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Point-to-point 
“Geodesic” 

Feature-to-point Feature-to-feature 

Torus by M. Irons, signed distance by R. Kolluri, curve distance by C. Wu 



“Somewhere over here.”

x

½(x)
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“Exactly here.”

x

½(x)



“One of these two places.”

x

½(x)



Which is closer, 1 or 2?

Query 1 2 

p(x; y)

p1(x; y) p2(x; y)



¡ k ¢ k

p1(x)

p2(x)

p1(x)¡ p2(x)

kp1 ¡ p2k
Lp norm 

KL divergence 



Which is closer, 1 or 2?   

Query 1 2 

p(x; y)

p1(x; y) p2(x; y)



Overlap is the wrong measure! 



Cost to move mass 𝒎 
from 𝒙 to 𝒚: 

 

𝒎 ⋅ 𝒅(𝒙, 𝒚) x

y

mass from one distribution to the other



mass from one distribution to the other

x

y 𝒎 ⋅ 𝒅(𝒙, 𝒚) 

Starts at 𝒑 

Ends at 𝒒 

Positive 



Many names 
Wasserstein distance, transportation distance, Mallows distance 

Theoretically sound 
Regularity properties, continuous and discrete formulations 

Popular option 
Computer vision, machine learning, operations, graphics 





Think of probabilities like a fluid

Probabilities advect 
along the surface 

New discretization, optimization, 
and (consequently) applications! 



Scales linearly

Total work 

Advects from 𝝆𝟎 to 𝝆𝟏
 

Theoretical version: 
“Beckmann problem” 



J(x) =rf(x) +R¢rg(x)

Curl-free Div-free 



1. 

2. 

Sparse SPD linear solve for 𝒇 

Unconstrained and convex optimization for 𝒈 



1. 

2. 

Sparse SPD linear solve for 𝒇 

Unconstrained and convex optimization for 𝒈 

 Piecewise-linear FEM, optimized via ADMM 
 Spectral approximation (optional) 



Iterations are fast and 
easy to implement! 



x y

W(½0; ½1)! d(x; y)



Proposition:  Satisfies triangle inequality. 

0 eigenfunctions 100 eigenfunctions Biharmonic Geodesic 



Proposition:  Satisfies triangle inequality. 

0 eigenfunctions 100 eigenfunctions Biharmonic Geodesic 



Use barycentric coordinates (mean value)





Curl-free Div-free 



min½
P

kW(½; ½k)
2



Avoid center Distance to feature 



Quadratic ground distance 

Other representations 
Point clouds?  Polygon soup?  Graphs? 

Faster optimization 
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Single-source all-targets



All-pairs for sample of M points



Perturbation Isometry and remeshing 



Fix p and q; red 
points are where 
𝒅 𝒑,⋅ + 𝒅 ⋅, 𝒒 <

𝒅(𝒑, 𝒒). 


