Chapter 1
Stable Dynamic Walking over Rough Terrain
Theory and Experiment

lan R. Manchester, Uwe Mettin, Fumiya lida, and Russ Tedrake

Abstract We propose a constructive control design for stabilizatibnon-periodic
trajectories of underactuated mechanical systems. An iitapbexample of such
a system is an underactuated “dynamic walking” biped robaikig over rough
terrain. The proposed technique is to compute a transviersarization about the
desired motion: a linear impulsive system which locallyressgnts dynamics about
a target trajectory. This system is then exponentiallyibtalol using a modified
receding-horizon control design. The proposed method perxentally verified
using a compass-gait walker: a two-degree-of-freedomdbigieh hip actuation but
pointed stilt-like feet. The technique is, however, verpggl and can be applied to
higher degree-of-freedom robots over arbitrary terrah@her impulsive mechan-
ical systems.

1.1 Introduction

Achieve human-like walking with biped robots has long begoal of robotics re-

searchers. However, comparatively little work has beeredorwalking over rough
terrain, especially for underactuated walkers. The pratdéfootstep planning has
been approached using computational optimal control [#]experimental studies
that a minimalistic open-loop control can achieve stabilir the compass biped
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In this paper, we propose a general method of exponentitdlyilzing arbi-
trary motions of underactuated mechanical systems. Runthre, we demonstrate
experimentally that it is an effective method for stabiigiunderactuated walking
motions over uneven terrain.

The world of bipedal walking robots can be divided into twodn classes. The
first, including well-known robots such as the Honda ASIM@ déine HRP-2, are
based on the “zero moment point” (ZMP) principle (see, €3].and references
therein). The main principle of stability and control is tllae center of pressure
always remains within the polygon of the stance foot, anéheddot always remains
firmly planted on the ground. Satisfaction of this princiefesures that all dynamical
degrees of freedom remain fully actuated at all times, and tontrol design can
be performed systematically using standard tools in rebokiowever, the motions
which are achievable are highly conservative, inefficiant] unnatural looking.

The second broad class consists of passive-dynamic wadketdimit-cycle
walkers. Inspired by the completely passive walkers of MmJd], these robots
forgo full actuation and allow gravity and the natural dynesrto play a large part
in the generation of motion. They may be completely passivpartially actuated.
Even with partial actuation, the motions generated canfbdike and highly ef-
ficient energetically [5]. However, there is presently &la€ tools for systematic
control design and systems analysis.

Some studies have approached stabilization of the congasdiped using
energy-shaping and passivity-based control techniguess ésg., [6, 7, 8]). How-
ever, it is not clear how such methods can be extended togeltt more degrees
of freedom, or to walking on uneven terrain.

Most tools for underactuated walking make use of Poiegaap analysis (see,
e.g., [9, 10, 11, 12, 13, 14] and many others). For a mechlasystem of state
dimension 2, one constructs &oincaé section a (2n — 1)-dimensional surface
transverse to the orbit under study (e5f) in Fig. 1.1). By studying the behaviour
of the system only at times at which it passes through thi&asey one obtains a
(2n—1)-dimensional discrete time system, tP@incae map

X, (k4+1) = 2(x1), x, e R™1

which has a fixed point at the periodic orbi#(x’ ) = x| . Stability or instability

of this reduced system corresponds to orbital stability ariital instability, re-

spectively, of the periodic orbit. Exponential orbitallstay corresponds to all the
eigenvalues of the linearization 6P being inside the unit circle.

One disadvantage of the Poineanap is that it does not give a continuous rep-
resentation of the dynamics of the system transverse tatgettorbit, but focuses
only atonepoint on the orbit. This means it has limited use for congivacontrol
design.

However, the biggest problem for the present study is theatrtethod of Poincér
sections is only defined for periodic orbits. It can be usestiwdy biped walking on
flat ground or constant slopes, but on uneven ground whereawe o reasonable
expectation of periodic orbits it is not applicable.
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Fig. 1.1 A visualization of Poincdr surfaces and transverse linearization of a periodic orl8y/jgr
and a trajectory converging to it (black).

With this as motivation, in this work we use instead tfensverse linearization
of the target trajectory, which has previously been usedfiatysis and stabilization
of periodic motions of nonlinear systems including walking robots [16, 17, 18,
19].

This can be visualized via the related concept ahaving Poincag section
introduced in [20]. This is a continuous family ¢2n— 1)-dimensional surfaces
transverse to the desired trajectory, with one member ofaimély present aevery
point along the cycleg(t) for all t in Fig. 1.1).

In contrast to the classical Poinéamap, a transverse linearization (or mov-
ing Poincaé section) provides a continuous representation of théioakhip be-
tween controls and transverse coordinates, and can bedextém the study of non-
periodic mations. In this paper, we make use of this, andgsem computationally
feasible feedback control strategy for the time-varyingusive linear system that
results. Successful experiments demonstrate the fagsiifiour approach.

1.2 Impulsive M echanical Systems

The mathematical model we consider is that of a nonlineahamg@cal system sub-
ject to instantaneous impacts. Leebe a vector of generalized coordinates, and
be a vector of forces and torques which can be assigned, lteettiynamics of the
system can be written like so [21, 22, 13]:

M(d)§+C(g,9)q+G(q) =B(q)u  for q¢ 2

q" =440
at =44(a7)q

(1.1)
_ } whenever q- € 2,

whereM(q) is the inertia matrixC(q,q) is the matrix of Coriolis and centrifugal
terms,G(q) is the gradient of the potential energy field, ah) describes the
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effects of actuators on the generalized coordinates. Tthe seepresents switching
surfaces, e.g. for a walking robot, states at which the féth@ swing-leg hits the
ground, and a new step begins.

1.2.1 Representation of a Planned Motion

Consider am-degree-of-freedom impulsive mechanical system for wkmine de-
sired and feasible trajectory has been specified:

qit) =g (t) e R", t € [0,00).

Lettj, j =1,2,... be the time moments at which an impact occurs, andlet=
tj,tj+1), j =1,2,... be the time intervals of smooth behaviour in between immulse
and let.%, := [0,t1).

Assumption 1 There existg, > 11 > 0 such thatry > tj 1 —t; > 1o for all j.
That is, the footsteps do not get infinitely long or infinitslyort.

Assumption 2 For all t in tj, the vector{g*(t)"¢"(t)"]" is linearly independent of
the2n — 1 vectors spanning the tangent plane of the switching surfacg(t).

That is, all impacts are “real” impacts, not grazing toucbithe switching surface.

For each interval?j, j = 0,1,2, ..., choose one generalized coordinate or some
scalar function of the generalized coordinales- ©;(q) which evolves monotoni-
cally along a desired trajectory.

Remark 1In the case of the compass biped walker, which we will consid&ec-
tions 1.5 and 1.6 we will také to be the “ankle angle”. It is a reasonable assumption
that for any useful walking motion, this angle evolves mamatally over any given
step. This representation is common in walking robot coftr2y.

]

Since it evolves monotonicall§ can then be considered as a reparametrization
of time, and hence the nominal trajectories of all other dowtes over each interval
#j can be given as well-defined functionséaf

ai(t) = ¢l (8(t)),

on(t) = @h(8(1) Vte s

Having thus defined the function@, ,qq{ one can define variables representing
deviations from the nominal trajectory:
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y1 == qu(t) — @l (8(1)),

Yn = tn(t) — @(B() Vte .7,

whereym = 0 for all mimplies the system is on the nominal trajectory.

Consider now the quantitig® y1, ..., yn. Thesen+ 1 quantities are excessive co-
ordinates for the system, and hence one can be dropped. Witss of generality,
let us assume we drop, and our new coordinates are:

y=[Y1.-....¥Yn-1]" @and6.

Remark 2When the conditiongy, = O for all m are enforced via feedback action,
the functionsrpl’, .., @ are often referred to agrtual holonomic constraintgl3, 10,
11]. Our control strategy does not require that these caimstoe strictly enforced to
guarantee stability, they are simply used as a set of comt@inHowever, we retain
the terminology “virtual constraints”.

(]

1.3 Construction of the Transverse Linearization

The dynamics of a nonlinear system of dimensioralong a target motion can
be transformed into a representation having two componanssalar variablé
representing the positioalong the target motion, and a vectar of dimension
m— 1 representing the dynamitmnsverseo the target motion.

A transverse linearization is a linearization of the dynaswfx  , the stabiliza-
tion of the transverse implies exponential orbital stahtiion of the original nonlin-
ear target motion [15].

The construction of a transverse linearization for an irspelmechanical system
such as a walking robot can be broken down into two parts: dinéircuous phases
and the impacts maps.

1.3.1 Construction of the Continuous Part of the Transverse
Linearization

For a mechanical system the stédeq) has dimensionr2 wheren is the number of
degrees of freedom. Therefore, a transverse linearizatist have dimensionm2-
1. We utilize the analytical construction of a transversedirization for continuous
mechanical systems proposed in [23, 17], which we now aithirbrief.

The representation of trajectories introduced in the revisection allow us to
analytically construct, at an§, a set of transversal coordinates without solving the
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nonlinear differential equations of the system. The first2 coordinates are given
by the coordinateg given in (1.2), and their derivatives:

dg'(6) . .
6, i=1..,n-1
de '
defined in each continuous interval. For a full set of transverse coordinates, one
more independent coordinate is required.
For the continuous phase of an underactuated mechanitahsyi§the relations
y = 0 are maintained then the dynamics of the coordifateke the following form:

Yi=0G—

a(6)6+B(6)6%+y(6) =0 (1.2)

wherea(-),B(-),y(-) are straightforward to compute. An important fact is that a
partial closed-form solution of the system (1.2) can be atexi:

62 = p(6,60)02 +T (8, 60)

where (6o, 6o) is any point on the desired trajectory of the reduced syste@).(
That is,02 can be computed as a function@fanalytically.

The variable _ _

| = 02— p(0,60)08 — I (8, 60)
is then a clear candidate for the final transverse coordiitaiteindependent of/
andy and is zero when the system is on the target motion.
.
Our complete set of transverse coordinates are then:= [I, vy

Now, for systems of underactuation degree one, there exigtstial feedback-
linearizing transformation of the form [24]:

u=N(y,8) v—W(y,8,y,0)]

creating the dynamicg=v, | = (6, é,y,y,v) wheref can be calculated analyti-
cally.

From this we construct the continuous part of the transJversarization, withz
representing the state of the linearization of the dynawfics :

2(t) = A)zt) + B(t)v(t) (1.3)
whereA(t) andB(t) are
ay1(t) amo(t) as(t) by (t)
A(t) = |On-1) On_12 l(n-1) | B= |Op_1)2 (1.4)
On-1) On-1)2 Q22 lin-1)

wherel ,_y) is the(n— 1)-dimensional identity matrix, @_y) is an(n—1)-dimensional
column of zeros, and(Q ;2 is an(n—1) x (n— 1) matrix of zeros. The functions
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N(y,0),R(y,8,y,0),a11(t),a12(t),a13(t), andbs(t) can be computed analytically,
see [23, 17].

1.3.2 Transverse Linearization of | mpacts

Certain care is required in linearizing the impact map. Thagversal surfaces are
orthogonal in phase space to the target motion, but the siwgcsurfaces will not
be in general. Hence we must also introduce two projecti@naiprs.

Supposeal4; is the linearization of the impact map at tirjeabout the nominal
trajectory, then

Z(t") = Fjz(t) for t=t;,j =1,2,... (1.5)
where Fj = P"dA; P

The construction oPJ-+ andPy” is given in [19].
The complete hybrid transverse linearization system isrghwy (1.3), (1.4), and
(1.5).

Assumption 3 The hybrid transverse linearization system is uniformlgnptetely
controllable.

This assumption essentially states that there is suffichgmamical coupling be-
tween the unactuated and actuated links of the system. lvisya satisfied with
reasonable walking robot designs.

1.4 Receding-Horizon Control Design

Exponential stabilization of time-varying systems, evieredr systems, is a non-
trivial problem. For time-invariant or periodic linear $§ms one can compute con-
stant or periodic gain matrices, respectively, which exgially stabilize the sys-
tem. This is not true in general for time-varying systems.ofmon technique
which is computationally feasible is receding-horizonteoh also known as model
predictive control (see, e.g., [25, 26] and many othersjhis section we describe
a slightly modified version of receding-horizon controltable for impulsive linear
systems.

The basic strategy is to repeatedly solve a constrainetitiina linear quadratic
optimal control problem for the system (1.3), (1.4), (1.Bhat is, minimize the
following cost function:

N;j

306w = [0 Q)+t ROWDIdL 3 28)"Qjzty
| J:
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subject to the constraiatts) = 0.

Assumption 4 There existsr; > 0, i = 0,..,4, such thatogl < Q(t) < azl, a2l <
R(t) < asl,and0 < Qj < ayl forallt and j.

The traditional approach is to set a constant time horizahjrbthis work we
choose to look a fixedumber of footstepshead. Thus, every time the robot takes
a footstep, a new optimization is computed.

We propose the following receding-horizon strategy, lagki footsteps ahead,
beginning withi = 0:

1. Consider the union of intervalg , := % U .41 U...U.%p. Lett andts denote
the beginning and end times of .

2. Compute this footstep’s optimal control by solving faliag jump-Riccati equa-
tion backwards in time frorty tot; with a final conditionZ(tf) = 0(,_1)2

—Z=-ZA —-AZ+BRB"-2QzZ
-1
Z(t)) = {FjTZ(tJ*)‘le +Q,~} fort e 7, (1.6)

3. Over the intervals;, apply the following state-feedback controller:

U(y, Gvya 6) - N(y7 6)_1[K(6 XL(ya eaya 9) 7W(y7 67y7 6)}7
K(0) = —R1(s)B(s)"2(s) L,s=071(0) .7)

where@~1:[0,,0_] — [t,ti,1) iS a projection operator, which is straightforward
to construct sincé is monotonic over each step.
4. for the next footstep, set=i+ 1 and return the stage 1.

Theorem 1. If Assumptions 1, 2, 3, and 4 are satisfied, the controlle8)(1(1.7)
exponentially stabilizes the planned motion of the origimanlinear system

The proof is given in Appendix A.

1.5 Experimental Setup

We have constructed a two-degree-of-freedom planar bipleck with point feet, a
photograph and schematic of which are shown in Fig. 1.2. ®hetris mounted on

a boom arm with a counterweight, and thus walks in a circuddin prhe dynamical
effect of the boom is approximated by having different valaghip mass for inertial
(my) and gravitationalrfyg) terms in the model. The robot is fitted with retractable
feet to avoid toe-scuffing, however we do not consider theds@dditional degrees
of freedom since their masses are negligible.

1 0r, more generally, a fixed number of impulses ahead.
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Fig. 1.2 Schematic and photograph of the experimental setup

The robot is modelled in the form of an impulsive mechanigatem (1.1), the
parameters of which were estimated via nonlinear systemtifd@tion. The full
equations for the model are given in Appendix B. Good fittieguired the addition
of friction model for the hip joint consisting of Coulomb awi$cous parts:

e = Fesign(an) + R Ga.

The parameters of the model are given in Table 1.1.

The robot is fitted with optical encoders measuring the abgteeen the legs and
the absolute angle of the inner leg. From these measurembitisg; andg, can be
calculated. The control law relies on velocities as well] #rese are estimated with
an observer. The observer structure we choose is one whglpriesiously been
used successfully in walking robot control, consisting afopy of the nonlinear
dynamics and a linear correction term [27]. Legid g be the estimates of the
configuration states and velocities, then the observervengby:

= d i
dt H - [M(ﬁ)l(C(q,Q)qG(Q)+B(q)u) +Ly—-4a),
4" =800, 4" =24(0)4,

where and is the measurement gf The gainL can be chosen ds= [1/e 2/&?|
places the eigenvalues of the linearized error systealAt. In our experiments we
found thate = 0.02 gave a reasonable compromise between speed of convergenc
and noise rejection.
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Table 1.1 Parameters of the compass-gait biped.

Parameters Values

Masses [kg] m=13,my=22,myg=-12
Inertia [kg n?] lc =0.0168

Lengths [m] | =0.32,lc =1—0.0596
Gravitational constant [m#$ [g=9.81

Ratio current/input [A] k=11

Motor torque constant [Nm/Ak; = 0.0671

Coulomb friction [Nm] Fc =0.02

Viscous friction [Nm s] R =0.01

1.5.1 Polynomial Representation of Desired Motion

For the compass biped we taBe= g, the “ankle” angle of the stance leg relative
to horizontal. Then to specify the path through configuraipace for each step
we need to specify only the inter-leg angjeas a function of the ankle angle:

a1 =¢'(6)

We chose to construct thg functions as fourth-order&ier polynomials, which
can represent a wide range of useful motions with quite a lawlyer of parameters,
and furthermore admit simple representations of the caimé$rin the previous sec-
tion. For details, see [13, Ch. 6], in whicteBier polynomials were used to design
periodic trajectories. It is straightforward to extendhib tmethod to non-periodic
trajectories and because of space restrictions we omitetalsl

1.6 Experimental Results

To test the controller experimentally, a relatively simfask was chosen: the robot
should walk flat for two steps, then down two “stairs”, andrtleentinue along the
flat. A video of a successful experiment has been placede{2i8].

The control design was implemented as in Section 1.4 witlsteon weighting
matricesQ(t) = Qj = Iz andR(t) = 1 for allt and j. The look-ahead horizon was
chosen as three footsteps ahead.

For each step, the solution of the jump-Riccati equatiok sqaproximately half
a second to compute using tbee45 solver in MATLAB running on a Pentium
Il desktop computer. This is roughly the time it takes foe tiobot to complete a
step, and it is reasonable to expect that highly optimisedde could perform this
task much more quickly. Hence, one can say that the controttauld be feasibly
computed in real-time, as a part of a dynamic motion-plagaimd control system.

Figure 1.3 depicts the results of one experiment. Figur@\} i3 a cartoon of the
biped’s motion generated from real data, showing the stae/d.3 seconds, with
the current stance leg always indicated in red.
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Fig. 1.3 Results from a successful experiment walking on uneven terrgi@.Sgction 1.6 for
discussion.

In Fig. 1.3(B) the evolution of the “ankle anglej> is plotted vs time for one
experiment. During the continuous phasgsserves as our reparametrization of
time 6. We note here that, particularly on the second and fourtisstaere is some
jitter in the curve.

In Fig. 1.3(C) the inter-leg angl@; is plotted vs time in blue, along with the
“nominal” value ofq; plotted in red. Note that, since the nominal valugjpfs not
a function of time but a function af,, defined by the virtual constraint, the jitters in
thege measurement lead to jitters in the nominal valugpiNevertheless, tracking
is quite good, and sufficient for the robot to maintain a satdlking trajectory.

Figures 1.3(D) and (E) depict the joint velocitigs and ¢, obtained from the
same observer used in the control system, along with themimea values as func-
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tions of the current value afp. Again, the jitter ing, leads to large noise in the
velocity estimates. Despite this, good tracking is mairgdithrough seven steps.

Repeated experiments were performed with similar resalth &éme, indicating
good robustness of the control strategy.

1.7 Conclusions

In this paper we have described a novel method for stalidizalf trajectories of an
impulsive mechanical system. The method guarantees lgpahential stability to
atarget orbit under reasonable assumptions. The methodtésggneral, but a clear
target application is motions of underactuated walkingtsion rough and uneven
terrain. To the authors’ knowledge, this is the first systier@ntrol method which
can provably stabilize such motions.

The proposed technique was experimentally verified usir@@pass-gait biped
walker. It was seen that, despite measurement errors avithible uncertainties in
modelling, the controller reliably stabilized the targettions.

The method of transverse linearization can be applied td@nmyamic walking”
robot to redesign controllers by the methods in this papeio give certificates of
stability and assist choice of gains in simpler heuristictoal laws.

Future work will include application to robots with more degs of freedom,
and testing on more challenging terrain. Further developnoé theoretical and
computational tools will focus on deeper analysis of stgbdnd robustness, and
computation of basins of attraction. Many of the theoréticals developed in this
work also have application in problems of motion planningick will be addressed
in future publications.

1.8 Appendix A: Proof of Stability

Some details are omitted to save space. We consider the hgagunction candi-
date
V(X(t),t, ) = X(t) P()X(t)

whereP(t) = X(t)~1, the solution of the finite-time jump-Riccati equation. ilee
total “cost-to-go” from a state(t) with a feedback strategy?” definingu(t) =
—K(t)x(t)

We state the following three facts about this Lyapunov fiomctandidate:

1. It follows from Assumptions 1, 3, and 4 and standard argum&om optimal
control [29] that there exis{8; > [y > 0 such that

Bol <P(t) <Bal. 1.8)
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2. Throughout the continuous phase frgno t; 1,

E”f/(X(t)yt,«/”i/i) = —x(1)"[Q(t) + K () "B(t) R)B()K ()]x(t) <0

dt
It follows from the bounds o®(t) in Assumption 4 that
d
g/ (X(®), 6,24 < aol (1) (1.9)
for all t.

3. Let.# refer to the strategy of using finite-time controller cafted at the begin-
ning of stepi. Under this strateg(ti.) = 0 and remains zero for al> t, p,.
After stepi, the state ix(tj1). A feasible strategy from here would be to con-
tinue with control strategy#;. However, a new optimization is performed at step
i +1 over a new horizon+- 1+ h. Since continuing with# is a feasible strategy,
the new optimal strategy#;; must have a cost to go

P (X(tiva),tive, A1) < P (X(tia),tiva, H). (1.10)
i.e. the Lyapunov function is non-increasing when an imguaiscurs.

From the facts (1.8), (1.9), and (1.10) it follows that thadivarying impulsive
linear comparison system (1.3), (1.4), (1.5) is expondéntitable, using a general-
ization of Lyapunov’s second method [30, Ch. 13].

Using Assumptions 1, 2, and 3 one can construct a straigtdfor extension of
the arguments of [23, 17, 19] that exponential stabilityheftransverse linearization
implies orbital exponential stability of the original naméar system to the target
trajectory.

1.9 Appendix B: Compass Biped Model

The matrices for the model of the experimental compass bigakier in the form
(1.1) are:

M(q)[ P1 —p1+cos(dy) pp }
—p1+cogqi)p2 P3+2p1 —2cogch)p2 |’
: 0 —QZSin(%)pz]

C — . L : :
(@.9) [_Sm(%)(ch—QZ)pZ sin(ay)qupz |’

G(q) = [ sin(—t +d1) pa — Sin(—0z + d1) pa — Sin(a2) ps — sin(t) pa ] ",

B=[kk; 0]".

The coefficients are defined by the physical parameters obthat like so:
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pr=(l *lc)szFlc, p2 =ml(l —lc), p3:mH|2+2m”c
pa=mgl—Ic),  ps=9g(Mugl +2ml).

The impact model in (1.1) is derived under the assumptionaefriy an instanta-
neous and inelastic collision of the swing leg with the giand no occurrence of
slip or rebound [22]:

8= 13) A =@ @),

H{2(a7) = pr—2psl +1%p7,
Hi'(a7) = H1(q7) = (1%p7+ (—ps — 2ps)l + p2) cos(c) — 1°p7 + 2psl — p1,

Hoo(a7) = (—2%p7+ (2ps +4ps)| — 2p2) cos(a) + 21%p7 + (—4ps — 2ps)| + P3
+2py,

Hip(@) =pi—pel,  Hip(a )= ((—ps—ps)l + p2) cogas) — pr+ pel,
Hy1(a7) = (p2— pel) cos(a) — p1+ pl,
Hy,(a7) = ((2ps + ps)! — 2p2) cog(ct) + (—ps — 2pe)! + p3+2p1notag  (1.11)

pe=ml—1lc) pr=my+2m  pg=Ilcpr+mu(l —lc).
The impact surface for a step with slogds given by

7 ={qeR?: qu—2(0p+)=0}. (1.12)
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