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Geometry processing



Ω
𝑓 = 1

𝑓 = −1

𝜕Ω

Predict 𝒇:𝛀 → ℝ from 
values on the boundary 𝝏𝛀.
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 Nonnegative
 Zero for constant functions
 Measures smoothness
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Δ𝑓 𝑥 = 0









Heat equation

+𝑡



Poisson equation







 Smooth and analytic
 Mean value property:

 Maximum principle:  No local 
maxima or minima 
(can have saddles)













 Laplacian matrices should be:

 Sparse

 Positive (semi-)definite

 Typical solvers

 Direct:  LDLT

 Iterative:  Conjugate gradients



Per-vertex functions on a graph



Given pairwise similarity measure



Ω ⊆ ℝ𝑛



“Test function”



Can recover function from dual



Use Laplacian without evaluating it!

One derivative is enough



Choose one of each:

Function space

Test functions
Often the same!
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One “hat function” per vertex







Must integrate 
to zero

Determined up 
to constant
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Most obvious:  

Graph Laplacian
 Geometric structure for data points
 Use case:  semi-supervised learning



But:

Graph Laplacian is a weak
notion of geometry.

 How do you construct the graph?
 How do you understand distances?



Laplacians
(and their inverses) come 
from “kernel matrices.”

 Ingredients:  Gradients and inner products
 PDE in high-dimensional point clouds?
 Can we learn Laplacians?
 Can we determine intrinsic dimensionality?
 Can you hear the shape of a dataset?



Headed out tomorrow!
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