Harmonic Broadcasting Is Optimal

Lars Engebretsen^∗ Madhu Sudan^†

Abstract Harmonic broadcasting was introduced by Juhn and Tseng as a way to reduce the bandwidth requirements required for video-on-demand broadcasting. In this paper, we note that harmonic broadcasting is actually a special case of the priority encoded transmission scheme introduced by Albanese et al. and prove—using an information theoretic argument—that it is impossible to achieve the design goals of harmonic broadcasting using a shorter encoding.

1 Introduction One way to broadcast an m-minute movie in such a way that a viewer can start viewing the movie every m/k minutes is to simply allocate k channels and broadcast identical copies of the movie on each channel in such a way that there is one copy of the movie starting every m/k minutes. This requires a total of k channels. To reduce the bandwidth requirement, Juhn and Tseng [4] introduced the notion of harmonic broadcasting, a scheme where early parts of the movie are broadcasted more frequently than later parts. The harmonic broadcasting scheme can be viewed as follows: The movie is first divided into k equally sized segments ⟨M_1, M_2, . . . , M_k⟩. Each segment but the first is then divided into equally sized subsegments; the ith segment is divided into the i subsegments ⟨M_{i,0}, M_{i,1}, . . . , M_{i,i−1}⟩. An encoding ⟨E_1, E_2, . . . , E_k⟩ consisting of k equally sized blocks is then transmitted. The ith block in the encoding is constructed by concatenating

E_i = M_1M_{2,i mod 2}M_{3,i mod 3} · · · M_{k,i mod k}.

By the encoding procedure, the total size of the encoded move is k ∑_k i=1 m/ki = mH_k. The crucial property of the above construction is that the client can re-

∗Department of Numerical Analysis and Computer Science; Royal Institute of Technology; SE-100 44 Stockholm; SWEDEN. This research was performed while the author was visiting MIT with support from the Marcus Wallenberg Foundation and the Royal Swedish Academy of Sciences. E-mail: enge@kth.se.

†MIT Laboratory for Computer Science; 200 Technology Square, NE43-307; Cambridge, Massachusetts 02139-3594; USA. Supported in part by NSF Career Award CCR 9875511, NSF Award CCR 9912342, and MIT-NTT Award MIT2001-04. Email: madhu@mit.edu.

construct M_i from any i consecutive blocks from the encoding.

Juhn and Tseng [4] claimed that harmonic broadcasting gives a maximum waiting time of m/k at the client end, but this is not the case. It was observed by Pâris, Carter and Long [5] that the client actually may not get all data it needs to reconstruct M_i on time and that the maximum waiting time is in fact (k − 1)m/k^2 at the client end before the movie can start playing. In their papers [5, 6], Pâris, Carter and Long propose three protocols—cautious harmonic broadcasting, quasi-harmonic broadcasting and polyharmonic broadcasting—that all guarantee a maximum waiting time of m/k at the cost of a slightly larger bandwidth requirement. They also identify the question regarding optimality of harmonic broadcasting, i.e., the question whether it is possible or not to achieve the design goals of harmonic broadcasting using even less bandwidth: Suppose that we want to broadcast an mminute movie in such a way that the maximum waiting time is m/k minutes. What is the minimum number of channels we need?

Before resolving the above question, we note that harmonic broadcasting is actually a special case of priority encoded transmission, a scheme proposed by Albanese et al. [1]—a direct application of priority encoded transmission in fact gives results comparable to those obtained by harmonic broadcasting, we elaborate some more on this in the full version [2] of this extended abstract.

2 The Lower Bound In their paper, Albanese et al. [1] also provide a lower bound, showing that their encoding is optimal. Since harmonic broadcasting is a special case of priority encoded transmission, this lower bound is not directly applicable to the less general harmonic broadcasting. The second contribution of this paper is a lower bound showing that in order to get a maximum waiting time of m/k, at least ln(k +1)+O(k/m) channels are necessary. Since H_k = ln(k+1)+γ +O(1/k) where γ ≈ 0.557 is the Euler constant this proves that harmonic broadcasting is indeed optimal.

Theorem 2.1. If a message ⟨M_1, . . . , M_m⟩ ∈ τ_1 × · · ·× τ_m is encoded as ⟨E_1, . . . , E_n⟩ ∈ σ_1 × · · · × σ_n in such a way that the value of M_i can be recovered from any ρ_in consecutive packets from the encoding, where 0 < ρ_1 ≤ · · · ≤ ρ_m = 1, then m∑ i=1 log_2 |τ_i| ρ_i ≤ n∑ i=1 log_2 |σ_i|.

We prove Theorem 2.1 in the full version [2] of this extended abstract; we only state an application of it here:

Corollary 2.1. Suppose that we want to transmit a movie of size m in such a way that the maximum waiting time until the client can start viewing the movie is m/k. Then we need a bandwidth which is at least ln(k + 1) + O(k/m) times the bandwidth needed to transmit one copy of the movie.

Proof. If we let τ_i = {0, 1} and σ_i = {0, 1} in Theorem 2.1, we get the bound ∑_m i=1 1/ρ_in ≤ 1. Now suppose that we use α channels, i.e., a total bandwidth of α times the bandwidth required to transmit one copy of the movie. Since we assumed a maximum waiting time of m/k, ρ_1n ≤ mα/k since we must be able to decode the first bit in the message after time m/k. Moreover, ρ_in ≤ mα/k + (i − 1)α, since we must be able to decode the ith bit in the message after time m/k + (i − 1). Therefore, 1 ≥ m∑ i=1 1 ρ_in ≥ m∑ i=1 1 mα/k + (i − 1)α . Rearranging the above expression, we obtain α ≥ m∑ i=1 1 i + m/k − 1 ≥ ln(k + 1) + O(k/m). The proof of Theorem 2.1 is provided in the full version [2] of this extended abstract. It uses an information theoretic argument along the lines of Albanese et al. [1], the main difference being that we consider only consecutive blocks of the encoding instead of arbitrary sets of blocks. This requires us to derive an information theoretic inequality that, to our knowledge, has not been given explicitly in the literature before and might be of independent interest. It is a modification of an inequality due to Han [3]; we now conclude by stating our modified inequality:

Lemma 2.1. Let X = ⟨X_1, X_2, . . . , X_k⟩. For any set Q ⊆ {1, 2, . . . , k}, let X_Q = ⟨X_i⟩_{i∈Q}. Let B_{q,k} be the set of all blocks of q consecutive integers from {1, 2, . . . , k}, with wrapping allowed. For any q ∈ {1, 2, . . . , k}, define

H_q(X) = k/q |B_{q,k}| ∑ Q∈B_{q,k} H(X_Q) where H(X_Q) is the binary entropy of X_Q. Then H_1(X) ≥ H_2(X) ≥ · · · ≥ H_k(X) = H(X).

References

[1] A. Albanese, J. Blömer, J. Edmonds, M. Luby, and M.

Sudan. Priority encoding transmission. IEEE Trans. on Inf. Theory, 42(6):1737–1744, November 1996.

[2] L. Engebretsen and M. Sudan. Harmonic broadcasting is optimal, July 2001. Manuscript. Elecronic version available: http://www.nada.kth.se/~enge/

papers/Harmonic.pdf

[3] T. S. Han. Nonnegative entropy measures of multivarite symmetric correlations. Inf. and Control, 36(2):133–156, February 1978.

[4] L.-S. Juhn and L.-M. Tseng. Harmonic broadcasting for video-on-demand service. IEEE Trans. on Broadcasting, 43(3):268–271, September 1997.

[5] J.-F. Pâris, S. W. Carter, and D. D. E. Long. Efficient broadcasting protocols for video on demand. In Proceedings of the 6th International Symposium on Modeling, Analysis and Simulation of Computer and Telecommunication Systems, pages 127–132. Montréal, July 1998.

[6] J.-F. Pâris, S. W. Carter, and D. D. E. Long. A low bandwidth broadcasting protocol for video on demand. In Proceedings of the 7th International Conference on Computer Communications and Networks, pages 690– 697. Lafayette, LA, October 1998.