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Abstract 

This paper discussed a problem of robustness of ex- 
isting kernel principal component analysis (KPCA) and 
proposed a new approach to  do facial expression analy- 
sis by using KPCA. Experimental results o n  CMU f a -  
cial expression image database and Yale database are 
en  CO uraging . 

1 Introduction 

Facial expression is one of the most powerful, nat- 
ural, and immediate means for human beings to com- 
municate their emotions and intentions. Automatic fa- 
cial expression analysis has attracted the interest of 
many computer vision researchers for its potential ap- 
plications to human behavior interpretation and multi- 
modal human-computer interface. An overview of the 
early work was given by Same1 and Iyengar [l] in 1992. 
Pantic and Rothkrantz gave a survey of the recent work 
on automatic analysis of facial expression [2]. 

The Facial Action Coding System (FACS) [3] is 
probably the most known study on facial activity. It 
provides the descriptive power necessary to describe 
the details of facial expression [4]. In a general way, 
a facial expression is a combination of action units 
(AUs) of FACS. Automatic recognition of AUs is a dif- 
ficult problem [5], and relatively little work has been 
reported. 

Most of the studies on automatic facial expression 
analysis perform an emotional classification of the fol- 
lowing six basic emotions [6]: happiness, sadness, sur- 
prise, fear, anger and disgust. Principal Component 

Analysis (PCA) has played a fundamental role in fea- 
ture extraction and dimensionality reduction while Lin- 
ear Discriminant -Analysis (LDA) is powerful to extract 
discriminant information [7, 8, 91. Independent Com- 
ponent Analysis (ICA) can utilize the high-order de- 
pendencies in addition to the second-order dependen- 
cies among the pixels [lo]. 

Recently, Scholkopf et al. [ll, 121 proposed a novel 
approach so called Kernel Principal Component Anal- 
ysis (KPCA). It can be used to  extract nonlinear prin- 
cipal components efficiently instead of carrying out the 
nonlinear mapping explicitly. 

In this paper, we discussed a problem of robustness 
of KPCA and proposed a new approach to do facial ex- 
pression analysis by using KPCA. The rest of this pa- 
per is organized as follows. In Section 2, background 
on PCA and KPCA is introduced. A new approach 
using KPCA is proposed in Section 3. In Section 4, 
experiments on CMU database and Yale database are 
performed and discussed. Lastly, we draw our conclu- 
sion and future work in Section 5. 

2 Background Review 

2.1 Principal Component Analysis 

Principal component analysis (PCA) is a popular 
technique for feature extraction and dimensionality re- 
duction. Suppose that zi (i = 1 , 2 , .  . . , N )  is a set of 
centered observations of an m-dimensional zero-mean 
variable. Let 

N 

Exi = 0 (1) 
i= 1 
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The covariance matrix of the variable can be estimated 
as follows: 

x2xT ( 2 )  
c = - c  l N  

2= 1 
N 

PCA aims at making the covariance matrix C in (2) be 
diagonal. It leads to an eigenvector problem: 

Since 

AV = cw (3) 

1 c v  = - C(Xi . V ) Z i ,  
N .  2=1 

(4) 

all solutions w in Eq. (3) must lie in the span of 
2 1 , .  . . , X N .  Hence, Eq. (3) can be shown to be equiv- 
alent to 

A(Zi . U) = (Xi . CV) (5) 

for all i = 1 , 2 , .  . . , N .  

2.2 KernelPCA 

The basic idea of kernel principal component anal- 
ysis (KPCA) is to map the input data into some high 
dimensional feature space via a nonlinear function and 
then perform PCA on the high dimensional space. We 
map the input x to a high dimensional feature space F 
via a nonlinear function @: 

Assume that the mapped observations are centered, 
i.e., 

N 

@(xz) = 0 (7) 
i=l 

in the feature space F .  Otherwise, see [ll]. 
Then the covariance matrix in F is: 

The corresponding eigenvalue problem is 

xu = cu  (9) 

By the same argument as in (4), all solutions U lie in 
the span of @(XI), . . . , @(xN). In other words, there 
exist coefficients ai(i = 1, . . . , N) such that 

Moreover, as Eq. (3) is equivalent to Eq. (5), Eq. (9) is 
equivalent to 

X(@(.j) . U )  = (@(.j) .%U) (11) 

for a l l j  = 1 , 2 , . . . , N .  
By combining Eqs. (10) and (ll), we have 

N x a i ( @ ( z k )  . @ ( X i ) )  = 
i=I  

. N N  

where 
Kij := (@(xi) . @(xj)) (13) 

NxKa = K2a,  (14) 

f o r a l l i , j = l , . . . , N .  Then, weget 

where a denotes the column vector with entries 
a1 , . . . , a ~ .  It is shown in [ll] that the following eigen- 
value problem 

A 0  = Ka,  (15) 

gives us all solutions a of the eigenvalue problem of 
Eq. (14), where X = Nx is an eigenvalue of the matrix 
K .  

By the mapping @ in Eq. (6), we assume that 
an original nonlinear problem in the input space can 
be transformed to a linear problem in the high di- 
mensional feature space F .  However, it is impossi- 
ble to compute the matrix K directly without carry- 
ing out the mapping @. Fortunately, for certain map- 
pings @ and corresponding feature spaces F ,  there is 
a highly effective trick for computing the dot product 
(@(x) . @(y)) in feature spaces using kernel functions. 
If the mapping @ satisfies the Mercer's condition [13], 
the dot product can be replaced by a kernel function 
as follows: 

k(Z,Y) = (+(.I . @(Y>>l (16) 

which allow us to compute the value of the dot product 
in the high dimensional feature space F without having 
to carry out the mapping 

The following polynomial is a common used kernel 
function: 

explicitly. 

k ( 2 ,  Y) = (. . YY, (17) 
where d is any positive integer. 
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2.3 The KPCA Algorithm 

Here is the KPCA algorithm: 

1. Select a kernel function k ( z ,  y). Calculate the dot 
product matrix 

K ( k ( z i 7 z j ) ) N x N -  (18) 

2. Solve the eigen-value problem of Eq. (15) to  get 
n (n 5 N )  non-zero eigen-values: 

A1 2 A2 2 . . .  2 A, > 0 (19) 

and the corresponding eigen-vectors 
a ] ,  a2, . . . , an. 

3. For any given test sample z, compute the projec- 
tions of @(z) on the eigen-vectors ul, . . . ,un in 
feature space F as follows: 

It is noted that in Step 3, the eigen-vectors uj ( j  = 
l , - . - , n )  in feature space F are known in form as fol- 
lows according to Eq. (10): 

@(Xi ) ,  ( j  = 1,. . . , n) (21) 
1 

1 
where - ( j  = 1 , .  . . , n) are the normalizing factors. 

Thus, the projection of @(z) on uj is 
6 

3 A new approach using KPCA 

According to statistical theory, the covariance ma- 
trix estimator c of Eq. (8) will converge to  the true 
covariance matrix of the input variable as the number 

of samples, N ,  becomes larger enough. Thus, as N be- 
comes larger, we can obtain more robust solutions with 
the eigenvalue problem of Eq. (9). 

On the other hand, the dot product matrix K of 
Eq. (18) will not have any convergence as the number 
of samples, N ,  becomes larger. Besides, as N increases, 
the size of the dot product matrix K increases linearly. 
Therefore, as N increases, we can not obtain robust 
solutions with the eigenvalue problem of Eq. (15). 

Moreover, the application of Kernel PCA to a data 
set of thousand samples may create problem of numeri- 
cal analysis. In fact, it is not feasible to  compute eigen- 
vectors of a matrix of a rank greater than one thousand 
with classical algorithms as Gauss-Jordan. 

Our idea is to  use L mean vectors instead of N Sam-. 
ples for an L-class problem so that the dimension of 
the dot product matrix K decreases from N x N to 
L x L. Suppose w1 , w2,. . . , W L  are L known pattern 
class. We can compute the mean vector of each class 
wJ as follows: 

2 -- 2, 

for j = l , . . . ,  L,  where NJ is the number of training 
samples which belong to the class w J .  According to 
statistical theory, zJ will converge to  the expectation 
vector of the class wj as N becomes large enough. 

We propose a new approach to  do KPCA by using 
the mean vectors zJ ( j  = 1 , .  . . , L)  instead of using the 
samples zi (i = 1, . . . , N )  directly. Here is the proposed 
algorithm by using KPCA: 

(23) 
1 

- NJ %,€U, 

a. Calculate the dot product matrix 

K = ( ~ ( % % , % J ) ) L ~ L .  (24) 

b. Solve the eigen-value problem of Eq. (15) to  get 
n (n 5 L) non-zero eigen-values AI 2 A2 2 
. . . 2 A, > 0 and the corresponding eigen-vectors 
a ] ,  a2,. . . , a,. 

c. For any given test sample z, compute the projec- 
tions of @(z) on the eigen-vectors u l , - . . , u n  in 
feature space F as follows: 

I . "  - I  
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In this way, the size of the dot product matrix K 
of Eq.(24) is fixed for an L class problem. Moreover, 
the matrix K will have a tendency to  converge as the 
number of samples becomes large enough. Therefore, 
we can extract more robust features. 

4 Experiments 

From CMU-Pittsburgh AU-Coded Face Expression 
Database [14], 463 facial expression mask images can 
be obtained by using a spatial adaptive triangulation 
technique based on local Gabor filters [9]. Six facial 
expressions are concerned as follows: surprise, anger, 
sadness, joy, fear and disgust. The mask images are 
grayscale with a resolution of 60 x 70. 60 mask images 
in CMU database are shown in Fig. 1. ' 

Yale database consists of 15 subjects. Each subject 
-has 3 images with different facial expressions: surprise, 
joy and sadness. The background in the Yale images 
is removed. 45 facial expression mask images can be 
obtained by using a spatial adaptive triangulation tech- 
nique based on local Gabor filters [9]. 30 mask images 
in Yale database are shqwn in Fig. 2. 

With three different distance metrics, i.e., L1 norm, 
L2 norm and cosine angle, the following six classifiers 
are used in our experiments: 

L1 Min: The minimum classifier using L1 distance. 

L1 INN: The nearest neighbor classifier using L1 
distance. 

L2 Min: The minimum classifier using L2 distance 

L2 1": The nearest neighbor classifier using L2 
distance . 

Cosine Max: The maximum classifier using cosine 
angle (correlation). 

Cosine 1": The nearest neighbor classifier using 
cosine angle (correlation). 

In experiments, the first 210 mask images in CMU 
database are for training. There are 35 mask images 
for training for each facial expression. 

The other 253 mask images in CMU database and 
all the 45 mask images in Yale database are for test. 

Polynomial in Eq. (17) is used as kernel function. 
Experimental results of number of erroneous classifi- 
cation samples by using the proposed KPCA and the 
existing KPCA are listed in Table 1 and Table 2 re- 
spectively. Moreover, average recognition rates for any 
given d in Eq. (17) are calculated and listed in the last 
column in Table 1 and Table 2. 

From Table 1 and Table 2, we have the following 
facts and discussions: 

There exists a problem of robustness with the ex- 
isting KPCA for a larger d. From the average 
recognition rates, the proposed KPCA has a bet- 
ter performances than the existing KPCA when d 
becomes larger. 

0 For L1 Min, L2 Min, Cosine Max and Cosine l N N ,  
the numbers of erroneous classification samples by 
the proposed KPCA are similar to  those by the ex- 
isting KPCA. For L1 1NN and L2 lNN, the num- 
bers of erroneous classification samples by the pro- 
posed KPCA are much smaller than those by the 
existing KPCA. 

5 Conclusion 

In this paper, we discussed a problem of robustness 
of the dot product matrix K in the existing KPCA and 
proposed a KPCA approach using the mean vectors 
of each class for an L class problem. Experimental 
results on CMU facial expression image database and 
Yale database are encouraging. 
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Figure 2.30 mask images in Yale database with 3 facial expressions: surprige, joy and sadness 

Table 1. Number of erroneous classification samples by using the proposed KPCA , 
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