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Abstract
With the emergence and widespread use of
Tablet PCs, recognizing freehand sketches has
gained importance as an enabling technology
for pen-based intelligent human computer inter-
faces. This paper presents a sketch recogni-
tion framework based on multiscale statistical
models of temporal patterns. Previous work in
sketch recognition has shown that in certain do-
mains, stroke orderings used in the course of
drawing individual objects contain temporal pat-
terns that can aid recognition. We build on this
work to show how sketch recognition systems
can use knowledge of both common stroke or-
derings and common object orderings. We de-
scribe a statistical framework based on Dynamic
Bayesian Networks that can learn temporal mod-
els of object-level and stroke-level patterns for
recognition. Our recognition framework sup-
ports multi-object strokes, multi-stroke objects,
and it supports real-valued feature representa-
tions using a numerically stable recognition algo-
rithm. We present recognition results for hand-
drawn electronic circuit diagrams. The results
show that modeling temporal patterns at multiple
scales provides a significant increase in correct
recognition rates, with no added computational
penalties.

1. INTRODUCTION

Sketching is a natural input modality of increasing inter-
est. The emergence of hardware such as Tablet PCs and
hand-held PDAs provides easy means for capturing pen in-
put. These devices combine a display with a computing
device, making it possible to capture and process sketches
online (i.e., as they are drawn). Online recognition has two
main advantages. First, it enables interpreting and display-
ing pen input as it is entered (e.g., an engineer drawing a
circuit diagram sees ink change color in real-time to indi-
cate which circuit components are recognized). Second, in
an online sketching system, we have access to stroke order-
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ing information, as well as the end product of the drawing
process.

Previous work shows that in certain domains, temporal
stroke orderings used during the course of sketching indi-
vidual objects contain predictable patterns that can be used
for object recognition (Sezgin & Davis, 2005). We call
these stroke-level patterns because they capture the prob-
ability of seeing a sequence of strokes with certain proper-
ties. For example, when people draw stick figures, one fre-
quently seen stroke-level pattern is a sequence of a circular
stroke, followed by a vertical line, followed by two pairs
of positively and negatively sloped lines – respectively cor-
responding to the head, body, arms and legs of the stick-
figure.

Another kind of temporal pattern present in online sketches
is object-level patterns that capture the probability of see-
ing a certain sequence of objects being drawn. Consider the
domain of UML class diagrams, drawn by software design-
ers to describe inheritance relationships, generalizations,
associations, etc. In this domain, when a designer draws
a new class (indicated by a rectangle), it is natural to ex-
pect that the new object will be connected with an arrow
to one or more of the objects drawn earlier. So in this do-
main, it is natural to have arrows drawn after a new class
is created, which we define as an object-level pattern. It is
also natural to expect that the kind of arrow will be differ-
ent if the newly created class was a final class (because
final classes cannot be extended).

It is easy to imagine that this sort of domain specific knowl-
edge about object-level patterns could be a powerful addi-
tion to a UML diagram recognition system, and to sketch
recognition systems in general. But not every domain
may have patterns that are as well understood as they are
for UML diagrams. And even if experts could identify
such patterns, incorporating them into a recognition sys-
tem would be a laborious task at best, considering all the
ways in which various objects may combine together. We
argue that a better way of incorporating object-level tempo-
ral patterns in a recognition framework would be to learn
such features from data – along with stroke-level patterns –
and use them in recognition.

In the rest of this paper, we present a sketch recognition
framework where common object orderings that naturally



Figure 1. A hand-drawn circuit diagram showing what we mean
by a sketch.

appear in sketches can automatically be learned from data
and used for sketch recognition. The key features that make
our framework novel include the ability to learn object-
level patterns from data, the ability to handle multi-stroke
objects and multi-object strokes, and support for contin-
uous observable features. We show how graphical models
can be used to implement our model efficiently and demon-
strate that a specialized inference algorithm known as the
Lauritzen-Jensen stable conditional Gaussian belief prop-
agation should be used to avoid numerical instabilities in
recognition.

We start with a formal description of the sketch recognition
problem. In section 3, we present our approach for model-
ing common object-level and stroke-level patterns. Sec-
tion 4 presents recognition results obtained for the electri-
cal circuit diagrams domain. In section 5, we review related
work, and in section 6 summarize our key contributions.

2. PROBLEM DESCRIPTION

2.1. Terminology

By a sketch, we mean messy, informal hand-done drawings
(e.g., Fig. 1). Specifically we are interested in recogniz-
ing sketches with objects of a symbolic nature that can be
represented using structural descriptions, which have been
the focus of the sketch recognition community (Alvarado,
2004; Shilman et al., 2002; Mahoney & Fromherz, 2002;
Gennari et al., 2004).

We define a sketch S = S1, S2, ...SN as a sequence of
strokes captured using a digitizer, preserving the draw-
ing order.1 A stroke is defined as a set of time-ordered
points sampled between pen-down and pen-up events dur-

1We will use the Matlab notation begin : end as a shorthand
for a list of indices that begins with start and ends with end (i.e.,
1:4 = 1 2 3 4). We will also use this notation in subscripts to
denote a list of items (i.e., S1:N = S1, S2, ...SN ).

ing sketching.

Each stroke might be broken into several geometric prim-
itives such as line and arc segments as part of the prepro-
cessing of the sketch, so let P = P1, P2, ...PT be the se-
quence of time-ordered primitives obtained from S . Be-
cause the preprocessing of a stroke may result in more
than one primitive, the total number of primitives is usu-
ally larger than the number of strokes.

We use segmentation to refer to the task of grouping prim-
itives constituting the same object together, and classifi-
cation to refer to the task of determining which object
each group of primitives represents (e.g., a stick-figure
or a rectangle). Segmentation produces K groups G =
G1, G2, ...GK , and classification gives us the labels for the
groups L = L1, L2, ...LK . We define sketch recognition
as the segmentation and classification of a given sketch. 2

Finally we use the term observations to refer to the se-
quence of features O = O1, O2, ..., OT obtained from the
primitives. We use OGi to refer to the sequence of obser-
vations corresponding to a group of primitives G i.

2.2. Problem Formulation

Given a sequence of time-ordered primitives obtained from
a sketch, our goal is to find a segmentation and classifica-
tion of the primitives such that the likelihood of stroke-level
patterns and object-level patterns is maximized simultane-
ously. Over all possible ways in which the primitives can
be grouped,�, and all possible ways in which these groups
can be labeled, �(G), we want the grouping G ∈ � and the
labeling L ∈ �(G) that:

• maximizes the likelihood of the sequence of labels
L1, L2, ..., LK given our model for object-level pat-
terns (λobj), and

• maximizes the likelihood of the stroke-level observ-
able features OGi for each group Gi given the stroke-
level model corresponding to its label (λL(Gi)).

The terms corresponding to the stroke-level and object-
level patterns can be written together to obtain the follow-
ing maximization problem, the solution to which gives us
the segmentation and labeling of the input sketch.

argmax
G∈�,L∈�(G)

P (L1, ..., LK |λobj )

KY

i=1

P (OGi |λL(Gi)) (1)

2A simplifying assumption in most sketch recognition systems
is that a stroke can be part of only one object. Our definition of
segmentation in terms of primitive groupings is more general than
a definition based on stroke groupings and allows a stroke to be
part of multiple objects (e.g., drawing a box and an arrow, or a
resistors and a pair of wires in a single stroke (Fig. 5)).



Figure 2. The dynamic Bayesian network representing the model
for capturing stroke level patterns. This fragment has a dual repre-
sentation as a hidden Markov model with continuous observations
and M mixtures.

3. APPROACH

The formula above is maximized over the set of all group-
ings and their labelings (� and �(G)). As it is well known
from the vision and sketch recognition literature, exhaus-
tive search of this space is computationally prohibitive
(Mahoney & Fromherz, 2002).

Noting that we are modeling sequential patterns, we make
the assumption that in our target domains, both stroke-level
and object-level patterns can be modeled as products of first
order Markov processes. This will allow us to efficiently
compute maximum likelihood estimates to learn parame-
ters of our stroke and object-level models, and will also
enable efficient recognition.

3.1. The Model

We will represent our model of temporal patterns using
Dynamic Bayesian Networks (DBNs). Bayesian networks
encode the joint probability of a set of variables Z =
{Z1, ..., Zn} where the graphical structure of the network
encodes the conditional dependencies among the variables.
DBNs are extensions of Bayesian networks that model joint
distribution of a set of variables over time by representing
the conditional dependencies between the variables using a
pair of Bayesian networks (B1, B�

). B1 defines the prior
for the Zi values at time t = 1, and B

�
defines how vari-

ables at time t + 1 relate to each other and to those from
time t. The rest of our discussion assumes that the reader
is familiar with DBNs (an excellent review can be found in
(Murphy, 2002)).

3.1.1. THE INPUT

The input to our model is the observation sequence O =
O1:T obtained by computing features from corresponding
primitives P = P1:T . We support discrete and real valued

Figure 3. The dynamic Bayesian network representing our model.

(continuous) observations; this allows us to have a richer
set of features while avoiding discretization problems.

Working with primitives allows us to handle multi-object
strokes which is an essential feature in certain domains
(Alvarado, 2004), but is sometimes unsupported for effi-
ciency reasons or by architectural limitations By the virtue
of breaking strokes into primitives and having a model that
allows primitives obtained from a single stroke to be as-
signed to different objects, we support multiple objects to
share a stroke, granted they don’t share primitives.

3.1.2. THE STROKE-LEVEL MODEL

For the sake of clarity of presentation, we present our
model bottom up, starting with the stroke-level model. For
each object class to be recognized, we need a stroke-level
model. The purpose of each stroke-level model is to com-
pute the degree of agreement between a particular observa-
tion sequence and those sequences typically observed while
drawing a particular class of objects. The stroke-level mod-
els answer questions of the sort “what is the likelihood
of seeing the observation sequence OGi obtained from a
group of primitives Gi under the rectangle model”, or more
formally what is P (OGi |λrectangle). This corresponds to
the innermost likelihood term P (OGi |λL(Gi)) in expres-
sion 1. The corresponding model is shown in Fig. 2. It
has a discrete node STR which captures the dynamics of
the generative process encoding the patterns in the obser-
vations provided in the OBS variable. The M variable is a
discrete mixture variable and allows us to represent the ob-
servations using mixtures of Gaussians. Each STR node is
connected to the one in the next time slice, reflecting our
choice of modeling stroke-level patterns as products of a
Markov process.



3.1.3. THE COMBINED MODEL

To get the final model capturing stroke and object-level pat-
terns, we augment the stroke-level model by two nodes
OBJt and ENDt (Fig. 3). 3 OBJt is a multi-valued dis-
crete variable that holds our hypothesis of which object P t

is a part of. It can take as many values as the number of
classes we can recognize. ENDt reflects our belief about
whether the user has just completed drawing object OBJt

by drawing the primitive Pt.

The combined model defines a joint distribution over the
variables from the stroke-level model, the sequence of ob-
ject hypotheses OBJ1:T, as well as hypotheses on where
each object begins and ends (END1:T). The joint prob-
ability over OBJ1:T corresponds to P (L1, ..., LK |λobj),
the first term term in expression 1. Combined with the
stroke-level likelihood term P (OGi |λL(Gi)) from above,
the combined model allows us to compute the most proba-
ble values of OBJ1:T and END1:T, which gives us the opti-
mal segmentation and labeling of the input sketch.

The value of the OBJ node in each time slice is conditioned
on the values of END and OBJ variables from the previous
slice. This encodes the observation that our belief about the
value of OBJt+1 is based on the values of OBJt and ENDt.
The justification for this dependence is that, we would ex-
pect the value of the OBJ node to change only if the user has
just finished an object (i.e., ENDt=true), in which case the
next object we would expect to see would depend on what
object was just completed. Also note that the two new inter-
slice arcs introduced into our model OBJt→OBJt+1 and
ENDt→OBJt+1, cross only a single slice boundary, thus
our model remains first order Markovian, enabling training
and recognition to be efficient.

In summary, the OBJ node keeps track of the class for the
objects drawn over time and the joint distribution of the
OBJ nodes over time gives us P (L1, ..., LK |λobj), the first
term in expression 1. In the combined model, the distribu-
tion of the observations is determined based on the value
of the OBJ node given by P (OBSt|OBJt,STRt,Mt). The
choice of which stroke-level process is activated is deter-
mined by the OBJ node because STRt+1 is conditioned on
STRt, ENDt and OBJt+1.

3.2. Implementation issues

There are two issues that need to be addressed in imple-
menting the model described above, both related to the
choice of the specific inference algorithm to be used.

3Our combined DBN model has a dual representation as a
hierarchical HMM with continuous observables modeled using
mixtures of Gaussians. We choose to present the DBN view be-
cause DBNs generalize HHMMs and the DBN representation is
more efficient.

As mentioned earlier, our model has a dual representation
as a hierarchical hidden Markov model. Unfortunately, the
original inference algorithm for HHMMs is not only com-
plicated, but also has O(T 3) time complexity (where T is
the length of the observation sequence) (Fine et al., 1998).
In our case T is the total number of primitives in a sketch,
and this makes the model impractical for situations where
real-time feedback is required. On the other hand, by using
the DBN representation we can apply efficient graphical
model techniques that take linear time (Murphy & Paskin,
2001). It is therefore essential to use the DBN representa-
tion, or convert any HHMM based representation to a DBN
prior to inference and learning.

A major issue that arose during the implementation is the
numerical instabilities that occur during training, due to the
use of continuous observations. Bayesian networks that in-
clude continuous and discrete variables (mixed networks)
usually represent the continuous variables as Gaussians or
mixtures of Gaussians. The conventional belief propaga-
tion algorithm used for inference in these networks is the
Lauritzen algorithm (Lauritzen, 1992). Unfortunately this
algorithm is susceptible to numerical underflow. Although
this has been documented in the machine learning litera-
ture, it is not well known because it occurs rarely in reality.
The problem appears in the form of singular matrices dur-
ing inference and is hard to localize. In order to avoid this
numerical instability, a specialized algorithm known as the
Lauritzen-Jensen stable conditional Gaussian belief propa-
gation should be used (Lauritzen & Jensen, 2001).

3.2.1. TRAINING

The goal of training is to estimate the parameters of the
conditional probability distribution functions for each node
in our DBN (B1, B�

) given a collection of labeled sketches
as training data. We use parameter tying to ensure that the
probability distribution P (A|Parents(A)) relating a node
A and its parents is the same for each node A in B1 and
B

�
.4

During training we know what class each primitive belongs
to and we also know when objects begin and end, so the
values of the OBJ and END are observable and are supplied
during training. In summary, for each labeled sketch, we
use the values OBJ1:T, END1:T and OBS1:T to estimate
the model parameters.

3.2.2. RECOGNITION

The input to recognition is OBS1:T. During recognition,
the goal is to compute the values of OBJ1:T and END1:T

4We add dummy parent nodes to the OBJ and STR
nodes in B1 to ensure that P (OBJ|Parents(OBJ)) and
P (STR|Parents(STR)) can be represented using conditional
probability tables with the same structure for B1 and B�.



that maximize the likelihood of the observations OBS1:T.
This is done using the stable conditional Gaussian belief
propagation algorithm described earlier. Interpretation of
complete sketches comparable to those in Fig.4 takes in
less than 2-3 seconds on a 2GHZ Pentium 4 machine.

4. RESULTS

In order to see if modeling object-level patterns improves
over a model which models only stroke-level patterns, we
tested our system using sketches from the domain of elec-
tronic circuit diagrams. This domain is particularly inter-
esting because it is illustrative of a group of domains that
can be characterized as object/connector diagrams (e.g., or-
ganizational charts, flow charts, UML diagrams). This do-
main also illustrates our model’s ability to deal with multi-
object strokes (Fig.5).

4.1. Data collection

We collected circuit diagrams from undergraduates who
had recently taken the Microelectronic Circuits and De-
vices course in our institution and were familiar with the
course textbook. We asked the participants to draw circuits
selected from their course textbook using a sufficiently ex-
pressive set of electronic circuit components.5 A total of
eight participants contributed circuit diagrams.

During data collection, we first showed participants dia-
grams of circuits that we wanted them to draw. We gave
each participant some time to study each circuit until they
understood how the circuit worked, and then asked them
to verbally explain it. We then removed the textbook di-
agram and asked them to draw the circuit using a Tablet
PC, allowing them to consult the original circuit diagram
only if needed. Fig. 4 shows examples of circuits drawn by
the participants. In order to train our model, we created la-
beled training data by manually annotating 10 sketches per
participant.

4.2. Generating the Observation Sequence

Both training and classification require converting a sketch
to an observation sequence O1:T . Using the early sketch
processing toolkit described in (Sezgin et al., 2001), we
first preprocess each sketch to obtain a sequence of prim-
itives P1:T (in our case simply line segments). For each
primitive Pi, we obtain an observation vector Ot repre-
sented as a five-tuple (lt, ∆lt, θt, ∆θt, sgnt) where lt
is the length of Pi; ∆lt is relative length (lt/lt−1, 1 for
t = 1); θt is the angle with respect to the horizontal axis;
∆θt is the measure of relative angle between Pi and Pi−1

given by the magnitude of the cross product �u×�v of vectors

5The included objects were NPN transistors, resistors, capaci-
tors, batteries and wires, so |OBJ| = 5.

�u, �v, which in turn are length-normalized versions of P i and
Pi−1 pointing in the direction of pen movement along each
primitive. The only discrete observable sgnt captures the
direction that the stroke turns when moving from P i−1 to
Pi. It is set to 0 for negative values of �u × �v and 1 for
positive values or t = 1.

4.3. Recognition Results

For each user, we ran a series of hold-one-out experi-
ments by getting the recognition rates for each sketch us-
ing a model trained on the remaining sketches. For each
sketch, we also trained a baseline system which modeled
only stroke-level patterns. The baseline system has the
same computational complexity as our method and was
obtained by setting P (OBJt+1|OBJt,ENDt) to be uniform
(1/|OBJ|) if ENDt= true. For ENDt= false, it was set to
1 for OBJt+1=OBJt, and 0 otherwise. In both models we
used the values |SRC| = 6 and |M| = 3.

4.3.1. QUANTITATIVE RESULTS

Fig. 6 shows the average correct recognition rates for
each participant obtained using the baseline model and
our model along with standard deviations. The table also
shows, the average and maximum reduction values in the
error rates in terms of percentages for each user. As seen
here, on average, modeling object-level patterns always im-
proves performance, and allows up to 65% of misrecogni-
tion errors to be corrected.

As these results show, there is a statistically significant in-
crease in performance (p < 0.05), and a decrease in the
error rates which we believe would substantially improve
users’ satisfaction with the recognition system in an actual
design setting.

4.3.2. QUALITATIVE RESULTS

We believe it is instructive to discuss what sort of object-
level patterns were actually learned by our model. This
can be done by inspecting the conditional probability ta-
ble P (OBJt+1|OBJt,ENDt). For the 8 participants that we
had, invariably all the models we trained learned that most
of the time, circuit components are preceded and followed
by wires.

A more interesting observation comes from looking at what
happens when an object is not followed by a wire. In these
cases, components that frequently appear together in con-
ceptually meaningful circuit fragments have a higher prob-
ability of being drawn consecutively. For example, resis-
tors appear in series when drawing voltage dividers, and
when a resistor is not immediately followed by a wire tem-
porally, it is more likely to be followed by a resistor. It
is conceivable that a circuit design expert may predict the



Figure 4. Examples of collected circuits.

Figure 5. An example showing how a Bayesian network is created by unfolding (B1, B�) during recognition. In 5(a), we see a circuit
fragment. During recognition, each stroke is broken into primitives. 5(b) shows how primitive extraction breaks stroke − 7, which
also happens to be a multi-object stroke, into primitives P7:13. In 5(c) we show the corresponding fragment of the unfolded network.
Expected values of OBJ7:13 and END7:13 are also shown. Other details are omitted for brevity.

existence of such patterns and try to include them in the
design of a circuit recognizer, but this would be a laborious
task and require precision in balancing biases for different
kinds of patterns. Our model learns and uses such patterns
automatically in a mathematically sound framework.

5. RELATED WORK

The related work can be divided into two groups based on
whether they use temporal features. There is a large body
of work that does not use temporal features. These sys-
tems are complementary to our approach, and as a result
we limit our discussion to those that use temporal features
for recognition.

The handwriting recognition community has come up with
a large number of methods to recognize single stroke or
segmented pen input using HMMs. In the sketch recogni-
tion community, work in (Anderson et al., 2004) describes
a similar HMM based symbol recognizer that uses chain-
code-like features to recognize isolated symbols. Our work
does not assume segmented input and builds a joint model
for complete sketches.

Several authors have used HMM or HHMM based frame-
works to recognize pen input. Work in (Sezgin & Davis,
2005) describes an HMM based sketch recognition sys-
tem that does segmentation and recognition by combin-
ing outputs of individual HMMs using dynamic program-
ming (DP). This method achieves the effect of our baseline
method, but its two layer HMM/DP recognition method
suffers from the O(T 3) complexity just like HHMMs.

In (Simhon & Dudek, 2004), the authors present a sketch

Figure 6. Mean correct recognition rates for the baseline system
and our model on sketches collected from 8 participants. The
table also shows the percentage reduction in the error rates and
maximum error reductions achieved for each user as percentages.
On average, modeling object-level patterns always improves per-
formance.



interpretation and curve refinement system that uses an
HHMM setup. This work shares the same motivation as
ours. In their work, they assume that the parameters of
the object-level process (which they refer to as the scene
level) is supplied by the user using a semantic graph rep-
resentation. We learn the parameters of the stroke-level
and object-level patterns from data, and use the more ef-
ficient DBN representation to avoid the O(T 3) complexity
of the HHMMs. Furthermore, we support multi-stroke ob-
jects and real-valued continuous observations which allow
using a rich set of features.

6. CONTRIBUTIONS

We have presented a sketch recognition framework that
exploits both stroke-level and object-level temporal order-
ings. Our framework allows learning object-level patterns
from data, handles multi-stroke objects and multi-object
strokes efficiently, and supports continuous observable fea-
tures. We also showed how graphical models can be used
to implement our model efficiently, and showed that a spe-
cialized inference algorithm known as the Lauritzen-Jensen
stable conditional Gaussian belief propagation should be
used to avoid numerical instabilities in recognition. We
have demonstrated that modeling object level patterns im-
proves classification performance for the electronic circuit
diagrams domain. Finally our framework allows a unified
training setup where the parameters of the stroke-level pro-
cess and the object-level process are estimated and used
together. This avoids the task of training the models sepa-
rately and then stitching them together, as is usually done
in HHMM-based frameworks.

7. FUTURE DIRECTIONS

One limitation of our model is its assumption that the user
completes drawing one object before moving on to the next.
For example, in the electronic circuit domain, this assump-
tion is occasionally violated when transistors are drawn,
mostly because transistors have three points where wires
can connect, and sometimes in the course of drawing a tran-
sistor, users also draw the wires connected to these points.
We are currently working on ways of modifying our model
such that we can still have a Markovian process that allows
efficient recognition while handling scenarios where users
intersperse strokes from multiple objects.

We are also working on ways of incorporating classification
hypotheses supplied by external recognizers that use spatial
or structural information into our model using virtual evi-
dence nodes (Reynolds & Bilmes, 2005). This would be a
first step toward combining temporal and spatial/structural
information for sketch recognition.
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