the connected domination
problem was O(n®) [11]; we have improved the complexity to O(m + n). We
feel that this paradigm can be used to solve some other problems on distance-
hereditary graphs, that are N P-complete on general graphs.

Our algorithms for connected domination and Steiner set on AT-free and
distance-hereditary graphs strengthen the conjecture in [28] that these two prob-
lems are algorithmically closely related, in the sense that they have the same

complexity status on any special class of graphs.

6.2 Open Problems

We conclude this chapter by suggesting some related open problems and directions

for future work.

Problem 6.1 The weighted version of the connected domination problem on AT-
free graphs.

We showed in Section 3.3.1 why we were unable to extend our algorithm for
connected domination to the weighted case — perhaps a different approach (or at

any rate, a modified one) is required to solve this problem.

Problem 6.2 Recognition of AT-free graphs.
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An O(n?) recognition algorithm is known for the class of AT-free graphs. A more

efficient algorithm is worth trying for.

Problem 6.3 Domination problems (such as minimum domination), mazimum

clique, independent set, and related problems on AT-free graphs.

These are unsolved problems; we strongly believe that the properties of dominat-
ing paths can be exploited to solve some of these problems. We mention here
that we have an inefficient (but polynomial) algorithm for the maximum clique

problem.
Problem 6.4 The linear structure of AT-free graphs, and a numbering scheme.

Subsets of AT-free graphs such as cocomparability graphs have a linear numbering
scheme on the vertices — in [9], the authors conjecture that the reason for such a
numbering on these graphs is a consequence of their AT-free nature. However, a

linear numbering for AT-free graphs is still unknown.

Problem 6.5 A general relationship between the connected domination and

Steiner set problems.

On all classes of graphs studied so far, these two problems have the same
complexity status. However, a polynomial transformation from one to the other is
not known in general. Our algorithms for these problems on AT-free and distance-
hereditary graphs further strengthen the conjecture that these two problems are
algorithmically closely related to each other. The status of these problems on
some classes of graphs is shown in Figure 6.1. Polynomial transformations from
one problem to the other are known on some special classes of graphs such as
bipartite graphs; the discovery of such a transformation in general (i.e, for any
class of graphs — the tough part lies in ensuring that the transformation produces
a graph belonging to the same class) would settle long-standing open problem in

algorithmic graph theory.
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Figure 6.1: The status of the connected domination and Steiner set problems on

some classes of graphs.
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