
Towards Computational Design of Shape and
Control for Rigid Robots

by

Jie Xu

B.Eng., Tsinghua University (2016)
S.M., Massachusetts Institute of Technology (2019)

Submitted to the Department of Electrical Engineering and Computer
Science

in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

at the

MASSACHUSETTS INSTITUTE OF TECHNOLOGY

September 2022

© Massachusetts Institute of Technology 2022. All rights reserved.

Author . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Department of Electrical Engineering and Computer Science

August 26, 2022

Certified by. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Wojciech Matusik

Professor of Electrical Engineering and Computer Science
Thesis Supervisor

Accepted by . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Leslie A. Kolodziejski

Professor of Electrical Engineering and Computer Science
Chair, Department Committee on Graduate Students



2



Towards Computational Design of Shape and Control for

Rigid Robots

by

Jie Xu

Submitted to the Department of Electrical Engineering and Computer Science
on August 26, 2022, in partial fulfillment of the

requirements for the degree of
Doctor of Philosophy

Abstract

Designing a performing robotic system for given tasks is traditionally labor-intensive
for finding the optimal configurations of its hardware shape and/or software con-
troller. The underlying coupling of the hardware shape and the software control of
a robot results in an enormous parameter space involving both discrete parameters
(i.e., topology structure of the robot) and continuous parameters (i.e., morphologi-
cal dimensions of each robot link, the control parameters), optimizing which tradi-
tionally requires significant amounts of expert knowledge from roboticists and many
manual design iterations. Intending to automate the robot design process, compu-
tational robot design has attracted increasing attention from robotics, graphs, and
artificial intelligence researchers. However, building a general computational robot
design process is extremely hard due to several challenging problems, including but
not limited to representation, performance evaluation, and optimization problems.
This thesis identifies some key challenges in the computational robot design pipeline
and proposes our corresponding solutions. We first take the manipulator design as an
example to present our robot design representations for both discrete and continuous
robot shape parameters. With the proposed robot representations, we then explore
the corresponding robot optimization techniques. In this part, we first introduce how
we leverage differentiable simulators to efficiently optimize the robot control policy
with the robot configuration fixed. Next, we delve into the more complicated co-
design problems requiring optimization of both the shape and control of a robot. We
present two novel algorithms for optimizing discrete shape parameters and continu-
ous shape parameters, respectively. Finally, we step further toward the more realistic
multi-objective robot design problems and present our solutions for finding a set of
Pareto-optimal robot designs trading off multiple different objectives and tasks. We
conclude this thesis by envisioning an ultimate computational design pipeline and
discussing open research directions toward this ultimate goal.

Thesis Supervisor: Wojciech Matusik
Title: Professor of Electrical Engineering and Computer Science

3



4



Acknowledgments

Six years ago, when I started my Ph.D. journey at MIT, everything surrounding

me was new – new country, new school, new people, and new research topics. The

pandemic makes this Ph.D. journey even special. Throughout this incredible journey,

I am so lucky to meet so many unbelievable friends and supervisors. It is impossible

to complete my Ph.D. without the help I have received from countless people, and I

would like to express my deepest gratitude to all who supported me either technically

or emotionally.

First and foremost, I would like to thank my advisor, Prof. Wojciech Matusik,

for offering me this special journey ticket to MIT and supervising me without any

reservations. Wojciech always encourages me to conduct impactful research and not

get distracted from low-hanging fruits. There were countless times when Wojciech

spent hours with me discussing and debating different next-project ideas and sharing

his unique thoughts on the projects. I still remember the nights Wojciech and I

spent over zoom whiteboard to discuss the deformation-based shape representation

ideas when preparing the submission to RSS 2021. I would also express my deepest

appreciation to Wojciech for his extreme patience with the hybrid UAV project. That

was the first project led by myself ever in my academic life, and it was also my first

attempt to get outside my research comfort zone and step into the robotics field. It

was a two-year-long project where I experienced through tons of failures on different

parts of the project. I was near to giving up many times, but Wojciech showed this

unbelievable tolerance for my failures and always motivated me to never give up.

Without his patience and motivation, I may never knock out the door of robotics and

discover this incredible field of research that deserved my lifelong exploration.

I would also like to thank Prof. Daniela Rus and Prof. Pulkit Agrawal for serving

on my thesis committee. I thank Daniela for always sharing her broad knowledge

and broad view to us, for always encouraging us to "keep the gradients", and for

letting me know nothing is impossible as long as I pay enough efforts on the projects.

I thank Prof. Pulkit Agrawal for offering his professional advice from a perspective

5



of a learning expert. The biggest lesson I learned from Pulkit is to always conduct

high-standard research and always keep improving the paper even if it already gets

accepted and published.

I would also express my special thanks to Prof. Shinjiro Sueda for offering his

generous help and answering my endless questions about developing a differentiable

articulated rigid body simulator. Shin is the best ever collaborator I have ever seen

during my PhD. Not only can he share with me his expertise in simulation, he also even

implements code for me to illustrate and validate his mathematical derivation and

provides me with responsive support on paper and rebuttal writing. I am absolutely

sure that I cannot have those publications happening so smoothly without Shin’s

sincere mentoring. I am also thankful to my academic advisor, Prof. Stefanie Jegelka,

for offering her emotional support and career guidance whenever I need them. I would

also like to thank Prof. Shi-Min Hu for taking me into the academic research and

mentoring me when I was an undergraduate student at Tsinghua University.

My thanks should also go to the senior students in the lab when I first came to

MIT. Big thanks to Adriana Schulz, Bo Zhu, and Tao Du for taking me to conduct

the very first two projects at MIT. I would also extend my gratitude to Desai Chen

for helping me fit into the lab. I would also be thankful to Liang Shi and Yuanming

Hu for all the enjoyable moments such as making the “flying cups” in the lab and

working hard on debugging the Raft system of 6.824.

My Ph.D. would not have been possible without the support from all my col-

laborators: Michael Foshey, Beichen Li, Allan Zhao, Andrew Spielberg, Yunsheng

Tian, Pingchuan Ma, Tao Chen, Lara Zlokapa, Viktor Makoviychuk, Miles Macklin,

Yashraj Narang, Fabil Ramos, Animesh Garg, Sangwoon Kim, Alberto Rodriguez,

Mina Konakoivć Luković, Josephine Hughes, Yifei Li, Kui Wu, Jagdeep Singh Bha-

tia, Holly Jackson, Juan Salazar, Wei Wang, Michal Piovarĉi, Timothy Erps, Vahid
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Chapter 1

Introduction

Most organisms in nature have been �evolved� over millions of years to be adept at

their unique skills. For example, a lizard hunting prey may need to be pro�cient

at climbing trees and running; a duck in migration needs to be able to swim; a

human hurdler must be fast at running along bends and straightaways. The core to

what makes these organisms so capable of their particular skills is their specialized

body mechanisms and highly optimized brain systems with complex neuron arrays.

Because form informs function and vice versa, we similarly should expect that the

best-performing robots for di�erent desired tasks have remarkably di�erent designs.

The design, control, and construction of performing robotic systems for given tasks

are traditionally labor-intensive for �nding the optimal con�gurations of its hardware

shape and/or software control. The underlying coupling of the hardware shape and

the software control of a robot results in an enormous parameter space involving both

discrete parameters (i.e., topology structure of the robot) and continuous parameters

(i.e., morphological dimensions of each robot link, the control parameters), optimiz-

ing which today requires signi�cant amounts of expert knowledge from roboticists

and many manual design iterations. For example, as shown in Figure 1-1, hardware

components and control algorithms are typically constructed sequentially based on

the empirical experience of the robot designer (Design Phase). Then the designed

robot needs to be manufactured, and physical testing will be conducted to evaluate its
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performance (Evaluation Phase). Based on the evaluated performance, the designer

has to come back to the �rst stage to improve the robot's shape and control accord-

ingly (Human Improvement Phase). A performing robotic system typically requires

many such slow and manual iterations.

Intending to automate the robot design process, computational robot design has

attracted increasing attention from robotics, graphs, and arti�cial intelligence re-

searchers. Computational robot design �rst replaces theDesign Phasewith the Com-

putational Design Representationto be able to numerically represent the design of a

robot by a set of shape and control parameters. Next, instead of manufacturing and

evaluating the robots in real experiments, it computationally evaluates the robots

inside the digital simulators. Finally and most importantly, the manual improvement

phase is replaced by a computational optimization algorithm to automatically im-

prove the robot parameters. The replacements of these three stages then successfully

build a fully automated computational robot design process. Not only a computa-

tional robot design automation can signi�cantly improve productivity by freeing up

the human labor from this time-consuming process, but it may also �nd potential

robot designs beyond human expertise limitations. Despite its attractive advantages,

building a general computational robot design process is extremely hard due to sev-

eral challenging problems, including but not limited to representation, optimization,

and performance evaluation problems.

In this thesis, we tackle the problems of computational design of task-driven

robots, and mainly focus on the context ofarticulated rigid robots. We identify some

of the key challenges overlooked by previous computational robot design works and

propose our corresponding solutions for them in the hope of making a pace towards

the ultimate goal of a general computational robot design pipeline.
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Figure 1-1: Traditional robot design pipeline. Traditionally, a robotic expert need to
�rst empirically determine the robot hardware shape and software control strategy (Design
Phase). Then she needs to manufacture the design and test its performance in real experi-
ments (Evaluation Phase). Based on the performance, she has to come back to improve the
design based on her personal experience (Human Improvement Phase). A successful design
typically requires tens or hundreds of such manual design iterations.

Figure 1-2: Computational robot design pipeline. Computational robot design im-
prove the process by replacing the three phases withComputational Design Representation,
Computational Evaluation, and Computational Optimization modules.
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1.1 Key Challenges in Computational Robot Design

1.1.1 Hardware Shape Representation

To achieve the goal of computationally constructing the robots, the �rst signi�cant

challenge is how to represent the robot shape designs in a computational way. A

complete description of a robot shape should contain both discrete shape parameters

and continuous shape parameters. The discrete parameters may de�ne the topological

structure of the robot (e.g., number of body links, how links connect together), and

the types of the joints connecting body links. On the other hand, the continuous

shape parameters usually contain the morphological dimensions of each robot link

(i.e., length, radius, width), the placements of the connection joints, sti�ness and

damping coe�cients of the joints, and the material parameters of the robot materials.

Traditionally, people overlooked this shape representation problem and typically

used arbitrary connections of primitive shapes (e.g., cylinders or cuboids) to repre-

sent the robot geometry. However, while easy to optimize, these primitives often

over-simplify the desired shape and are insu�cient to model complex robot designs.

Furthermore, arbitrarily connecting di�erent pieces of components also unintention-

ally produces robot designs that are infeasible in real manufacturing. Those limita-

tions of the existing works indicate us to �nd a proper way to represent the robot

shape so as to concisely and comprehensively structure this hybrid and vast robot

shape space while being amenable to optimization.

1.1.2 Control Representations

Once the robot hardware con�guration is determined, the next thing we need to

consider for a robot is its controller. As a robot's brain, the robotic control strategy

plays a crucial role in its task performance. The controller of a robot can usually be

represented in two approaches.

Traditionally, researchers de�ne the control as an open-loop state-action trajectory

and then, during execution, apply classic feedback control algorithms (e.g., PID,
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LQR) to control the robot to follow the prede�ned open-loop trajectory. However,

the design of the feedback control algorithm typically relies on a deep understanding

of the task-speci�c control strategy structure; thus, the design philosophy can hardly

be generalized to more complex robot problems. More recently, neural network policy

has become an increasingly popular alternative for controller representation due to

its feedback nature and demonstrated generalizability across various complex control

problems (e.g., in-hand manipulation control tasks). Therefore, selecting the proper

control representation for the best task performance and robustness is one of the

challenging system design choices in a computational robot design process.

1.1.3 Robot Performance Evaluation

In order to optimize the desired robot designs, we need the performance metrics to

guide the optimization algorithms. E�ective performance metrics must re�ect hu-

man subjective evaluations of di�erent robot designs. The robot performance can

usually be represented by either asingle objectiveor multiple di�erent objectives.

While single-objective representation is simple to start with, most physical tasks in

the real world are evaluated by multiple metrics. For example, when we evaluate a

driver's driving skill, we will consider both the speed and safety of her driving. A

similar analogy exists in robotic control problems. Robots in real life are versatile,

general-purpose, and rarely designed for maximizing their performance on a single ob-

jective only. For instance, when designing a control policy for a running quadruped

robot, we need to consider two con�icting objectives: running speed and energy e�-

ciency. When multiple con�icting objectives exist, there is no single optimal solution

that is optimal in every objective, instead we face a much more challenging task

to �nd a Pareto set of solutions making di�erent trade o�s among di�erent objec-

tives. Therefore, in a computational robot design process, we have to decide on the

proper performance evaluation to make the best trade o� between simplicity of the

optimization algorithm and the comprehensiveness of the robot evaluation.
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1.1.4 Single-Objective Robot Optimization

Given the performance metrics and the robot representation, the next challenge is

�nding an e�cient algorithm to optimize the best robot in the represented robot de-

sign space under the selected performance evaluation. We �rst constrain our problems

within single-objective settings. We argue that even with a single objective, robot

optimization is nontrivial.

The very �rst question is that with a �xed robot hardware con�guration, how to

optimize a control policy for it e�ciently? Among various policy optimization tech-

niques, reinforcement learning (RL) has been a particularly successful tool for learning

policies for complex robotic systems using only high-level reward de�nitions. Despite

this success, RL requires large amounts of training data to approximate the policy

gradient, making learning expensive and time-consuming. The recent development of

di�erentiable simulators opens up new possibilities for accelerating the learning and

optimization of control policies via analytical gradient-based approaches. However,

the well-known local minima problem notoriously limits the application of di�eren-

tiable simulation on complex tasks. Therefore, an interesting question is, can we

actually combine reinforcement learning and di�erentiable simulation to achieve the

best of both worlds on the policy optimization problems?

While the controller serves as a brain of a robot, robot hardware actually plays

an equally important role as its control algorithm in its task performance. As an

example, a quadruped with longer legs can be easily controlled to run faster than

a quadruped with shorter legs, no matter how optimal the control algorithm of the

short-leg quadruped is. Thus, one meaningful question for us is how to e�ectively

co-optimize the robot shape and robot control simultaneously to achieve the best

performance. Despite its importance, an automated computational algorithm for

robot co-design is still an active and challenging research question. This is because

the hardware shape of a robot introduces an enormous and mixed optimization space

involving both discrete parameters and continuous parameters as we discussed above,

which imposes an intractable search space on the classical optimization algorithms.
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1.1.5 Multi-Objective Robot Optimization

The challenges brought by a multi-objective performance evaluation are even more

substantial. While in single-objective problems, the main challenge comes from the

enormous and mixed search space for the optimization algorithms, the multi-objective

performance evaluation further increases the dimension of the optimal solution space

for the optimizers. This is because, in amulti-objective problem, di�erent objectives

may con�ict to each other. In such cases, multiple optimal solutions exist depending

on the chosen trade-o� between these metrics, known as thePareto set. Take the

quadruped control problem as an example again. One e�ective policy may prefer

high speed at the cost of lower energy e�ciency, whereas another optimal policy

might prefer high energy e�ciency at the cost of lower speed.

Most robotic works simplify this multi-objective problem by converting it into

a single scalar objective as a weighted sum of di�erent objectives and then �nding

the optimal solution for that speci�c preference weight setting. However, such sim-

pli�cation relies on a set of pre-selected preference weights of objectives, which is

typically unavailable in most cases. Thus the users typically need to re�ne those

weights back and forth to achieve the desired behaviors. Besides, if the task and

the desired preference among objectives change, the computed solution immediately

becomes sub-optimal, and the users need to re-run the expensive optimization for the

new set of preference weights from scratch. Thus we desire to invent novel optimiza-

tion algorithms for multi-objective robot problems, which are capable of �nding the

Pareto Optimal set of solutions. A human then has the full �exibility to select the

preference among di�erent metrics based on the speci�c task, and this determines the

corresponding optimal policy in that particular scenario.

1.2 Thesis Overview

In this thesis, we demonstrate our solutions for the aforementioned challenges in a

computational robot design pipeline. In Chapter 2, we review the previous works
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related to the topics of this thesis. In Chapter 3, we take the manipulator design

as an example and present our compact and expressive robot shape representations

for both discrete and continuous robot parameters that are amenable to optimization

[2, 3]. Our robot shape representations take the idea of using graph grammar for

discrete robot structure space and leveraging cage-based deformation to de�ne the

continuous shape morphology space. With the proposed robot shape representations,

we then explore the corresponding robot optimization techniques. In Chapter 4, we

�rst introduce how we develop a di�erentiable simulator to help e�ciently optimize

the tactile-based control policy for a manipulator robot with a �xed hardware con-

�guration [4], and then we demonstrate how to e�ectively combine the di�erentiable

simulation and reinforcement learning together to further speed up the policy learn-

ing process [5]. In Chapter 5, we explore the more complicated co-design problems

requiring optimization of both shape and control of a robot. We presents two novel

algorithms for co-design purpose: a Graph Heuristic Search algorithm which utilizes

a learning-based heuristic function to guide the search for the optimal combination of

the discrete shape structures and control for terrestrial robots [6]; and an end-to-end

di�erentiable framework to e�ciently co-optimize the continuous shape morphology

and control for manipulator robots [2]. Finally in Chapter 6, we step further towards

the more sophisticated multi-objective robot design problems and presents our solu-

tions on multi-objective control policy optimization problems [7] and multi-objective

robot co-design problems [8]. Our proposed multi-objective robot design algorithms

search for a set of Pareto-optimal robot designs trading o� multiple di�erent objec-

tives and tasks.
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Chapter 2

Related Work

2.1 Robot Shape Representation and Parameteriza-

tion

Computational design of robot shape typically requires a compact and expressive rep-

resentation of shape topological structure among links (e.g., number of links and how

links connect together) and continuous shape geometrical morphology (e.g., size). For

the shape topological structure, a graph representation has been naturally adopted [9,

10, 11]. However previous works usually allow the di�erent parts can be connected

arbitrarily, which results in a physically invalid robot design. For example, two parts

may be connected at the middle of their body, or too many parts art connected to

one single part. As a part of computational design for the robots that can be manu-

factured in real, we need to consider whether a connection we need to impose more

physics constraints on the topological design space to make sure that all the robot

design can be represented are physically feasible.

There are more variants on the continuous geometrical morphology representation

side. Most existing works on robot co-design use simple primitive shapes to approxi-

mate the geometry of each robot link so that they can optimize the parameters easily

[12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. However, such over-simpli�ed morphology

37



parameterization based on primitive shapes precludes the possibility of generating

complex geometric morphology for the robot. It is inadequate especially when the

geometry does a�ect the task dynamics with a rich amount of contact, such as in

in-hand manipulation tasks. CAD-based parameterization is one of the options to

support natural organic shapes, but it typically su�ers from its slow inference speed

and non-di�erentiability. Schulz et al. [22] proposed an interactive system for CAD

models with an expensive precomputation cost. Hafner et al. [23] developed a di�eren-

tiable parameterization of CAD models for FEM simulation, but the di�erentiability

is not preserved in our rigid, multi-body simulation setting. Furthermore, CAD-based

parameterization requires extra expertise to select and constrain each parameter in

order to preserve model manufacturability throughout the optimization. It is also

non-trivial to support the connectivity constraints required in an articulated robot

structure. Truncated Signed Distance Functions (TSDF) and mesh-based parameter-

ization are used by Ha et al. [24] to optimize the shape of a free-form gripper. These

methods only work for a single body system, introduce a large number of parame-

ters, and usually do not result in natural organic shapes. Compared to these, our

deformation-based parameterization allows us to have a constrained but expressive

design space for natural shapes and seamlessly works for articulated robot designs.

2.2 Di�erentiable Physics-Based Simulation

Physics-based simulation has been widely used for various robotic applications [25,

26, 27]. Among them, di�erentiable physics-based simulators have gained increasing

popularity recently since their di�erentiability facilitates e�cient gradient-based op-

timization for robotic control. Due to their inherent di�erentiability, neural network

based simulators have also been proposed to approximate physics [28, 29, 30, 31].

However, these works sacri�ce generality and accuracy of physics for di�erentiability

of the neural network. Di�erentiable simulators have been developed for rigid bodies

[32, 33, 34, 35, 36, 37], soft bodies [38, 39, 40, 41, 42, 43], and cloth [44, 45]. Han-

dling contact response is the most important task in building a di�erentiable physics
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simulator. Several approaches have been proposed for making the frictional contact

response di�erentiable such as di�erentiation of the coe�cient matrices and vectors of

the linear complementarity problem arising from collisions [32, 33] or those that use

impulse-based velocity stepping methods [34]. However, the discontinuity stemming

from such approaches can cause di�culties for contact-rich tasks. Geilinger et al.

[35] proposed a di�erentiable penalty-based frictional contact model. However, their

contact model was only demonstrated to work for contact between the robot and a

stationary surface (e.g., ground and walls), and the simulation uses sti� springs to

approximate articulation.

2.3 Computational Robot Design for Single Objec-

tive

2.3.1 Control Optimization and Learning

Traditionally, an open-loop state-action trajectory is optimized via trajectory opti-

mization for a robot and classical feedback control is applied to control the robot

stablizing around the open-loop trajectory [46, 47, 48, 49].

More recently, neural network control policies have been explored to control the

robot movements. Deep reinforcement learning has become a prevalent tool for learn-

ing control policies for systems ranging from robots [50, 51, 52, 53, 54, 55], to complex

animation characters [56, 57, 58, 1]. Model-free RL algorithms treat the underlying

dynamics as a black box in the policy learning process. Among them, on-policy RL

approaches [59, 60] improve the policy from the experience generated by the current

policy, while o�-policy methods [61, 62, 63, 64] leverage all the past experience as

a learning resource to improve sample e�ciency. On the other side, model-based

RL methods [65, 66, 67, 68] have been proposed to learn an approximated dynamics

model from little experience and then fully exploit the learned dynamics model during

policy learning.
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The recent development of di�erentiable simulators enables the optimization of

control policies via the provided gradient information. Backpropagation Through

Time (BPTT) [69] has been widely used in previous work to showcase di�erentiable

systems [40, 41, 44, 42, 38]. However, the noisy optimization landscape and explod-

ing/vanishing gradients in long-horizon tasks make such straightforward �rst-order

methods ine�ective. A few methods have been proposed to resolve this issue. [70]

present a sample enhancement method to increase RL sample-e�ciency for the simple

MuJoCo Ant environment. However, as the method follows a model-based learning

framework, it is signi�cantly slower than state-of-the-art on-policy methods such as

PPO [60]. [71] propose interleaving a trajectory optimization stage and an imitation

learning stage to detach the policy from the computation graph in order to alleviate

the exploding gradient problem. They demonstrate their methods on simple control

tasks (e.g., stopping a pendulum). However, gradients �owing back through long tra-

jectories of states can still create challenging optimization landscapes for more com-

plex tasks. Furthermore, both methods require the full simulation Jacobian, which is

not commonly or e�ciently available in reverse-mode di�erentiable simulators.

2.3.2 Control and Shape Co-Design

Co-design of robots typically involves optimizing geometry, mass properties, and con-

trol parameters, and involves of optimizing both discrete shape topology parameters

and continuous shape and control parameters. For articulated robot co-design, one

must consider extra variables for kinematics and dynamics relationships among links,

such as joint and body translations/orientations.

To optimize the discrete topology of the robot, evolutionary approaches and

search-based approaches have been adopted. Evolutionary approaches apply evolu-

tionary algorithms to iteratively improve robot form and behavior across generations.

Early notable work in this space includes [10] and [72], which evolved rigid robot mor-

phologies and controllers to produce agile creatures. It was recently demonstrated

that such techniques could be applied to the robust space of neural network con-
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trollers [11]. Such techniques have also been applied to soft robots [73, 74, 75], evolv-

ing robots over geometry, actuation, and open-loop control. Evolutionary approaches

lead to high diversity but poor convergence. Search-based methods can both handle

combinatorial topology search and still have promising e�ciency. In these methods,

discrete searches of joint and limb con�gurations are guided by heuristic functions

[76].

To optimize only the continuous shape geometrical morphology parameters, ana-

lytical methods are the main trend. Analytical methods use model gradients in order

to inform search. Rigid co-optimization over continuous morphological and control

parameters has been extensively studied over the last decade [18, 77, 12, 78, 13, 14,

16, 17]. Learning based methods have attracted more attention these days, where the

Reinforcement Learning framework is extended with the ability to optimize the con-

tinuous morphology parameters [19, 20, 21]. However, the limitations of all of those

existing methods is the the limited expressivity of the primitive shape representation

as discussed in previous sections.

2.4 Computational Robot Design for Multiple Ob-

jectives

2.4.1 Multi-Objective Optimization

Multi-objective optimization algorithms have been successfully deployed in a wide

variety of engineering domains, including material design [79], automotive engineer-

ing [80], thermodynamics [81], and medicine [82], to name a few. Core to these

applications is the development of search algorithms that can retrieve dense Pareto

fronts that are close to the ground-truth, with high sample e�ciency. Two popu-

lar categories of strategies exist. The �rst is evolutionary algorithms; see [83] for

an introduction. Popular methods in this space include NGSA-II [84], NEAT [85],

CMA-ES [86], and MOEA/D [87]. These algorithms employ principled heuristics to
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e�ciently trade o� exploration of the design space with exploitation of the estimated

Pareto front. Contrasted with evolutionary approaches are analytical methods such

as [88] or [89], which combine probabilistic search with local, gradient-based opti-

mization for increased e�ciency. Particularly popular in this space are scalarization

approaches (like [88]), which perform continuous optimizations over sampled weight

combinations.

2.4.2 Multi-Objective Control Policy Optimization

Most of the previous multi-objective policy optimization work can be classi�ed into

three categories. Single-policy methods convert the multi-objective problem into a

single-objective problem [90, 91] using a scalarization function. The main drawback

of these methods is that the preference weights must be set in advance. Multi-policy

methods compute a set of policies to approximate the real Pareto-optimal set [92, 93,

94]. The main bottleneck of these methods is the high computational requirement.

This prevents these methods from �nding dense Pareto solutions for complex control

problems. Our work falls into this category but resolves this limitation by dynamically

allocating computing resource by a prediction-guided selection optimization. Meta

policy methods and single universal policy methods either compute a meta policy and

adapt it to di�erent preferences, or directly generate output control conditioned on

input preference weights [95, 96, 97, 98]. Those methods share the same shortcomings

as assuming the optimal control strategies for di�erent objectives trade o�s are similar

to each others and thus can be represented by a single neural network. Finally, most

methods in this class still only work for problems with discrete action space and

simple mechanisms (e.g., deep sea treasure environment).

While multi-objective optimization techniques have been explored to robotic con-

trol problems, it is still under-explored for co-design problems yet.
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Chapter 3

Robot Shape Representation

To achieve the goal of computationally constructing the shape and control of robotic

systems, the �rst signi�cant challenge is how to computationally represent the robot

shape designs. A complete description of a robot shape should contain both discrete

shape parameters and continuous shape parameters. The discrete parameters may

de�ne the topological structure of the robot (e.g., number of body links, how links

connect together), and the types of the joints connecting body links. The modi�ca-

tions on the discrete design parameters typically result in changes in the degrees of

freedom of the system, and the kinematic structure of the robot. On the other hand,

the continuous shape parameters usually contain the morphology dimensions of each

robot link ( i.e., size), the placements of the connection joints, sti�ness and damping

coe�cients of the joints, and the material parameters of the robot materials. While

the changes of the continuous parameters usually does not a�ect the structure of the

robot, they are deeply related to the dynamics response behavior of the robots.

Since the hybrid nature of the robot shape parameters introduces an enormous

design search space, we need to �nd a proper way to represent the robot shape so

as to e�ectively structure this hybrid and vast robot shape space. An e�ective robot

shape representation has to describe the discrete part and the continuous part of the

robot shape concisely and comprehensively, as well as be amenable to optimization.

In this chapter, we introduce our solution to represent both the discrete part and
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the continuous part of the robot shape, which covers a incredibly wide variety of

complex robot shapes while guaranteeing the represented designs to be always valid

for real manufacturing. We take the shape representation of themanipulator hand

design problem as a case study to illustrate our representation methods. We will

show in later chapters that our robot shape representations allow us to devise robot

shape optimization algorithms to search for the optimal robotic cyberphysical system

e�ectively and e�ciently.

3.1 Graph Grammar Representation for Discrete Robot

Shape Topology

In this section, we present our graph-based shape representation for manipulator's

topological structures and the corresponding graph grammar-based design space rep-

resentation for generating inherently fabricable manipulator hand designs.

Speci�cally, we represent each manipulator assembly design in the form of graph

G = ( V; E). Each nodev 2 V of the graph is corresponding to a physically realiz-

able component module as shown in Figure 3-1, which can be either a �nger segment

(e.g., �ngertip, �nger phalanx) or a joint. Each graph edge e 2 E is correspond-

ing to a physical link between those components and encodes the connection-related

variables (e.g., relative rotation, translation, etc.). An example graph representation

of a manipulator design is shown in Figure 3-2. This choice of graph representation

guarantees that each assembly has a unique graph, and each graph corresponds to a

unique assembly.

In order to generate diverse manipulator structure designs for computational con-

struction purpose, we need an e�ective representation for the manipulator design

space. The graph representation of manipulator topology help reduce the task of

generating manipulator designs to generating design graphs. A desired design space

representation for computational robot design need to satisfy two challenging require-

ments: �rst, it should be expressiveto produce various manipulator designs not only
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Figure 3-1: 3D models of the grammar's components with associated symbols.
Capital letters indicate that the component is a non-terminal symbol, while lowercase letters
indicate a terminal symbol.

Figure 3-2: A manipulator structure expressed by our graph representation and
its corresponding graph representation.

including the traditional manipulator designs but also including tons of novel manip-

ulator designs which were not covered by human experts yet; second, it should be

valid, which means that the generated design graphs need to correspond to physically

fabricable manipulator designs.

We use a context-sensitive graph grammar for the manipulator design space rep-

resentation to achieve the desired requirements. The grammar consists of a set of

rules to combine input components in Fig. 3-1 to create sub-assemblies and from

the sub-assemblies create a graph of a manipulator. More speci�cally, the grammar

consists of

1) Terminal symbols (noted as lowercase letters). These represent the nodes and

edges of a graph.

45



2) Non-terminal symbols(noted as uppercase letters). These represent sub-assemblies

or sections of a graph.

3) A start symbol. A non-terminal symbol that initializes the design.

4) Expansion rules. These convert non-terminal symbols into other non-terminal

and terminal symbols. They allow the creation of many di�erent graphs based

the order and selection of rules applied.

Fig. 3-1 shows the terminal and non-terminal components (with their associated

letter symbols) used to create the manipulators in this paper. It should be noted

that the �library" of input components shown here consists only of the components

required to make the manipulators in the experiments and that the �library" can be

augmented as desired.

More speci�cally, our manipulator grammar consists of two sub-grammars, apalm

grammar and a �nger grammar with rules de�ned in Fig. 3-3. The palm grammar is

used to generate palms of di�erent sizes, shapes, and numbers of �nger slots. Once

the palm grammar produces a palm, the grammar proceeds with the�nger grammar

to grow �ngers from the palm.

To allow the palm grammar to create various shapes of palms, we built modular-

ized palm components (shown in Fig. 3-1 left). These components can be connected

in a grid-like, planar manner via the palm grammar rules to create a planar palm of

almost any shape (see Fig. 3-4). It should be noted that each palm grammar rule has

three variants by rotating the rule by 90k(k 2 1; 2; 3) degrees. For example, a knuckle

node (k) can be connected to either left, right, top and bottom to a connector node

(C). Once the palm has been built, it is transformed into a start symbol for the �nger

grammar to attach �ngers to the palm if desired.

Similar to the structure of human �ngers, the�nger grammar combines the �nger

components in Fig. 3-1 in a linear fashion: components can be added distally to the

�ngertips to �grow" them in length until the �nger is terminated with a �ngertip.

Fig. 3-5 shows some of the diverse manipulator con�gurations that can be gener-

ated from our grammar. The number of di�erent manipulator con�gurations increases
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Figure 3-3: Grammar expansion rules for constructing �ngers and palms. The
palm grammar is de�ned on a grid layout and the �nger grammar is a parametric grammar
where the palm node �P� and fork node �F� contain an integer parameterk to denote the
number of rule expansions can be made on the node.k+ means that rule can be applied
only when k is positive.

Figure 3-4: An example of palm grammar rule application. The palm grammar
rules are applied to grow the start symbol (W), add connector components (C), and attach
knuckles (k and n) to create the grid-based water bottle palm. The green components are
non-terminal, and the yellow components are terminal.

exponentially as we increase the number of applied rules in our grammar. As seen in

the �gure, with only a small number of input components (thirteen in our work), our

grammar is able to produce a large variety of manipulator con�gurations in di�erent

shapes of palm and �ngers. On the order of108 unique �ngers can be generated

from �fteen �nger expansion rules and six terminal �nger components, assuming the
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Figure 3-5: A sample of the diversity of manipulator designs that the grammar
rules and components can produce. The manipulators are shown before deformation.

�ngers are arbitrarily limited to at most three �nger segments in length for calcula-

tion purposes. Restricting the palm to a three by three grid (again for calculation

purposes) which may have at most six �ngers attached, at least1049 unique hands

exist within our constraints. Such a broad design space can be drastically increased

with additional grammar pieces.

Although we demonstrate the graph grammar representation approach on the ma-

nipulator hand design problem, it is actually a general approach for other types of

robots. We will show another example later in Chapter 5 where we use the graph

grammar representation for the terrestrial robot topology space to facilitate the op-

timal design search.

3.2 Deformation-Based Representation for Continu-

ous Robot Morphology

3.2.1 Motivation

The graph grammar representation allows us to represent tons of di�erent robot

topology structures with di�erent combinations of the components. However, the

continuous morphology parameters cannot be easily supported by the graph grammar

representation due to the discrete nature of the graph grammar approach. Indeed,

de�ning a representation of the continuous robot morphology design that is amenable
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Figure 3-6: Manipulator morphology designs generated by our cage-based repre-
sentation. Left : a two-�nger gripper and a single-�nger gripper with complex geometry
shapes in simulation;Right: pictures of 3D-printed manipulators. Our method outputs de-
signs that are easy to print and assemble.

to optimization is an even more signi�cant challenge than the discrete robot topology.

A good continuous morphology representation should: (a) result in designs that can

be manufactured; (b) enable design of articulated robots with complex geometric

shapes; and (c) allow the use of powerful optimization methods such as gradient

descent.

Several recent works have studied the design representation problem [6, 9, 20,

21, 24]. One strategy is to represent the design as a graph, where each edge de-

notes connection between two components of the robot [6, 9]. However, just de�ning

the topology is insu�cient: it is also necessary to parameterize the shape of each

component. While there are many ways to represent the shape of a single object,

the shape representation of an articulated system is a challenge. It is because the

shape representation must span a rich space of geometric designs while simultane-

ously satisfying connectivity constraints between components and the manufacturing

limitations. A popular strategy is to model each component by a simple primitive

shape (i.e., cylinder, cuboids, etc.) [9, 13, 17, 20, 21]. However, while easy to opti-
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mize, these primitives are often an over-simpli�cation of the desired shape and are

insu�cient to model complex gripper designs as shown in Figure 3-6.

An alternative to basic shape primitives is the CAD parameterization. However,

this approach has several downsides: generating models from CAD parameterization

is slow [22], and updates in CAD model parameters often results in failures such

as the model being disconnected or even failure in generating the model. Other

options for rich shape representations are voxel grid, point cloud, signed distance

functions [24], etc. Unfortunately, these are not suitable for articulated robot design

because it is hard to impose connectivity constraints between individual components.

A drastic alternative to overcoming the connectivity problem without compromising

rich shape parameterization is to directly optimize the shape of the entire robot

instead of individual components. But this does not solve the problem either because

now identifying individual joints and components, which is necessary for simulation

and manufacturing, becomes a problem. Another consideration worth discussing is

that for learning to control one must �rst import the shape into the simulator. While

CAD designs can be easily imported they do not provide analytical gradients. Other

representations discussed above must be �rst converted to a mesh, a step that is non-

di�erentiable. Without analytical gradients one must rely on data ine�cient gradient

free methods for solving the shape optimization problem.

Motivated by the challenges of the problem and the limitations of the existing

approaches, we study the e�ective parameterization for the continuous shape mor-

phology assuming a �xed robot topology. We propose a general morphology represen-

tation for articulated robot designs based on cage-based deformation (CBD) models.

Cage-based deformations [99, 100] have been widely used in computer graphics to

deform a mesh through a few number of cage �handles� (i.e., cage vertices) in real-

time while preserving local geometric features. Instead of specifying a large number

of optimization parameters for modelling complex shapes, CBD maintains anex-

pressive shape design space with only a few parameters. Furthermore, as we will

describe later the cage representation allows imposition of a rich set of manufacturing

and connectivity constraints. Most importantly, CBD is not tied to a speci�c shape
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Table 3.1: Summary of di�erent Morphology Parameterization Methods

Parameterization
Method

Primitive Shapes
[12, 13, 17, 18, 77]

CAD Parameterization
[22, 23]

TSDF [24] Mesh-based
Deformation-based

(ours)

Mesh Inference Fast Slow Slow Fast Fast
Complex Shape No Support Support Support Support
Di�erentiability Support No No Support Support

Dimension Low Controllable High High Controllable
Feature-preserving No Yes No No Yes
Articulated Design Support No No No Support

Figure 3-7: Hierarchical design parameterization for articulated robot morphology
designs. Blue arrows labeled asH; M . The corresponding green arrows are the derivatives.

representation and can be easily used with di�erent representations such as meshes,

point clouds etc. It is computationally inexpensive for inference, �exible (i.e., user

can easily control the degrees of freedom describing the shape by changing the number

of cage handles), and di�erentiable. We summarize the comparison among di�erent

morphology parameterization methods in Table 3.1.

We test our framework on multiple manipulation problems, some of which are

shown in Figure 3-6. The experiments show that our deformation-based parameteri-

zation provides us an expressive design space and the expressed designs can be easily

manufactured (Figure 3-6 right).

51



Figure 3-8: Our component database for our manipulators. From left to right: �nger
base, phalanx segment, �nger tip, knuckle, and joint. Each component comes with its own
deformation cage. (a) The components in the yellow cages can be deformed arbitrarily with
the cage, whereas (b) the components in the green cages can only be expanded along the
axis of rotation.

3.2.2 Hierarchical Morphology Parameterization

We now describe our novel deformation-based design space for articulated robot mor-

phology. A key insight of our morphology design space is the use of cage-based

deformation, which allows us to morph the underlying mesh using a small number of

cage �handles�. More speci�cally, as shown in Figure 3-7, we use a two-level hierarchy

to parameterize the shape. The high-level morphology parameters (shown in red,

green, blue, and yellow arrows) controls the positions of the cage vertices (handles),

and the cage handles in turn deform the underlying mesh.

Morphology optimization relies on an e�ective morphology design space, which

further depends on an e�ective morphology shape parameterization. In this section,

we describe our approach to leverage the cage-based deformation as the morphology

parameterization for articulated robots with complex component shapes. As shown

in Figure 3-7, we use a two-level hierarchy to parameterize the shape of the robot:

the cage-based deformationM and high-level morphology parameterizationH.

Cage-based Deformation (M ) Cage-based deformation (CBD) is a classic

geometry processing technique in computer graphics used to deform a high-resolution

mesh in a real-time and feature-preserving manner. With a coarse, closed cage, CBD

controls the enclosed space's deformation by moving the cage vertices, orcage handles

around. Let C denote the cage andH denote the cage vertices (i.e., handles) ofC
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with ~ h being the positions of the handles inH in the rest con�guration, and let S

be the space enclosed by cageC. For any arbitrary point ~s 2 S, CBD computes a

normalized barycentric coordinatew 2 RjH j for the point, calleddeformation weights,

which satis�es:

~s =
jH jX

j

w j
~ h(j ) and

jH jX

j

w j = 1: (3.1)

These deformation weights then de�ne a linear function to transfer the translation of

handle vertices to the movement of the associated point at run time through:

s =
jH jX

j

w j  h(j ); (3.2)

where  h is the new positions of the cage handles, ands is the new position of~s

under deformation. The deformation weights are precomputed for each particular

point in the spaceS and kept constant at run time. CBD methods preserve various

features of the underlying, high-resolution mesh after deformation by carefully de-

signing the weight construction algorithms. Among various CBD methods, we choose

the mean value coordinates method [100] for its simplicity, stability, and capability

to be extended to deform articulated structures.

Inspired by its power, we apply cage-based deformation to parameterize the shape

of each robot component by the positions of a set of cage handles around the shape

mesh. In practice, the cage handles of each component can be de�ned by the users

based on their demands. For our purpose in this work, we construct a component

database for manipulator construction as shown in Figure 3-8. Each component is

represented by a meshM i and is associated with a prede�ned cageCi around it. We

then use the mean value coordinates method to precompute the deformation weight

matrix D i for each component meshM i , and reuse those weights afterwards. LetV i

be the set of vertices of meshM i and H i be the set of handles in cageCi . Then D i is a

jV i j-by-jH i j matrix storing the deformation weight for each vertex on the mesh with

respect to each handle on the cage. The deformation weights precomputation by mean

value coordinates method is cheap, with a computational costO(jV i j � j H i j). Such
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precomputation and the run-time linear combination enable a fast mesh inference

given the new cage handle positions. Moreover, by controlling the high-resolution

mesh's morphology through a coarse cage, we e�ectively reduce the morphology space

into a relatively low-dimensional space for natural deformed shapes. This provides us

a constrained yet expressive morphology design space. Furthermore, the dimension

of the deformation is still fully controllable. By adding more handle points, one can

deform the underlining mesh with more degrees of freedom, which makes it possible to

�nd a good trade-o� between low-dimensional morphology parameter space and �ne-

grained morphology deformation for di�erent applications. Most importantly, this

linear combination gives us a fully di�erentiable functionM mapping from handle

positions  H to the positions of mesh vertices M .

High-level Morphology Parameterization (H) The CBD method described

above works for anysingle mesh with an arbitrary shape. However, parameterizing

an articulated robot poses extra challenges, since independently manipulating the

cage handles arbitrarily for di�erent robot components will easily lead to a design

that is not connected and not manufacturable, as shown in Figure 3-9(c). In order to

handle proper articulation, we need to take two extra constraints into consideration:

the fabrication constraint and the connectivity constraint.

The fabrication constraint requires us to have di�erent deformation constraints

for di�erent components based on their manufacturing methods. For instance, the

�nger body part can be manufactured using a 3D printer, so it can undergo free-

form deformation. In contrast, the joint component is usually composed of some

commercially-sourced products (e.g., screws, spring pins, etc.), which come in pre-

de�ned, standard sizes. Thus, components such as joints can only be expanded in

directions that maintain the geometric integrity of the model where it interfaces with

these standard-sized parts. We achieve this through further parameterizing the cage

with a few extra parameters to control the allowed deformation for each component.

Connectivity constraint is a more challenging problem for articulated designs,

requiring components to remain connected after deforming each underlying mesh. It is

54



Figure 3-9: Cage-based deformation for articulated robot morphology parame-
terization. A joint component and abody phalanx segmentcomponent are shown in the
�gures. We parameterize the articulated components into lower-dimensional parameters c

by posing di�erent deformation constraints on each component and merging their handle
points on the connection surface (highlighted in blue in (a) and (b)). We can then freely
explore the c space to change the underlining articulated robot shape (d). The two compo-
nents come apart from each other and become to be not manufacturable if they are deformed
individually and arbitrarily by their associated cages (c).

non-trivial for CAD-based and mesh-based parameterizations to satisfy this constraint

since they are unable to track the connectedness of the interface surfaces between

components while varying the parameters. We instead leverage a special property of

mean value coordinates to resolve the connectivity issue. LethH1; H2; H3i be three

handles of a triangle on the cage meshC, and s be a point in the enclosed space.

With mean value coordinates, ifs and hH1; H2; H3i are coplanar, ands is inside the

triangle hH1; H2; H3i , then the deformation weights fors have the following property:

! s
i =

8
<

:
0; if i 62 fH1; H2; H3g

> 0; if i 2 f H1; H2; H3g:
(3.3)

In other words, s is fully controlled by the triangle that contains it.

With this property in mind, we construct the cage for each component so that, for

each component's connection surface (i.e., interface to a neighboring component), we
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always construct a cage that is coplanar with and fully contains the connection surface

as shown by the blue faces in Figure 3-9(a). We call the handles on the connection

surface planeconnection handles. For two components that can be potentially con-

nected, their connection handles are constructed to be identical, which ensures that

the connection surfaces on two components share the same connection handle layout.

While connecting two components, we merge their overlapped connection handles

(Figure 3-9(b)). Such merge operation is equivalent to adding a constraint on the

handles on the connection surface so that their connection handles always have the

same motion. Due to the property of mean value coordinates in Eq. 3.3, this place-

ment of connection handles ensures that the connectivity constraint is automatically

satis�ed.

By considering both the fabrication constraint and the connectivity constraint,

we parameterize the whole cage via a small number of high-level morphology cage

parameters c. This extra layer of parameters implicitly imposes constraints on all

cage handle positions to move around in a uni�ed fashion. Speci�cally, c consists

of: (a) the scale information of the cages (e.g., length of each cage, and width/height

of each connection cage, shown as red, blue, and green arrows in Figure 3-7); and

(b) any other auxiliary cage points (e.g., yellow vertical arrow in Figure 3-7). The

scale parameters are component-dependent and are based on their fabrication con-

straint. For example, the joint cage can only be scaled along the joint axis direction.

Through such cage parameterization, we can map the high-level cage parameters c

to the cage handle positions h by  h = H( h), and e�ectively construct a high-level

morphology design space with only bound constraints. Note that this high-level cage

parameterization is not a �xed choice; the parameterization can be modi�ed based

on the application and user's demand.

3.2.3 Results

To demonstrate the quality of the morphology design space represented by our deformation-

based parameterization, we randomly sample the high-level morphology parameters
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 c for two manipulator topologies: single-�nger and two-�nger gripper con�gura-

tions (Figure 3-10). Our deformation-based parameterization method has a compact,

yet expressive and rich design space. As shown in Figure 3-10, using only9 and 17

design parameters respectively for the two con�gurations, our method is able to gen-

erate various natural and fabricable morphology designs of articulated robots while

maintaining the connectivity of the articulated manipulators. Furthermore, the rep-

resented manipulator designs can be easily manufactured by 3d printing the parts

and assembling the parts together as shown in Figure 3-6 (Right).

Figure 3-10: Morphology design space . The initial morphology of the single �nger
and the two-�nger gripper designs are shown on the left. We randomly sample di�erent
parameters for each con�guration and show the deformed morphology on the right.

3.3 Hybrid Shape Representation for Robot Designs

By combining the graph grammar representation for robot shape topology and the de-

formation based representation for continuous robot morphology shape, we obtained

a complete two-stage hybrid representation for robot designs shown in Figure 3-11.

Take the manipulator as an example again. In the �rst stage, the graph grammar

is applied to de�ne the topology structure of the manipulator. Once the manipulator

topology is determined, the representation process enters the second stage where the

cage-based deformation is utilized to de�ne the continuous morphology shape of each

manipulator component.
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Figure 3-11: Proposed hybrid representation for manipulator shape designs: A
manipulator topology structure (discrete part) is formed from grammar representation (A),
and then the cage-based representation parameterize the continuous geometry shape of each
manipulator component (B).

Technically, a deformation cage is prede�ned for each primitive manipulator com-

ponent in our database shown in Figure 3-1 and Figure 3-8. To meet theconnectivity

constraint described in Section 3.2.2 and Figure 3-9, the cages are constructed in

the way that any pair of connectable components share an identical cage face at

the connecting interface plane of the components. To make the hybrid representation

computationally seamless, during the grammar rule application, the geometry meshes

of the manipulator components, as well as their associateddeformation cages, are au-

tomatically connected. The output articulated geometry meshes and the articulated

cages of the robot are served as input to the second stage for further continuous shape

changing.

To better illustrate our hybrid shape representation, we developed a design inter-

face (as shown in Fig. 3-11) for our manipulator designs, where the design interface

enables the users to explore the enormous manipulator designs spanned by our hy-

brid shape representation. The constructed designs from our interface can be easily

3d printed and assembled. To further increase the capability of the manipulators,

we equipped the manipulators with knitted tactile sensors [101]. The manufactured

manipulators can then be controlled to successfully complete various complex ma-

nipulation tasks such as picking up an egg, screwing a wing nut, pouring water, and

cutting paper with scissors as shown in Figure 3-12.
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