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·.'.' ' · ... ·' ... .... 

Figure 17.4: (a) Equilibrium state of Ising model with energy banks, a little below 
the critical point. Spins up are colored dark-gray {bank empty) or black (bank 
full), while spins down are colored respectively white and light-gray . (b) Checkered 
phases appear as the temperature goes above the upper critical point; the right half 
of the con.figuration is shown XOR'ed with a checkerboard pattern. 

( of the energy of the spin/bank system, or of the temperature of the its spin 
component). 

As we have seen, at low temperature the spin system neatly separates 
into two phases (states of matter having a well-defined composition and mi­
croscopic texture); in one phase most spins are aligned upwards, in the other, 
downwards . Regions of one phase are separated from regions of the other 
phase by boundaries that become more sharply defined and straighter as the 
temperature decreases (cf. Section 5.4). What will happen if we pump more 
and more energy into the banks? The result, shown in Figure 17.4b, could 
have been guessed from the cue of footnote 3. The system again separates into 
two phases; this time, however, in each phase adjacent spins are anti-parallel 
rather than parallel, and thus the microscopic arrangement is a checkered one; 
in one of the phases the [I]'s are positioned on the even sublattice, in the other, 
on the odd sublattice. (Figure 17.4b is a split-screen picture. The left-hand 
side shows only the spins, arranged in checkerboard domains that only differ 
by the relative phase of the checkerboard; the right-hand side of the picture 
is the right half of the same configuration, but was correlated, i.e., XOR'ed, 
with a checkerboard of a given phase, so as to clearly show the two kinds of 
domains.) In this spin system, increasing the energy beyond a certain point 
brings about order rather than disorder! 7 The curve that plots the fraction 

7This phenomenon is well known in physics, and has led to the coining the term ''nega­
tive temperature ." One may imagine the temperature axis to be wrapped around, so that 
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v occupied by either of the two checkered phases runs for a while at the level 
1/2 as the temperature is increased but eventually , as more energy is added, 
splits into two lines (in analogy with that of Figure 17.2). Thus, alongside a 
critical temperature associated with the parallel phases, the system possesses 
a second critical temperature associated with the anti-parallel ones. 

17.5 Heat bath 

In the previous example (spins with banks) one might be tempted to view the 
bond energy as potential energy, and the energy stored in each bank as kinetic 
energy associated with the corresponding spin: if a spin has enough kinetic 
energy it can use it to climb a potential hill of a certain height . However, this 
analogy does not lend itself to useful generalizations; what really matters is 
that we have introduced a new energy account in addition to that of inter­
spin bonds, and that the two accounts are coupled in a reversible way so that 
they can achieve statistical equilibrium with one another. 

The capacity of the banks may be increased, 8 neighboring banks may be 
allowed to transfer energy between one another, and transactions may be 
subject to more complicated rules (for example, a spin may not be allowed 
to perform two bank transactions in a row). As we proceed in this direction, 
from the viewpoint of an . individual spin the mechanics of the underlying 
banking complex becomes too involved to track in detail, and (as in real life) 
transactions with the bank take on a probabilistic flavor. The concept of 
heat has been invented to deal with energy that presents itself in this random 
form. 

From a macroscopic point of view one may visualize the array of spins 
as laid out on a thermal substrate having a heat capacity proportional to 
the size of the banks and a thermal conductivity proportional to the ease of 
exchanging sums between banks. Near equilibrium, deposits and withdrawals 
made by an individual spin average out in the long run, and the banks have 
time to equalize their holdings; in this situation, the whole banking complex 
can be treated as a monolithic heat reservoir whose willingness to supply 
energy is described by a single parameter, namely temperature. 

From a practical point of view, the heat-bath approach dispenses with 
the many variables representing the banks, and replaces them by a random 
number generator which decides each banking transaction probabilistically. 

by increasing the temperature one eventually reaches zero again, passing through negative 
temperatures of decreasing absolute value. With this convention , the two ordered textures 
(all parallel, all anti-parallel) of the spin lattice both correspond to temperatures that are 
close to zero--one positive and the other negative . 

8With the resources of one CAM module , for example , an easy thing to do is use the 
bits of a third plane so that banks can deal with coins worth four-as well as two--energy 
units (in this way , isolated [I]'s and [Q]'s also get a chance to flip). 
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It is an elementary result of equilibrium statistical mechanics that a heat 
bath has a well-defined temperature T if and only if, for any energy change 
t::.E, the probability P(t::.E) that a request for a loan of size t::.E will be 
granted and the probability P(-t::.E) that a deposit of the same amount will 
be accepted are connected by the relation 

P(t::.E) _ -ffi-
P(-t::.E) - e ' 

(17.9) 

where k is a proportionality constant that defines the units in which temper­
ature is measured. 

To set up a CAM experiment appropriate to this situation, observe that, 
in the spin system we have been considering, a spin flip may only involve one 
of the following values for the change of energy of the spin system, t::.E 

-4, -2, 0, +2, +4, 

( as one can easily verify). Therefore, the corresponding probabilities 

P-4,P-2,Po,P2,P4 

must be set up so that 

P4 = ( P2 )2, 
P-4 P-2 

and P2 - 2 J -=e 1.'l", 
P-2 

where the energy amount associated with a bond has been written as J so 
as to make the dimensional aspects clearer. Since we are dealing only with 
ratios, there is some latitude in choosing the probabilities themselves; for 
simplicity, we shall choose Po= P2 = p4 = 1, so that the final values are 

with 

p 2 ,P, 1, 1, 1, 

T= 2J 
klogp 

(17.10) 

(17.11) 

The last relation allows us to calibrate the setting p of the random number 
generator in terms of T. 

We shall put the spins in plane 0, as usual, and use CAM-Bas a random­
number generator. In CAM-B, each plane will independently provide 1 's with 
a probability p, so that by AND'ing the two bits one obtains 1 's with a prob­
ability p2 • Access to CAM-B demands that the minor neighbor assignment for 
CAM-A be t/CENTERS-and thus cuts us off from access to the spatial phases. 
To avoid using a custom neighborhood, we shall synthesize the ACTIVE-SITE 
pseudo-neighbor by initializing plane 1 with with a checkerboard pattern and 
complementing this plane at every step, much as we did in Section 10.1. The 
rule for this system is 
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CAM-A N/VONN &/CENTERS 
ACTIVE-SITE ( -- 011) 

CENTER' \ checkerboard 
CHANGE-LATTICE 

CENTER' NOT >PLN1 \ complement chckrbrd 
MAKE-TABLE CHANGE-LATTICE 

&CENTER 

&CENTER &'CENTER' AND 

NORTH SOUTH WEST EAST+++ 

CENTER IF 
4SUM ELSE 

4 4SUM THEN 

CENTER 
ACTIVE-SITE IF 

DELTA { P2 P 1 1 1} 
XOR THEN 

>PLNO 
MAKE-TABLE SPIN-CANON 

p ( 011) 

P2 ( 011) 

4SUM 

DELTA ( -- 0, .. ,4) 

SPIN-CANON 

199 

From the state of the cell and that of its neighbors, DELTA computes the value of 
the energy exchange in a form that is useable by the case statement (i.e., tlE/2+2 
rather than tlE). This value is used by SPIN-CANON to select one of the five 
probability values assigned in (17.10). The bits P and P2, corresponding to the 
probabilities p and p2 , are obtained from the random-number generator in CAM-B. 

A system such as the SPIN-CANON model that exchanges energy freely 
with an external thermal reservoir is called canonical. By contrast a self 
contained deterministic system such as the SPINS-ONLY model of Section 17.3 
is called microcanonical. The behavior of the two models is nevertheless 
rather similar, because in the microcanonical model each part of the system 
exchanges energy with a "thermal reservoir" consisting of the rest of the 
system. Figure 17.5 shows (a) a typical configuration and (b) a time-exposure 
just below the critical temperature. Note that, unlike Figure 17.3a, there are 
no isolated spins that remain stuck in the same direction for a long time: 
the thermal reservoir is capable of giving or accepting, with an appropriate 
probability, any amount of energy.9 

In Figure 17.6 we show the magnetization-vs-temperature curve for this 
system, as determined experimentally by Charles Bennett on a large number 

9 Two-bit bankers, capable of loaning the entire energy needed for an isolated spin to 
flip, allow a system to overcome energy barriers almost as efficiently as with a thermal 
reservoirf 13]. 
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of runs with CAM. 10 

From a practical viewpoint, the introduction of a heat bath is justified by 
a faster and more thorough equilibration. On the other hand, the explicit 
banks and the spins-only approach preserve certain aspects of the dynamics 
of a real physical system that are lost with the heat bath approach. "Because 
the temperature of the system is internally determined, heat flow and thermal 
conductivity can be studied numerically. It is not clear that these concepts 
have any meaning in a conventional Monte Carlo simulation." [13] 

Figure 17.5: (a) Typical spin configuration in the canonical model, near the critical 
temperature. (b) Time-exposure in the same conditions; no spins remain stuck 
indefinitely. 

17.6 Displaying the energy 

So far, energy in the Ising model has played the role of a rather abstract 
quantity-a relation between objects (the spins) rather than an object itself. 11 

As a preliminary to constructing models in which energy is treated as a 
state variable on its own account, it will be useful to give it a more material 
existence by directly displaying it on the screen. 

Let's go back to the ''spins only" model of Section 17.3, where the only 
energy involved is that of the inter-spin bonds. This energy sits, so to speak, 

10To minimize correlations in the random-number generator-and thus achieve results 
that could be directly compared with those in the literature-this experiment used the 
technique mentioned at the end of Section 15.6. 

11 In the lattice gas models considered before, the energy is purely kinetic and accompa­
nies the particles in a one-to-one correspondence, so that this distinction does not arise. 
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Figure 17 .6: Magnetization µ in the canonical-ensemble model, versus the Monte 
Carlo acceptance probability. Note the sharp transition at the critical temperature 
Tcrit· 

on the edges between adjacent cells, and these edges are twice as many as 
the cells, so that we cannot devote a whole pixel to each energy token. A 
simple solution is to associate with each pixel the total bond energy of the 
corresponding spin, and represent the five possible values, 0 through 4 , by 
five colors or five levels of gray. Note that each bond will give a contribution to 
two adjacent pixels, since it 1'belongs11 to two spins, and thus will be somewhat 
smeared in the picture. We can get a sharper picture if we associate with each 
pixel only the two bonds to the north and to the west of it, so that each bond 
appears only in one place on the screen. Let's use this second approach, 
and choose to represent the three energy levels for a pixel, O, 1, and 2, 
respectively by white, gray, and black. 

Naturally, we would like to display the energy while the simulation is 
running, so that we can directly view its evolution; therefore we need two 
look-up tables-one to compute the next state of a cell and send it to the 
bit-planes (transition function), and one to compute the cell's bond energy 
and send it to the monitor (output function); both of these tables must see 
the whole neighborhood. As explained in Section 7.7, computing an output 
function is one of the intended uses for the auxiliary tables. 

The energy of the north and west bonds is computed by the auxiliary 
table programmed as follows 

NORTH CENTER XOR >AUXO 
WEST CENTER XOR >AUXl 

MAKE-TABLE ENERGY-DISPLAY 

ENERGY-DISPLAY 
\ north bond 
\ west bond 

The command SHOW-FUNCTION instructs the color map to take its input data 
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from this table rather than directly from the planes. 

If we run the experiment of Figure 17.3a in this fashion, we'll see energy 
''ropes" wiggling about the screen, as in Figure 17. 7; a good deal of the energy 
is concentrated on the boundaries between spin-up and spin-down domains, 
while the rest surrounds isolated spins. Not only is energy conserved, but 
it is conserved on a local basis: it cannot increase here and decrease there 
without passing through the points in between. In other words, it obeys the 
continuity equation, and on the screen one can observe it smoothly flow from 
place to place. 

. :~ . __ ...... _ 

· . .: ::_ ,:,. .. ~_.:. 
. ·.: . :. :: :: .:~:. ·: ·.' ...... / 

Figure 17.7: (a) A typical spin configuration; {b) the same configuration, but dis­
playing the energy rather than the spins. 

Assume, for a moment, that we were displaying on the screen each indi­
vidual bond, rather than bunching them two per pixel.12 The energy picture 
on the screen would still contain less information than the spin plane; that 
is, knowing the state of the spins one can always calculate the bond energy, 
but knowing this energy one is left with some uncertainty as to the state of 
the spins. For example, if you see a sharp energy line here you know that the 
spins on the two sides of it are pointing in opposite directions; but you can't 
tell on which side the "up" spins are. 

On the other hand, the motions through which the energy goes on the 
screen seem to have a definite logic of their own. The question we are going 
to ask is, "From a given energy configuration, do we have enough information 
to determine the next energy connguration? Can we give a dynamics for the 
energy alone?" 

12 We could color the north bond red and the west one green, so that yellow would indicate 
the presence of both. 



17. 7. Bonds only 203 

More formally, if T is the dynamics of the spins and v the energy function, 
as in the following diagram 

energy energy energy 
state state state 

T 

tv 
T 

1v Iv 
s~m s~m T s~m T -- sate ---+ sate -- sate --

(17.12) 

can we construct a dynamics r' directly for the energy, obeying the following 
commutative diagram? 

energy r ' energy energy r' energy 
state - state state ----+ state 

tv tv {17.13) 
sgn T s~in s~in T s~m 
sate ----+ sate sate ----+ sate 

17.7 Bonds only 

For the spins-only model, the answer to the previous question is, Yes! The 
best way to convince ourselves of this is to make a cellular-automaton model 
of a spin system in which the energy bonds themselves, rather than the spins , 
play the role of state-variables. 

In this model the contents of each cell corresponds to the state of a bond. 
In the following diagram the squares represent cells, just as in Figure 12.1, 
and the spins (which are not explicitly represented in the model) must be 
imagined sitting at the intersections of two thick lines or two thin lines, in 
the positions indicated by the small black boxes. 

-
. 

. 

The following diagram illustrates a typical configuration of spin values 
and bond values in the new layout 

[!] 11] [I] [I) 

0 0 1 0 1 1 
[!] II] 11] 

1 0 1 0 1 0 
II] 11] [I] !II 

Note that, with respect to the previous model (cf. diagram (17.6)), the axes 
of the spin lattice have been rotated by 45 ° and the scale magnified by v'2. 
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The area corresponding to a given portion of the system is now twice as 
large-which is not surprising since there are twice as many bonds as spins. 

In this diagram, assuming that it's the turn of the middle row's spins to 
be updated , after one step the situation will have changed to 

0 

1 

0 

0 

[f) 

[f) 

0 

0 

1 

1 

1 

1 

1 

0 

Only the spin at the center of the picture has flipped, since according to the 
SPINS-ONLY rule a spin flips when its bond energy equals 2. 

Note that when this happens, all four bonds surrounding the spin are 
affected; thus, for the evolution of the bonds we'll need a block rule with 
four cells to a block. Moreover, the spins on the thick lines are updated in 
alternation with those on the thin lines (since SPINS-ONLY uses alternating 
checkerboard sublattices); therefore the alternating block-partitions of the 
Margolus neighborhood will suit us perfectly . 

Denoting a unit of energy by a "particle," the bond-updating rule corre­
sponding to the spin-updating rule SPINS-ONLY 1s 

(17.14) 

all other entries being "no change." This rule, which we'll call BONDS-ONLY, 
is illustrated in Plate 14. Besides the scale factor, the structure is of the same 
kind as that of 17.7b. 

By comparing the new model with the old we can gain some insight into 
the dynamics of an Ising system. 

To begin with, if the energy picture is an incomplete one, in the sense that 
it lacks some of the information, how can it so faithfully track the evolution 
of the spin picture? How much information is actually missing? 

Consider the spin model, and flip all the spins: the energy does not 
change, but neither does the evolution change-the only difference is that 
black areas are now white and vice versa: the dynamics is invariant under 
complementation. 13 The decision to interpret the state of a cell as ''spin up" 
or ''spin down'' is a single binary choice; once that choice is made, the inter­
pretation for all the other cells is completely determined by the values of the 

13 1n the physical counterpart of an Ising system, this symmetry would be broken by the 
presence an external magnetic field. The interaction of spins in a field requires, of course, 
a more complex model. 
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bonds. The bit corresponding to that choice is the only piece of information 
that is missing from the energy picture-and its value does not change in 
time: why bother to carry it along all the way through the simulation? This 
is precisely what the energy model manages to avoid. 

In conclusion, the dynamics of the spin system can be "factored" into 
two components. One consists of a single bit, which is constant; the other 
component is indistinguishable from the dynamics of the bond-energy system. 

Having gained this insight, we may now ask, "If the new model manages 
to shirk carrying the burden of a 'dead' bit, how come it ends up using twice 
as much storage as the old model? What is all that extra information doing 
anyhow?" 

Let us consider a configuration of bonds like that of ( 17 .15a), and try to 
reconstruct a compatible configuration for the surrounding spins. 

(a) 0 
0 

0 

D 

0 

0 

1 
D (b) 

0 

0 

0 

1 
(17.15) 

If we choose [I) for the spin at the top of the diagram, as in ( 17 .15b), the 
two spins adjacent to it must have the same orientation as it, since the cor­
responding bonds have zero energy; however, the orientation of the last spin 
(marked CT]) cannot be assigned in a way that is consistent with the remaining 
two bonds-one of which suggests 00 and the other[!] for it. 

Thus, many of the possible bond configurations are not compatible with 
any spin configuration, 14 and in this sense are meaningless as initial states 
for the energy model: in creating an initial configuration for this model, for 
every ten bonds that we can freely specify there will be ten whose assignment 
is forced. 

In view of this redundancy, does the energy model have any redeeming 
features? Can we put this redundancy to some good use? 

17.8 Spin glasses 

Let us retrace our steps back to Section 17.2, where we had considered a row 
of spins connected by elastic bonds. If two adjacent spins were parallel, the 

14To see what configurations are not legitimate, consider the two 2x2-block partitions 
(out of the four possible) that are not used by the Margolus neighborhood. The parity 
of the energy of any of these blocks ( that is, whether the value of the energy is even or 
odd) remains unchanged when a spin--or, for that matter, any number of spins-is flipped. 
In the energy configuration consisting of all zero's, which is certainly legitimate because 
it corresponds to all spins parallel, all these blocks have even parity; thus, the legitimate 
energy configurations are those where all these blocks have an even parity. 
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bond between them was "relaxed;" if they were anti-parallel, the bond was 
"excited." A bond of this kind is called ferromagnetic. 

In different physical situations the coupling between spins is better de­
scribed by anti-ferromagnetic bonds, which have the opposite properties­
i.e., are relaxed when the spins are anti-parallel. The behavior of anti­
ferromagnetic spin systems is of course different from that of the ferromag­
netic ones. However, in the absence of an external magnetic field the differ­
ence between the two systems is trivial: if every other spin of a ferromagnetic 
system is "read" as if it had the opposite orientation, then its dynamics is 
identical to that of an anti-ferromagnetic one. With this proviso, the same 
model will do double duty (cf. the symmetry between parallel phases at low 
temperatures and anti-parallel phases at high temperatures mentioned at the 
end of Section 17.4). 

There are also systems, called spin glasses, that are best modeled assuming 
that a random fraction of the bonds are of a ferromagnetic nature and the 
remainder anti-ferromagnetic. Thus, in a spin-glass model the nature of each 
bond must be explicitly specified, as in the following diagram-where '=' 
denotes a ferromagnetic bond and '=/a' an antiferromagnetic one. 

[I] 1= [!] 0# [II 1# [I] 

0= 0= 1# 1= 
[I] 1= [!] l= [I] 0= [.ti 

' 
(17.16) 

0= 0# 1= 1= 
[I] 1# [I] 1= l!I 1= [I] 

The energy of a bond is now a function not only of the orientation of the 
spins it connects, but also of the type (ferromagnetic or anti-ferromagnetic) 
of the bond itself. 

Spin glasses represent an important paradigm for the study of order and 
disorder in matter[41] , as well as for certain recent approaches to optimiza­
tion[30,49]. In most simple physical systems the equilibrium state at low 
temperature, or ground state, is essentially unique. Certain Ising systems 
display two distinct ground states, as we have seen in the previous sections, 
and that is unusual enough to make them interesting. Spin glasses display a 
multitude of ground states-a property which allows for the nontrivial storage 
and processing of information. 

Since the total number of bonds is twice that of spins, if we want to model 
a spin-glass system by a cellular automaton in which the state variables cor­
respond to the spins, as in Section 17.3, we'll need three bits of information 
per site; that is, the state of the spin and, for instance, the type of the north 
bond and that of the west bond (cf. beginning of Section 17.6). The informa­
tion about the bonds can be stored in two extra bit-planes; 15 note that these 

15 1n CAM, one could use planes 2 and 3 for this purpose, and use a custom neighborhood 
in order to allow CAM-A to see more than just &!CENTERS. 
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bit-planes would not have to be updated, since the type of an individual bond 
is a fixed parameter of the model rather than a state variable . We shall not 
bother the reader with implementation details, except for remarking that the 
two lattices ( one for the spins and one for the bonds) have a slightly different 
structure and are offset with respect to one another; from an implementation 
viewpoint this constitutes a minor nuisance. 

When we turn our attention to a cellular-automaton model in which cells 
represent bond states rather than spin states, as was the case in the previous 
section for Ising systems, we are in for a pleasant surprise. The simple BONDS­

ONLY rule of (17.14), which we repeat here 

(17.17) 

is perfectly adequate for modeling the new system, and the redundancy 
that we had noted there-the extra burden of information we were carry­
ing along-is just enough to allow us to represent the effect of bonds of two 
different types . The problem of (17.15a)-to find an assignment of spins com­
patible with a given assignment of bonds-always has a solution now that the 
unknowns are not only spins but also bond types; here is a possible solution 

(a) D 
0 

0 

D 

D 

0 

1 
D (b) 

0= 

0= 

0= 

(17.18) 
Indeed, there is a multiplicity of solutions-but all of them lead to the same 
dynamics for the energy. As before, the energy model "factors out" some 
information that is irrelevant to the dynamics; in this case, however, this 
information is much more than just one bit: it's actually one bit per site. By 
shedding this burden, the ''energy" model manages to capture the dynamics 
of a spin-glass system by using only two bits per site (rather than three as in 
the "spin" model) .16 

The notation ( 17 .17) clearly shows that in this model energy is treated 
as an indestructible material particle that can move about subject to certain 
constraints; energy conservation and reversibility are made obvious. 

In conclusion, a certain kind of system may have come to our attention 
because of its theoretical relevance, and we may be tempted to look upon 

16 A transformation that can be applied to a system without affecting its dynamics is 
called ... gauge transformation; here, a single "energy" system models a whole class of 
"spin" systems that are equivalent up to a gauge transformation. 
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issues of how to concretely model it as being of marginal conceptual impor­
tance. However, a careful analysis of implementation methods and trade-offs 
may lead not only to models that are more compact and efficient, but also to 
models that provide a better insight into the system itself. 



 

Chapter 18 

Ballistic computation 

What kind of building blocks must one have available in order to build com­
puters? 

Arguments developed by mathematical logic and computer science in the 
last few decades show that if the issue is just one of feasibility-rather than 
speed or efficiency-extremely simple hardware, when available in a suffi­
ciently large· amount, is capable of performing the most complex computing 
task that can be performed by any hardware at all (cf. Section 5.5). In prin­
ciple, evolution, life, and intelligence can take place within a world governed 
by a very simple cellular-automaton rule. 

The arguments mentioned above do not worry about whether the primi­
tive mechanisms used in the construction are reversible, and in fact today's 
computers are based on noninvertible logic elements. For example, the AND 

gate, defined by the following input/output table 

IP q Ip AND q I 
0 0 0 
0 1 0 
1 0 0 
1 1 1 

yields an irreversible computation step: when the output is O you can't tell 
for sure what the input was; assuming that the four input combinations occur 
with equal probabilities, the AND operation erases about 1.19 bits of infor­
mation. 

However, the microscopic mechanisms of physics are ( as far as we know) 
strictly reversible; how do people manage, then, to build and operate com­
puters containing irreversible logic elements such as the AND gate? What is 
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actually done is the following. The irreversible behavior of a logic element 
is simulated by a rather large and complex (by microscopic standards) piece 
of reversible machinery. The information that the logical element seems to 
be erasing is not destroyed after all ( this can't happen in physics )-it is just 
turned into heat and carried elsewhere by an air conditioner; at the same 
time, a fresh supply of signals is provided by a power supply. All of this 
is unavoidable as long as we insist on building computers out of irreversible 
logic (cf. Landauer's seminal paper[32].) 

Can one design a computer based on reversible logical elements?(4] Can 
such elements be implemented directly at the level of microscopic physics? 1 

The model of computation presented here is based on reversible mech­
anisms of the kind considered by classical mechanics ( which is not actual 
physics yet, but a useful idealization of it). We'll also implement this model 
as a cellular automaton. In this way we'll make two points: (a) that cellular 
automata can easily model certain aspects of physics, and (b) that, even when 
requested to obey the constraint of microscopic reversibility, these models are 
powerful enough to be capable of displaying arbitrarily complex behavior. 

18.1 The billiard-ball model of computation 

In the course of research concerned with the ultimate physical bases of com­
putation, Edward Fredkin of MIT devised a model of digital computation[l 7] 
which explicitly reflects some basic properties of physics-in particular, the 
reversibility of microscopic processes. 

In this two-dimensional model, identical balls of finite diameter travel at 
constant speed and collide elastically with one another and with flat mirrors. 
The computation is encoded in the initial condition of the system and per­
formed by the ordinary dynamics of the collisions. A bit of information is 
represented by the presence or the absence of a ball at a given time and place; 
wires are represented by the possible ball paths, routed as needed by mirrors; 
and logic operations are performed where two balls may collide (the presence 
or absence of a ball on a given path may influence, via a collision, whether a 
ball will be present or absent on another path). 

The "billiard-ball" model of computation is based on an idealized descrip­
tion of a gas which is essentially identical to the model that physicists took 
historically as the basis of the kinetic theory. A gas is conceived of as a 
swarm of spheres of finite diameter which collide elastically between them­
selves and with the container's walls; the mechanics of collisions is governed 
by short-range repulsive forces. The novelty of the billiard-ball model consists 
in directing one's attention to the detailed evolution in time of an individual 

1 Even if reversibility is no longer an issue, there could be difficulties of some other 
nature. 
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microscopic state, rather than of some macroscopic quantities defined on a 
statistical distribution of states. 

This kinetic model is a classical-mechanical system and obeys a continuous 
dynamics-positions and times, velocities and masses are all real variables. 
In order to make it perform digital computation, we make use of the fact 
that integers are just a special case of real numbers: by suitably restricting 
the system's initial conditions we can make a continuous dynamics perform 
a digital process. More specifically, we shall (a) assign to the balls (which 
correspond to gas molecules) very special initial conditions, (b) give to the col­
lection of mirrors (which corresponds to the container's walls) a very special 
spatial arrangement, and ( c) only look at the system at discrete, regularly 
spaced time intervals. The result is a reversible mechanical system having 
computation-universal capabilities. 

The interested reader may refer to [17,35] for a thorough exposition of the 
subject. The following brief notes will be sufficient for our present purposes. 

Cartesian grid. Each ball will start at a grid point of a two-dimensional 
Cartesian lattice, moving "along" the grid in one of four directions. All balls 
travel at the same speed, moving from one grid point to the next in one time 
unit. The grid spacing is chosen so that balls collide while at grid points. 
All collisions take place at right-angles, so that one time-step after a collision 
balls are still on the grid. Fixed mirrors are positioned so that balls hit them 
while at grid points, and so stay on the grid. 

Balls as signals. The presence or the absence of a ball at any grid point 
can be interpreted as a binary variable associated with that point, taking 
on a value of 1 or O (for "ball" and 'no ball," respectively) at integer times. 
The correlations between such variables reflect the movements of the balls 
themselves. In particular, one may speak of binary "signals" traveling in 
space and interacting with one another. 

Collisions as gates. In the billiard-ball model, every place where a colli­
sion might occur may be viewed as a Boolean logic gate. With reference to 
Figure 18.1, let p, q denote the presence or the absence, at a given instant, of 
balls having the indicated position and direction. The variables p and q will 
be thought of as input signals for a gate residing at the intersection of the two 
paths; similarly, the variables associated at an appropriate later time (four 
steps later in the figure) with the indicated four points on the outgoing paths 
will represent output signals. It is clear that the output variables will have, 
in the order shown in the figure, the values pq,pq,pq, and pq again. In other 
words, if there are balls present at both inputs, these two balls will collide 
and follow the outer output paths; if only one input ball is present, this ball 
will go straight and come out on an inner output path. Of course, with no 
balls at the inputs there will be no balls at any of the outputs. 
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Since the interaction gate of Figure 18.1 can realize the AND function and, 
if one of the inputs is kept constant (a constant stream of balls), also the NOT 

function, this gate is a universal logic element. 

pq 
pq 

Figure 18.1: The "interaction gate" -a way of performing a logic function by means 
of ball collisions. 

Mirrors as routers. To make circuitry out of gates, one must establish 
the appropriate interconnections, that is, route balls from one collision locus 
to another with proper timing. In particular, since we are considering a two­
dimensional system, one must provide a way to perform signal crossover. All 
these requirements are met by introducing mirrors. As shown in Figure 18.2, 
by letting balls collide with fixed mirrors one can easily deflect the trajectory 
of a ball, shift it sideways, introduce an arbitrary delay, and guarantee correct 
crossover (in Figure18.2d, note that when two balls are present the signals 
cross even though the balls don't). Of course, no active precautions need be 
taken for trivial crossover, where the logic or the timing are such that two 
balls cannot possibly be present at the same moment at the crossover point. 

(a) 

Figure 18.2: Mirrors-indicated by solid dash-can be used (a) to deflect a ball's 
path, (b) to introduce a sideways shift, {c) to introduce a delay, and (d) to realize 
nontrivial crossover. 

In conclusion, with the above machinery one can synthesize any logic 
elements and connect them in any desired way. Since a binary signal is 
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encoded in a single ball, and little clearance between ball streams is needed 
for routing purposes, computations can be pipelined so that all stages of the 
circuit are kept constantly busy. 

With the given constraints on initial conditions, a collection of balls that 
are on the same vertical line and have the same horizontal velocity component 
will maintain this alignment as long as they collide only with themselves or 
with horizontal mirrors. This feature allows one to use easy graphical methods 
to arrive at the proper geometry and timing for complex collision patterns 
(cf. Figure 18.3), and makes it easy to maintain the overall synchronization 
required for efficient pipelining. 

C 

.I 

Figure 18.3: A simple realization of the "switch gate " (a two-way demultiplexer) . 

18.2 A reversible cellular-automaton com­
puter 

Once we restrict the initial positions of balls and mirrors to a regular grid, 
permit only a finite set of velocities , specify the dynamics so that these con­
straints are preserved at all integral times, and observe the system only at 
these times, we obtain a discrete dynamical system that can be translated 
into a cellular automaton. 

In this section we shall discuss such a realization . Certain features de­
part even farther from concrete physics than those of the idealized physical 
model of the previous section ( for instance, here balls will have a "diameter " 
only along the direction of motion). On th e other hand , other features are 
more realistic; for example, collisions are not instantaneous: since balls have 
extension in space and no action at a distance is permitted , a collision will 
affect one part of a ball before another. Intuitively speaking , elasticity of an 
extended ball cannot be postulated, but must be "synthesized" out of the 
ball's internal degrees of freedom. 

Since the billiard-ball model is basically a gas model, it will come as no 
surprise that our cellular automaton realization is closely related to the gas 
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models we have discussed in previous chapters. 2 We shall pick up our thread 
from the SWAP-ON-DIAG rule of Section 12.2, where particles travel with uni­
form motion along the diagonals of the array without interacting. The HPP­

GAS rule, described immediately after (Section 12.3), introduced momentum­
conserving collisions; these interactions are not adequate by themselves for 
our present purposes because (a) they treat the particles as if they were of 
zero diameter, and (b) they do not provide some "cohesive" effects out of 
which fixed mirrors can be built (in fact, in order to make a container for 
HPP-GAS we have to postulate a second kind of ''matter," supported by an 
extra bit plane, as explained in Section 15.2). 

Here, we shall also employ interactions that do not conserve momentum. 
Note that the "balls'' of the billiard-ball model will not be identified directly 
with the elementary particles of this system; rather, out of these particles we 

shall construct both balls and mirrors as composite objects. 

The BBM rule[35] utilizes the Margolus neighborhood, and is given by the 
table 

(18.1) 

In this table, the first three entries and the last one are identical to those of 
HPP-GAS; the other two entries will require a more detailed discussion. 

Observe that the contents of a block is modified only if there are one or 
two particles present. After defining a separate Forth word to take care of 
the special two-particle case, the BBM rule is easily expressed in CAM Forth 

CENTER OPP= IF 
CW ELSE 

CENTER THEN 

CENTER CW CCW OPP + + + 

{ U OPP 2PART U U} >PLNO 

: 2PART 

BBM 

where U is an abbreviation for "unchanged" (i.e., CENTER) as in Section 5.2. 

Mirrors. We shall now discuss the effect of the fourth entry of table 
(18.1). When two particles (moving diagonally as in HPP-GAS) collide at 
right angles, the direction of each is reversed and the particles "bounce back" 
on their tracks (Figure 18.4). This interaction {which doesn't conserve mo­
mentum) allows a group of particles to form a "bound" state. In Figure 18.5a, 

2The Margolus neighborhood was originally developed as a way to "cheat" and produce 
a simple version of the billiard-ball model as a cellular automaton. It was only later that 
we developed other uses for it, such as gas models. 
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•••••• Figure 18.4: Right-angle collision of particles: the particles bounce back on their 
tracks. Both here and in the following diagram the first step of the sequence uses 
the blocks of the even grid (thick lines); the second step, the odd grid (thin lines); 
and so on in alternation . 

four particles bounce back-and-forth in a diamond pattern; when this pattern 
is shrunk to the point that the four particles are in contact (Figure 18.5b) 
the particles can be interpreted as reversing direction at each step without 
having a chance to move, and thus are effectively frozen in place. This is the 
most compact form of a fixed mirror ( notice that the four particles forming 
such a frozen group straddle two adjacent blocks). A particle colliding with 
a mirror will also bounce back on its track, as specified by the fifth entry of 
table (18.1). Mirrors can be extended by juxtaposition (as, for instance, in 
Figure 18.7). 

~iaiE~~~~ (··- - fflf (b)--
Figure 18.5: Bound states : (a) Four particles bounce back-and -forth in a diamond 
pattern. (b) In their most closely packed arrangement, the four balls stick togeth er 
and form a fixed mirror. 

Balls. The "balls" of the billiard-ball model are, like mirrors, compos­
ite objects, and consist of two particles traveling in the same direction on 
the same track and separated by a fixed distance. The right -angle collision 
between two balls (Figure 18.6) involves multiple collisions between the indi­
vidual particles that make up the balls, utilizing at one time or another all 
of the first four entries of table (18.1). Note that, as far as the (composite) 
balls are concerned, such collisions are momentum-conserving. 

If one observes the trajectories of two balls whose paths intersect, and 
compare s the case when the balls appro ach the intersection at th e same tim e 
(and so will collide) with the case when they approach it at different times 
( and so will cross it at different moments without colliding), one will notice 
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•••••• 
Figure 18.6: Ball-to-ball collision, starting on the odd grid (thin lines). 

that the geometry and the timing of the outgoing paths have different char­
acteristics. After a collision, the outgoing paths are not straight-line continu­
ations of the incoming paths (cf. Figure 18.1); moreover, the balls have been 
delayed by the collision. This is what one would expect from "soft" - though 
elastic-balls. 

Analogous considerations apply to the collisions of balls with mirrors (Fig­
ure 18. 7). Note that the mirrors act as if they had infinite mass, and with this 
interpretation the collisions between balls and mirrors are also momentum­
conserving . 

•••••• 
Figure 18.7: Ball-to-mirror collision, starting on the even grid (thick lines). 

In conclusion, we have constructed a structure that at the finest level can 
be interpreted as a gas of pointlike particles with interactions which don't 
always conserve momentum. At a higher level, and as long as certain con­
straints in the initial conditions are met, the same structure can be interpreted 
as a system of finite-diameter balls and fixed mirrors with a dynamics which 
is surprisingly realistic from a physical viewpoint and is perfectly adequate as 
a realization of the billiard-ball model of computation. Figure 18.8 represents 
a digital circuit of a certain complexity, realized with the BBM rule . 3 

3 Since in this realization collisions are ''soft," delays have been introduced in certain 
signal paths to make free-traveling balls keep in step with with balls that have been retarded 
by a collision. One can get the delays right by noting that the number of steps it takes 
for a ball to traverse any signal path is exactly equal to the number of cells visited at least 
once (by a particle) along the path, including extra cells visited during collisions. 
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Figure 18.8: BBM-CA circuit: (a) snapshot and (b) time-exposure . 

18.3 Some billiard-ball experiments 

In this section we'll describe two experiments that can be performed using 
the BBM cellular automaton and a machine such as CAM . 

Unlike irreversible rules such as LIFE, not much will happen if we start 
BBM from a random initial state: as a gas, a random configuration is an 
equilibrium system, and no further evolution is expected. However, when 
you run the universe, you can arrange miracles, as in the first experiment. 

When a cellular automaton rule is computation-universal, one rule can 
simulate another. We shouldn't forget that they aren't the same, even if they 
may at first seem to be; this is illustrated in the second experiment. 

18.3.1 A magic gas 

Having a reversible computer in hand, one can amuse oneself and surprise 
one's friends by running it forward and backwards a few times. It would, 
however, be nice to do something really different. In Figure 18.9a we have 
what looks like a gas of particles in a box. Particularly observant individuals 
will note a funny little extrusion at the bottom of the box-ignore it for the 
moment. When we run the gas, we find that it bounces around in the box for 
a while, looking convincingly gas-like, and no particles get out through the 
small hole at the bottom. After running for a minute or so, something very 
strange starts to happen (Figure 18.9b): the gas seems to be organizing itself 
into something! A few more seconds, and the transform ation is complete 
(Figure 18.9c) . A ball has escaped through the door in the bottom of the 
box, and is bouncing around outside of the box. 
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Figure 18.9: Magic-gas experiment: (a) A gas; (b) something happening; and (c) 
order out of disorder. 

It will hardly come as a surprise that this bit of "magic" has been accom­
plished by running the system backwards. The details, however, may not yet 
be evident . 

The system was actually started in the state pictured in Figure 18.9c, 
with a 'ball' poised outside of the door, waiting to get into the box. The 
circuit inside the box is similar to that shown in figure 18.8, except that it 
has been considerably expanded. This has been done by taking a normal-sized 
BBM-type circuit, and adding space in a uniform manner between all of the 
particles. Due to a scale-invariance property of the rule (shared by HPP-GAS 
and other similar rules) such a transformation results in a new configuration 
which has an isomorphic evolution: at regular intervals, the new system is an 
enlarged version of the evolution of the original system. The mirrors of the 
enlarged system are not unconditionally stable (like those of Figure 18.8). 
Instead, they are dynamical objects whose integrity can be destroyed by a 
misguided collision (compare Figures 18.5a and 18.5b). This of course is 
what we have in mind. 

Our missile is poised outside of the doorway to the box. This is a carefully 
designed doorway which requires exactly the right bounce to get through­
only a certain size of ball will make it. Single particles, or even pairs with the 
wrong spacing, will simply be reflected back the way they came. Our missile 
will get through, but once it has disrupted things the chances of anything 
leaking out very soon are rather small . Thus we can let the system run for 
a while, and wait for the circuit to dissolve into a gas of particles before we 
stop the simulation. At this point we reverse the direction of motion of all 
the particles and save the configuration (which is that of Figure 18.9a), ready 
to impress our friends! 
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18.3.2 The end of the world 

As the sorcerer's apprentice learned, magic can get out of hand. Here we 
have an experiment where a miracle causes the end of the world. 

NEW-EXPERIMENT N/MOORE &/HV 
0 CONSTANT TIME 

u 
CENTER 

&HV TIME XOR { EAST SOUTH NORTH WEST} 

&HV TIME XOR { SOUTH WEST EAST NORTH} 

&HV TIME XOR { S.EAST S.WEST N.EAST N.WEST} 

CENTER OPP• IF CW ELSE CENTER THEN 

CENTER CW CCW OPP+++ { U OPP 2RUL U U} 

0 IS TIME BBRUL 
3 IS TIME BBRUL XOR CENTER' XOR >PLNO 

CENTER >PLN1 
MAKE-TABLE EOW 

cw 

ccw 

OPP 

2RUL 

BBRUL 

EOW 

What we have done here is this: we have written the BBM rule as a second­
order reversible rule (see Sections 12.5 and 14.2). This is the complete defi­
nition of the experiment-notice that this version of the rule operates on the 
N/M00RE neighborhood, and doesn't use an alternating grid at all! How can 
this be? 

Let us call Te the transformation performed on a configuration by the BBM 
rule when using the even grid. At an even step, configuration ct will go into 
ct+i = Tect Since Te coincides with its inverse, we can also write ct = Tect+ 1. 

Analogous considerations apply to the transformation T0 performed by the 
BBM rule when using the odd grid. 

Given three consecutive configurations, ct- 1 , ct, ct+ 1 , the following iden­
tity holds independently of whether an even or an odd step is performed 
first 

{the sum of two configurations is here taken to be the configuration obtained 
by adding corresponding sites, mod 2); in other words, by adding the result 
of performing a forward step with that of performing a backward step one 
obtains the future plus the past. 
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We can then define a new transformation ; =Te+ To, so that 

or 
(18.2) 

But this is a second-order reversible rule of the form we have seen in Sec­
tion 14.2. The alternation of the grid vanishes here , since we have added 
together an even and an odd step. 

If we now run this second-order rule starting from the state of Figure 18. 9a 
(run with ECHO on) we find that the evolution proceeds just as if we were 
using the BBM rule . We can even reverse the system by interchanging the 
present and the past data. 

Now we will introduce a real miracle . We will change the value of a cell 
in the present, without making a corresponding change in the past. This is 
shown in Figures 18.lOa and 18.lOb. The gas, which looked quite random , 
was really still quite organized in comparison to how truly random it could 
get. Most states of this second-order system don't correspond to any state 
of the BBM gas . When we produced our miracle , a tear appeared in the thin 
fabric of our BBM simulation, and the world was torn asunder. 

Figure 18.10: End of the world: (a) The fabric begins to unravel; (b) the end . 



 

Conclusions 

Cellular automata encourage one in the discipline of making complex objects 
out of simple materials. In this sense, they are closer in spirit to the mathe­
matical models used in the more abstract branches of theoretical physics than 
to the more business-minded models used in much of computational physics. 

Yet they are much more than useful abstractions. Cellular automata 
possess two truly fundamental virtues that can lead to eminently practical 
computer architectures. 

Firstly, they are inherently parallel. If we associate one processor with 
every N cells, we can multiply the size of our simulation indefinitely without 
increasing the time taken for each complete updating of the space. There is 
no inevitable overhead associated with splitting the problem up among many 
processors, or coordinating the activities of many processors. Thus cellular 
automata models admit massive realizations, limited not by architecture but 
by economics. 

Secondly, cellular automata are inherently local. Due to the speed of light 
constraint, locality of interconnection of simple processing elements can be 
translated into speed of operation. In an ordinary computer, the instruction 
cycle time is limited by the longest signal path, and so fast computers must 
be small. In cellular automata, the length of signal paths is independent of 
the size of the computer, and so the machine can be both very big and very 
fast. 

Both of these characteristics, inherent parallelism and locality, stem from 
the fact that cellular automata are really stylized models of physics, possessing 
a realistic time and space. As such, they can be mapped more directly onto 
physical realizations than other architectures. As such, they are also well 
suited to a variety of physical modeling tasks, as we have discussed in this 
book. 

All of this leads us to believe that cellular automata will be the basis 
of important parallel architectures. The exact form these architectures will 
take depends upon a complicated compromise involving such factors as tech­
nological dexterity, relative importance of achieving speed versus simulation 
size, complexity of the operations needed at each site, i/o bandwidth needed 
for examining and changing variables, and incorporation of non-local ( or less 
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local) features for added generality. 
It is clear that the invention of useful models that require such machines 

has been and will continue to be an important stimulus to their evolution . 
Conversely, the prospect of such dramatic increases in simulation speed and 
size strongly encourages the further development of models and modeling 
techniques which exploit the strengths of these machines. 



 

Appendix A 

A minimal Forth tutorial 

The main purpose of this tutorial is to give you an overall reading familiarity 
with Forth-enough to follow the CAM programming examples given in this 
book. 

Relatively little knowledge of Forth is needed to compose full-fledged CAM 
experiments : the same few constructs appear over and over with minor vari­
ations, while many features of the Forth environment that are prominent in 
other programming contexts are not required at all. 

However, these few constructs must be understood well. In many cases 
an intuitive presentation will be sufficient, but we shall not hesitate to give 
the appropriate amount of technical detail in those few cases where this is 
necessary to insure exact comprehension . 

A.1 The command interpreter 
You may visualize the Forth command interpreter as a competent but not­
too-literate technician who sits in the machine room of your computer and has 
access to all the levers and dials . From the deck, you speak to him through 
an "intercom" - i.e., your terminal - issuing orders and receiving reports and 
acknowledgements. For instance, if you say 

BEEP 

(type it at the terminal, followed by a carriage return) the terminal will 
respond with a "beep;" if you say 

0 100 DUMP 

the contents of the first 100 memory locations (starting from location 0) will 
be dumped on the screen. After that, the interpreter will say 
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ok 

to tell you it's done and ready for a new command . (From now on, we'll take 
this carriage-return and ok business for granted.) 

The interpreter 's ''ears' ' are conditioned to break up the input character 
stream into tokens, using "blank space" ( one or more consecutive spaces) as 
a token separator. The tokens are passed on one by one to the interpreter 's 
"brain" and the spaces are discarded. Thus , the interpreter hears the above 
command as a sequence of three tokens- 0 , 100 , and DUMP -and would 
hear the same thing if you typed , say, 

0 100 DUMP 

In order to be understood by the interpreter, the two of you must share a 
dictionary of terms and some miscellaneous conventions, which together make 
up the Forth language . The dictionary's contents reflects the range of things 
that the interpreter currently knows about. As you take command, you'll find 
that the Forth interpreter has already gone through ''standard training" -
and possibly some additional, more specialized training {for example, how to 
run a CAM machine) . This standard training , which is documented in any 
good Forth manual, is more extensive than that of many common computer 
languages; in this sense, one speaks of Forth as a programming environment 
rather than just a programming language. 

A.2 The compiler 

The entries that make up the Forth dictionary are called, as you might ex­
pect, words. To program in Forth, you successively add new words to the 
dictionary -d efining each new word in terms of existing ones. In this way 
you extend the interpreter's knowledge-and at the same time your expres­
sive range-with regard to the set of activities you are interested in. At any 
stage of this construction you may say something that uses the new words, 
and check that its actual meaning {i.e., what the interpreter does in response 
to your words) is what you had in mind. 

For example, to make up a new word for 1'beep three times' ' you type 

: 3BEEP BEEP BEEP BEEP ; 

As soon as it sees a colon (' : '), the interpreter summons the aid of another 
technician, called the COLON compiler. This technician takes the token that 
immediately follows, in this case 3BEEP , and starts a new dictionary entry 
under that name. After that, it expects a phrase describing the action of 
the new word; this phrase, namely BEEP BEEP BEEP, is not executed at this 
time, but is compiled in the dictionary as the meaning of 3BEEP . The end of 
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the phrase is marked by a semicolon (';'),which tells the COLON compiler to 
return control to the command interpreter. 

The language understood by the COLON compiler is slightly different ( and 
somewhat richer) than that understood by the command interpreter; Some 
things only work with either the compiler or the interpreter, but not with 
both. Except when noted below, everything we will discuss works well either 
way. 

If you now type 

3BEEP 

the interpreter will look up this word in the dictionary, execute it, and respond 
with the usual ok . If you type, say, 

4BEEP 

the interpreter will look it up but won't find it in the dictionary; it will then 
ask an assistant whether it might possibly be a number (see next section); 
and finally will print 

4BEEP? 

to tell you it can't make sense of the token 4BEEP . 

A.3 The dictionary 

If you type FORTH WORDS , you '11 get a listing of all the words currently con­
tained in the main section of Forth 's dictionary, 1 starting with the ones Forth 
has learned most recently. Thus, if you had just had the above conversation 
with the interpreter, the word 3BEEP would he on top of the list. The older 
word BEEP would appear somewhere down the list. 

The following entries 

BEEP HERE + CONSTANT C~ C! O= 

taken at random from the dictionary give you an idea of what typical Forth 
words look like. Any token can be entered in the dictionary as a word. In 
particular, characters that in other languages are used as punctuation marks, 
such as • : ', can appear as part of a Forth word, or even make up a word all by 
themselves; the word 'C.' is very different than the two-word sequence 'C , '. 

A word already present in the dictionary may be redefined by you. For 
instance, if the speaker in your terminal is dead, as a temporary fix you may 
use a version of BEEP that prints on the screen, on a new line, the message 
1Believe it or not. this is a beep!' . This is done by redefining BEEP 
as follows 

1 In addition to this main section, called FORTH, the dictionary may contain some addi­
tional specialized sections, as will be explained in a moment. 
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: BEEP CR . " Believe it or not, this is a beep" ; 

(the construct . " (text)" is an instruction to print (text) on the screen, and 
can only be used within a COLON definition). If you now define 

: 4BEEP BEEP BEEP BEEP BEEP; 

this word will be compiled using the new version of BEEP , and when executed 
will print 

Believe it or not, this is a beep! 
Believe it or not, this is a beep! 
Believe it or not, this is a beep! 
Believe it or not, this is a beep! 

The old version of BEEP is not deleted from the dictionary, and the previously 
defined word 3BEEP will retain its original meaning-which is tied to the old 
version of BEEP). If you say 3BEEP now, the three beeps will still be routed 
to the (dead) speaker. 

It's all right, and often useful, to redefine a word in terms of its previous 
namesake. For instance, if you discover that beeps in your terminal have such 
a long decay time that tree consecutive beeps sound more like a long one, you 
may redefine BEEP as 

: BEEP BEEP 10 TICKS; 

(where 10 TICKS means "Wait for ten ticks of internal computer clock"), 
and a sequence of beeps will now sound ''staccato" rather than "legato." 

In some English dictionaries, words belonging to certain specialized areas 
of discourse are listed in separate sections (e.g., geographical names, measure­
ment units, abbreviations). In Forth, these sections are called "vocabularies;" 
in addition to the main FORTH vocabulary there may be an ASSEMBLER ver 
cabulary containing machine-language op-codes and other assembler-specific 
terms, an EDITOR vocabulary containing editor-specific terms, etc. 

Since word look-up is performed only within the currently "active" ver 
cabularies, the vocabulary structure provides a way to use the same name 
with different meanings in different contexts, or to make a word unavail­
able in a certain context. In CAM Forth, certain "neighbor words" (such 
as S . EAST , &CENTER, etc) are segregated in special vocabularies, in order 
to make them available only when the corresponding "neighbor wires" are 
actually connected to the look-up table. 

A.4 Numbers 

If in an ordinary piece of English text you find a phrase such as 'the motion 
was passed with 371 votes in favor', you won't look up '371' in the dictionary­
and for that matter you wouldn't find it there if you did. The meaning of 
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a number derives from its make-up; this makes it possible for any fool to 
produce more numbers than any one would want to list, but at the same 
time makes it unnecessary to list the meaning of individual numbers in a 
dictionary. 

The situation is analogous in Forth: numbers are parsed as they are en­
countered and their meaning is reconstructed from their make-up by an­
other technician, called NUMBER , summoned by the interpreter as the occasion 
arises. This "meaning" is nothing but an internal representation in binary 
form. For instance, if the interpreter sees the token 100 while operating in 
DECIMAL mode, this token will be recognized as a number and will be inter­
nally converted to 0000000001100100 (Forth stores integers in 16-bit cells); 
however, if you have told the interpreter to operate in HEX mode, 2 the same 
token will be given the meaning 0000000100000000. 

Some numbers that for historical or practical reasons deserve explicit men­
tion, such as 'three', are listed (in a spelled-out form) in the English dictio­
nary. In an analogous way, some common numbers such as O and 1 have been 
entered (in this form, i.e., 0 - not ZERO) as words in the Forth dictionary . 3 

This leads to more efficient execution ( their meaning has been established 
in advance, once and for all, and there is no need to ask for the help of the 
NUMBER technician) and more compact code. 

A.5 The stack 

Forth manages to achieve remarkable expressive power and efficiency; yet 
a Forth system (i.e., the language as implemented on a computer) can be 
amazingly simple and compact. These advantages are bought at the cost of 
ruthless standardization, in particular in the way nearby words in a phrase 
communicate to one another the information that binds them together as a 
syntactical whole. 

For the purpose of this communication, all data ( characters, Boolean vari­
ables, numbers, addresses, etc .) are packaged in a standard-size "carton," 
called a cell, having a capacity of 16 bits, and all data exchanges take place-­
in a preordained choreography, as we shall see in a moment- through a single 
clearing-house called the stack. This is ju st a pile of cells that grows or shrinks 
according to the traffic. 

Imagine a stage with this stack in the middle. The Forth interpreter is 
the ballet conductor; as he reads off the words that make up your phrase, the 
corresponding actors show up in sequence, do their thing, and disappear. If 
an actoris part tells him to leave behind certain data for lat er actors, he 'll 

21.e., base sixt een rat h er than base ten . In Forth, numbe rs can be read and printed in 

any base you choose. 
3 Words of type CONSTANT; cf. Section A.8. 
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walk to the stack and pile these data, cell by cell, on top of it; if his part 
expects data from previous actors, he will walk to the stack and pick them 
up . 

Some data that an actor needs may end up, say, buried two cells deep into 
the stack. The actor won't go fumbling through the stack looking for them 
(the cartons don't carry a label!); rather, his score will explicitly tell him to 
lift just the top two cells, grab the cell that is now on top, and put the first 
two back down. 

With this scheme, there is no need for each piece of data to have an 
absolute address-a permanent mailbox with a distinguished name. Instead, 
all addressing is by position relative to the top of the stack. If a new, self­
contained piece of choreography is inserted in the old score, at the moment 
of executing it one will find the stack already built up to a certain height; 
during execution of this piece one will see the stack grow more, shrink a bit, 
etc., and by the end of the inserted piece return to its original height. The 
rest of the score will then resume, finding its own data where they had been 
left. 

A.6 Expressions 

The stack discipline is well suited to the communication needs of a hierar­
chically built program. It allows one to use a particularly simple scoring 
notation-called reverse Polish notation-by which arithmetical and logical 
expressions of arbitrary depth can be written without making recourse to 
parentheses or other place markers. 

When you type a number to the command interpreter, this number is 
packaged in one cell and put on top of the stack. The one-character word ' .. ' 
("dot") picks up the top cell of the stack and prints its contents as a number 
on the screen. Thus, if you type 

366 

( where the "dot" is part of what you type) the screen will respond with 

356 

(In a more conventional programming language, the equivalent of '356 
would be something like 'print(356) '.) Note that the stack went up one level 
with 356 , down one level with ' . ', and is now the same height as before. 

The word'+' ("plus") gobbles up the top two cells of the stack, adds them 
together, and places the result-consisting of one cell-on top of the stack; 
thus, it leaves the stack one level lower than it found it. For example, the 
expression 

2 3 + 
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will leave the result 5 on the stack (from where you can move it to the screen 
with '. '). If you want to see how much 1 + 2 + 4 is, you type 

1 2 + 4 + . 

We can picture the evolution of the stack as follows 

STACK INPUT OUTPUT 
1 

1 2 
1 2 + 

3 4 
34 + 
7 7 

where each row displays (a) the current state of the stack (with the top 
element on the right), (b) the text to be interpreted, and (c) what is printed on 
the screen. The dots on the left indicate the part of the stack that we haven't 
touched; this indication will be dropped in the following stack examples. 

Note that once 3 has been placed on the stack, it does not matter how it 
got there; from a functional viewpoint, the expression 1 2 + is interchange­
able with, say, 3, or 1 1 + 1 +, or anything that eventually bows out having 
left just a 3 on top of whatever else the stack contained before. Note also 
that the two different expressions 

1 1 + 1 + 1 + and 1 1 1 1 + + + 

produce the same end result even though the second one temporarily builds 
up the stack to a higher level: 

STACK INPUT STACK INPUT 

1 1 
1 1 1 1 
1 1 + 1 1 1 

2 1 1 1 1 1 
2 1 + 1 1 1 1 + 

3 1 1 1 2 + 

3 1 + 1 3 + 

4 4 

A.7 Editing and loading 
Once you have given a command to the interpreter, you cannot take it back; 
if something goes wrong, you may not even remember exactly what you said. 
While immediate interaction with the interpreter is very useful, there are 
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times where you would like to carefully think out in advance a whole se­
quence of commands and definitions, review and edit it, and perhaps discuss 
it with somebody else before you give it to the interpreter. You want to be 
in a position to give pre-written orders, and you might have a collection of 
different ''orders of the day" to be handed to the interpreter according to the 
circumstances. 

You can do all of this by first writing your text on a disk file, where it can 
be inspected and modified by means of the Forth screen editor. Then you 
can ask the interpreter to use this file ( or a portion of it) as the input stream, 
instead of what comes from the keyboard; this process is called loading. When 
you load a file, everything works as if you were typing the file's contents from 
the keyboard-except that the interpreter now processes your tokens as they 
come, without waiting for a carriage return. 4 

When you compose your text with the editor for subsequent loading, you 
may choose to format it in a way that facilitates comprehension, and here 
and there add a comment to yourself. 

The formatting scheme used in this book is the following 

BEEP BEEP BEEP 

BEEP 
10 TICKS 

BEEP BEEP BEEP BEEP 

3BEEP 

BEEP 

4BEEP 

where dictionary entries are lined up on the right half of the page and the 
"bodies" of the definitions are segregated on the left half. 

The Forth word ' (' removes from the input stream everything that follows, 
up to and including the matching character')'; thus, you may write a line as 
follows 

BEEP BEEP ( two beeps) BEEP BEEP ( two more) 

and the interpreter will never hear what is "in parentheses." 5 

The word '\' ("backslash") treats as a comment the remainder of the line 
on which it appears 

4 A typical Forth source file does not contain carriage returns at all; the lines that you see 
on the screen when editing are stored one after the other in the file without any intervening 
separation marks. 

50bserve that the following spacing is correct too 
BEEP BEEP ( two beepe)BEEP BEEP ( two more) 

even though there is no intervening space between ')' and BEEP, since the effect of the word 
' (' is precisely to throw away the string 'two beeps)'. On the other hand, the following 
spacing 

BEEP BEEP (two beeps) BEEP BEEP (two more) 
won't do, since it will make the interpreter think that '(two' is a token to be processed. 
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BEEP \ New version! 
BEEP \ plain beep 

10 TICKS \ insert delay 

A.8 "Constants" and "variables" 

In Section A.2 we said that the interpreter ''executes" the words you type. 
Actually, each word in the Forth dictionary carries a notice saying "I am to 
be executed by technician so-and-so , who knows how to handle me," and the 
interpreter will just pass the buck to this technician. For words that have been 
entered in the dictionary by the COLON compiler, the competent technician 
is the COLON interpreter. In general, each type of word has its own compiler 
and a corresponding interpreter. The buck stops with words that have been 
compiled by the ASSEMBLER; this technician produces code written directly 
in machine language (i.e., your microprocessor's native language), and at this 
point the hardware takes over. 

All of this works much more simply than it sounds. Suppose you are 
writing a telescope-driving program that needs to know your town's latitude, 
say, 43°. It is good programming practice to give this number a name-say, 
LATITUDE-so that whenever this name appears in your program it will have 
the same effect as if you had typed '43' . To do this, in Forth you say 

43 CONSTANT LATITUDE 

The word LATITUDE will be entered in the dictionary as a constant, and when 
executed it will place the number 43 on the stack. 

What happens is that as soon as it sees the word CONSTANT the command 
interpreter summons the aid of the CONSTANT compiler, who gobbles up the 
next token-namely LATITUDE-and starts a new dictionary entry under 
that name. The entry will consist of two parts: the first ( code field) contains 
a notice saying "I am to be executed by the CONSTANT interpreter;" the 
second ( data cell) is reserved for the value of the constant . At this point the 
CONSTANT compiler talces the top cell of the stack-with the 43 you had just 
put there-and moves it to the data cell in the dictionary . At execution time, 
the CONSTANT interpreter will look at the data cell and place a copy of it on 
the stack. 

With the above definition of LATITUDE, the command 

LATITUDE 7 + . 

will print 50 on the screen. 

The term 'CONSTANT' is somewhat of a misnomer (though it is retained 
for historical reasons), since the contents of the data cell may be altered at 
will; in the present implementation of Forth, to change the value of LATITUDE 
to 45° you say 
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45 IS LATITUDE 

The most relevant aspect of a Forth constant is that it returns the value of 
its data cell, rather than a pointer to it (cf. VARIABLE) below). 

In CAM, "neighbor words" such as NORTH, SOUTH, etc. act like constants 
insofar as they return a value; this value will change very many times during 
the construction of a rule table. 6 

Forth provides another mechanism for accessing a piece of data, namely 
by its address7 rather than by its value. The VARIABLE compiler, used in a 
construct such as 

VARIABLE TIME 

is analogous to the CONSTANT compiler insofar as it constructs a dictionary 
entry, namely TIME, with a data cell in it. However, 

• This data cell is not initialized to a particular value (and therefore the 
defining word VARIABLE, unlike CONSTANT, does not expect a value on 
the stack). 

• When TIME is executed, the VARIABLE interpreter puts on the stack 
the address of the data cell, rather than its contents. 

Thus, if we type 

TIME 

what will be placed on the stack is not the current value of TIME (which may 
change several times during execution of the program), but its address ( which 
is always the same). 

To get the value of TIME you use the word '<O' (pronounced "fetch"), as 
m 

TIME <II (data) 

(i.e., '©' expects an address on the stack, and replaces it with the data at that 
address), and to set it you use the word ' ! ' ("store"), as in 

6You write a CAM rule in the form of a Forth word (say, LIFE) whose defining phrase 
will of course use some neighbor words; when MAKE-TABLE generates the look-up table for 
your rule (cf. Section 4.2) it will execute the word LIFE once for each entry of the look-up 
table, and the neighbor words will be called into action. These words differ from ordinary 
constants in that they all share a single data cell. During the construction of the n-th entry 
of the table the "entry number" n is stored in this cell; when a neighbor word is called, it 
looks at the entry number and returns the appropriate neighbor value for that entry. If for 
some perverse reason you decided to tamper with the contents of the "entry number" cell 
during table construction, the values returned by all neighbor words would be affected. 

71n an ordinary computer, memory locations are sequentially numbered; the address of 
a piece of data is the number of its location. 
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(data) TIME 

(i.e., '!' expects a piece of data and an address, and ships the data to that 
address). For example, to increment time by one unit you write 

TIME~ 1 + TIME ! 

Supposing that the TIME data cell is at location 1000 and its initial contents 
is 5, the evolution of the relevant data is the following 

TIME's contents STACK INPUT 
5 TIME 
5 1000 © 
5 5 1 
5 5 1 + 
5 6 TIME 
5 61000 
6 

From the viewpoint of CAM's user, Forth VARIABLE's need be used 
seldom-if ever. In this book, the term 'variable' always has the usual mean­
ing of 'a generic quantity to which we may assign an arbitrary value' rather 
the the more technical Forth meaning. 

A.9 Iteration 

Once you've stored a program in the computer's memory, portions of it can 
be executed over and over, perhaps with some variations . 

For instance, you can define 

BEGIN 
BEEP 
AGAIN 

BEEP-STUCK 

When this word is called, once t.he execution reaches AGAIN it jumps back to 
BEGIN 1 producing an endless series of beeps. Short of turning off the power, 
there is no way you can get out of this loop. 8 

The above BEGIN/ AGAIN pair delimits a phrase somewhat like a pair 
of parentheses: the phrase in between gets iterated forever. Note that for 
readability we vertically aligned the two elements of the pair, flush on the 
right (this is recommended in reverse-Polish-notation style), and indented 
the phrase inside. 

A more flexible pair is DO/ LOOP; the word 

8Unless your computer has a working BREAK key-the equivalent of a "panic button ." 
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100 0 DO 
BEEP 

LOOP 
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100BEEPS 

will beep 100 times.9 What happens in detail is that DO gobbles up the top 
two numbers on the stack, 100 (the loop LIMIT) and O (the loop INDEX), and 
saves them for later use. The execution proceeds until LOOP is encountered. 
At this point, INDEX is incremented by one and compared with LIMIT: if 
INDEX=LIMIT the loop is terminated; otherwise, execution jumps back to 
DO _10 

Pairs of "parentheses'' such as BEGIN/ AGAIN and DO/ LOOP can be nested 
as ordinary parentheses, and a lot more bells and whistles are available. You 
can look up the details of these and other flow-control constructs in a Forth 
manual. Here we shall only mention that flow-control constructs can only 
appear inside a COLON definition: you cannot say 

100 0 DO BEEP LOOP 

at the command-interpreter level. 

A.IO Stack comments 

By now, we have encountered many words that expect arguments on the 
stack or leave results on the stack. Since breaches of stack discipline may 
send a computation berserk (if you leave an extra item on the stack everyone 
after you will get his data wrong), it will be convenient to have a notation to 
remind us of just how many items a word takes from the stack or leaves on 
it. 

The following are examples of stack comments: 

DO ( n1 n2 -- ) 
DO ( limit index --) 

BEEP ( -- ) 

LATITIJDE ( -- n) 
TIME ( -- addr) 
+ ( n1 n2 -- n3) 
+ ( m n -- m+n) 
2 ( -- n) 

2 ( -- 2) 

9 Of course if you had typed 990BEEPS you still would have gotten a word that beeps 100 
times . A name is a name is a name ... 

10The loop index is a modulo-2 16 counter . The minimum number of iterations, namely 
1, is achieved when the loop is entered with INDEX just one less than limit; the maximum, 
when the loop is entered with INDEX equal to LIMIT: 0 0 LOOP will cycle 216 times! 
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The general convention is as follows. We put in parentheses a "dash" ( cus­
tomarily a double-dash) to indicate the word in question. Before the dash we 
write a list of what the word expects on the stack; after the dash we write a 
list of what the word leaves on it. 

What really counts is the number of items in each list-which corresponds 
to the number of cells taken from or given to the stack; but the items them­
selves may be elaborated upon a little, for extra clarity. 

For example, DO takes two items and leaves none. A minimal notation is 

DO ( n1 n2 -- ) 

which just tells us that DO expects two items. A better mnemonic is provided 
by 

DO { limit index--) 

which reminds us that the first item is used as the limit and the second as 
(the initial value of) the index of the loop. 

As a final grand example, let us load the following three definitions from 
a disk file 

100 CONSTANT HUNDRED ( -- n) 

10000 CONSTANT A-LOT-OF ( -- n) 

0 DO 
BEEP LOOP 

BEEPS ( n --) 

and then type the following three commands 

3 BEEPS 
HUNDRED BEEPS 
A-LOT-OF BEEPS 

We have seen above that DO wants two arguments. When we type 3 BEEPS , 
the first argument is left on the stack by the 3 we typed, while the second is 
placed on the stack by the O appearing within the definition of BEEPS : DO 's 
hunger is satisfied. 

Note that if we define words giving a little thought to the ''stack interface" 
( who should supply or consume what and when) and to choosing appropriate 
names, the flow of a Forth phrase can be given a natural-language flavor 
that is hard to achieve in other programming languages. Properly trained 
Forth words can talk to one another under the surface of the phrase, without 
bothering us with their chatter. 

A generally obeyed convention in Forth is to make words "use up" their 
arguments rather than leave them on the stack. If an object on the stack is 
needed as an argument by a given word and also by another word that closely 
follows, a second copy of this object is made-using the word DUP introduced 
below-before the first copy is used up. 
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A.11 DUP, DROP, etc. 

The Forth word '*' ("times") takes two numbers and returns their product; 
to compute the square of 3 you have to type 3 twice: 3 3 *. How about a 
word SQR that will take a single argument and multiply it by itself? 

Forth provides 'a number of general-purpose words for manipulating the 
stack; one of these is DUP (pronounced "dupe 11 ), which looks at the cell on 
top of the stack and puts a duplicate copy of it on top of it ; e.g., 

STACK INPUT 

5 DUP 
5 5 

Thus , SQR can be simply 

SQR ( n -- n*n) 
DUP * 

since here '* ' will see two copies of the argument. 
Related to DUP are DROP (which drops the top item from the stack), SWAP 

(which swaps the top two items), OVER (which makes a copy of the next-to­
the-top stack item), ROT (which pulls the third item from underneath and 
puts in on top of the first two), and a few more. Words of this kind act 
somewhat like pronouns in English ('this', 'that' , 'one another', etc.), in that 
they allow one to refer by position rather than by name to objects introduced 
in a different part of the sentence. As an exercise, verify that the function 
y( m, n) = ( m + n) ( m - n) is computed by the following Forth expression 

( m n) OVER OVER+ ROT ROT - * ( y) 

(where the comments tell you what's on the stack before and after). 

A.12 Case selection 

A flow-control construct that is extensively used in programm ing CAM is 
the case statement, which allows one to select for execution one of several 
alternative actions. Suppose we have three words called BEEP , HONK , and 
WHISTLE; we can then make up a new word, called SOUND, which will take 
an integer argument from the stack , with value 0, 1, or 2, and respectively 
beep, honk, or whistle: 

SOUND ( n --) 
{ BEEP HONK WHISTLE} 

That is, 0 SOUND will execute BEEP, 1 SOUND will execute HONK, and so 
on. The selection list may consist of any number n of entries, which are to 
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be thought of as consecutively numbered from O upwards, and is delimited 

by the two "brace" words, namely '{' and'}'. If you attempt to execute the 

case statement with an argument that is less than O or greater than n - 1 you 

get an error message. 

Suppose you want to make up a word that returns the number of days in 

a month. You'd probably try the following 

: DAYS ( month -- days) 
1 -

{ 31 28 31 30 31 30 
31 31 30 31 30 31} 

Assuming that months are numbered 1, 2, .. . , 11, 12, you subtract 1 in 

order to have the numbering 0, 1, ... , 10, 11-better suited to the case 

statement-and then you look up the number of days. The reasoning is 

correct, but there is one minor catch: in CAM Forth the case statement only 

accepts individual dictionary words as items in the selection list; with a few 

exceptions (mentioned in Section A.4) numbers are not in the dictionary. 

There is an easy fix to this problem: before defining DAYS , enter the desired 

numbers in the dictionary as constants 

28 CONSTANT 28 ( -- 28) 
30 CONSTANT 30 ( -- 30) 
31 CONSTANT 31 ( -- 31) 

From this moment the token 28 (for one) will be recognized as a word-one 

that leaves a 28 on the stack just as the number 28 used to do before. The 

case statement will now accept it as a list item. 

A.13 Conditional statements 

The phrase between a BEGIN and AGAIN pair is iterated forever, that between 

DO and LOOP is iterated a number of times as specified by the two arguments 

that DO finds on the stack. A phrase between the words IF and THEN is 

executed only if the argument found on the stack by IF has the logical value 

'true'. 11 

The word 

= { m n -- FIT) 

compares the two arguments m and n and returns a logical "flag'' having the 

value 'true' if they are equal and 'false' if different. Thus, the following word 

will beep only when the top two stack items are equal 

11 How logical values are encoded in i:I, Forth cell doesn't matter at this point , and is 

discussed in the next section. 
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IF 
BEEP THEN 
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BEEP-IF-EQUAL ( m n --) 

A richer construct is the IF / ELSE / THEN , used as follows 

: BEEP-OR-WHISTLE ( m n --) 
"' IF 

BEEP ELSE 
WHISTLE THEN 

HONK HONK HONK 

This word will beep if m and n are equal, and whistle if odd; after that, it 
will honk three times. 

There exists also a conditional-iteration statement of the form 'BEGIN ... 
UNTIL ', in which the loop is iterated until the value of a logical flag becomes 
'true', and one of the form 'BEGIN . . . WHILE . . . REPEAT', in which the loop 
is iterated as long as the value of a logical flag remains 'true'. 

A.14 Logical expressions 

In defining a CAM rule, sometimes it is convenient to treat the contents of a 
CAM cell as a logical quantity ('on' or 'off', 'true' or 'false') and sometimes as 
a number (0 or 1-or even 0, 1, 2, or 3 when one is dealing with two bit-planes 
at once). To understand precisely what is passed on the stack by one word to 
another in these cases, it is important to be aware of the coding conventions 
employed in CAM Forth concerning arithmetic and logical expressions. 

This lengthy section is meant as a reference for cases where doubts might 
arise; you may quickly go over it ( or skip it altogether) on first reading. 

We have seen that the contents of a Forth cell consists of a 16-bit pattern. 
The same pattern can have different meanings, depending on agreed-upon 
conventions. For instance, it can be used to encode an integer between 0 and 
65,535 ( "unsigned number"), an integer between -32, 768 and +32768 ( "signed 
number"), one ASCII character ( using only the lower 8 bits), etc. The cell 
does not carry a label telling what kind of encoding was used: it is up to the 
programmer to arrange things so that any "user" of the pattern will know 
what conventions to use in interpreting it. 

For example, suppose that the top cell of the stack contains the pattern 
1000000000101010; the three words '. ', U. , and EMIT will all print on the 
terminal the contents of this cell. However, '.' will treat it as a signed 
number, and print '-32726'; U. will treat it as un unsigned number, and 
print '32810'; and EMIT will treat it as a character, and print '*' (since the 
lower eight bits of the pattern, namely 00101010, make up the ASCII code 
for '*'). 
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In many cases it is convenient to treat the cell pattern just as a collection 
of separate bits-each one representing an individual binary choice. The 
words 

NOT ( p -- r) 
AND ( p q -- r) 

DR ( p q r) 

XOR ( p q -- r) 

are useful in this context, since they allow one to individually or jointly 
manipulate these bits. For instance, one can "turn off" the upper eight 
bits of a pattern by AND'ing it with an appropriate mask pattern, namely 
0000000011111111, in which the upper eight bits are ''off" and the lower 
eight are "on." 

As a reminder, the logical operations NOT, AND, OR, and XOR are defined 
as follows: 

NOT AND OR XOR 

0 1---+ 1 00 1---+ 0 oo-o 00 1---+ 0 
11---+0, 01 1---+ 0 , 01 1---+ 1 , 01 1---+ 1 

10 1---+ 0 10-1 10 i-. 1 
ll r-1- 1 11 1---+ 1 11 1---+ 0 

In particular, the logical operation NOT complements its one-bit argument, 
and thus the Forth word NOT complements each of the 16 bits of a cell. The 
other three logical operators act on corresponding bits of two input cells to 
produce a 16--bit result. 

To drive a conditional statement along one or the other of two possible 
paths (see previous section) all one needs is a binary "flag"-with values 'true' 
and 'false'. 12 For this purpose, a one-bit token would be sufficient; but Forth 
cells come in a standard size of 16 bits, and one must have an agreement on 
which 16--bit pattern(s) should mean 'true' and which 'false'. 

The Forth-83 standard stipulates that words that return a logical flag 
(such as '=' and similar "compare" words) should never put on the stack 
anything but the patterns 1111111111111111 for 'true' or 0000000000000000 
for 'false'; for convenience, these patterns have been entered in the dictionary, 
as CONSTANT words, under the names TRUE and FALSE .13 On the other 
hand, words that expect a logical flag (such as IF and similar "conditional" 
words) will treat as 'false' the pattern 0000000000000000 and as 'true' any 
other pattern. 

12 When more than two choices present themselves, it is usually more natural to use a 
case statement (cf. Section A.12) rather than many nested IF statements. 

13Note that, when printed as signed numbers, TRUE will yield -1 and FALSE will yield 
0; as an unsigned number, TRUE will yield 66636 ( FFFF in hexadecimal). 
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As long as one uses only the TRUE and FALSE patterns for 'true' and 
'false', the bitwise logical operations NOT, AND , etc. can also be used to 
manipulate such logical flags. However, if one tries to take advantage in an 
indiscriminate fashion of the wider ''catching range" of IF 14 some subtle 
problems may arise. We shall give just one example, as a warning to the 
reckless programmer. 

Consider the word 

BEEP-IF-NOT-EQUAL ( m n --) 
= NOT IF 

BEEP THEN 

(cf. previous section), which beeps only when m and n are not equal. This 
word would work the same if one replaced '= NOT' by just '-'; In fact, if m 
and n are equal their difference m - n will be 0, and will be seen as 'false' by 
IF ; on the other hand, if they are different m - n will be a pattern containing 
at least one non-zero bit, and will be seen as 'true' by IF. 

Well, if ' - ' works "the same'' as '= NOT', won't ' - NOT' work the same as 
'=' in BEEP-IF-EQUAL of the previous section? If m = n, their difference 
m - n is O and its complement as given by NOT is the pattern of all l's (the 
TR~ pattern)-which of course is recognized as 'true' by IF, as we intended. 
If m # n, the difference pattern will contain some l's but may also contain 
some O's; thus the complementary pattern returned by NOT may contain some 
l's-in which case it will again be recognized by IF as 'true', which is not 
what we intended. 

Since neighbor words such as CENTER, NORTH, etc. return 1 or O as a 
value, we shall use these values as respectively 'true' and 'false' whenever 
expedient. Logical operations involving such 1-bit flags work well, except for 
NOT (since it complements all 16 bits). The two word sequence '1 XOR' can 
be used to get the 1-bit complement. Alternatively, comparisons such as '=' 
'>' '<' and '<>' (not equal) can be used to convert 1-bit flags into standard 
logical flags. 15 

Finally, it will be useful to remember that words such as >PLNO and 
>AUXO, which take a stack item and write it as an entry of a CAM look­
up table, only use the least significant bit of the item: any garbage that 
may have accumulated in the remaining bits as a result of arithmetic/logical 
manipulation tricks will be ignored. ( "Joint" versions of these words, such as 
>PLNA and >AUXA, use the lowest two bits.) 

A.15 Further readings 

Starting FORTH by Leo Brodie[8] is an excellent practical introduction to 

14 As when using arithmetic as a shortcut to logic. 
15 The words 'O•' 'O>' etc. also exist as abbreviations for '0 =' etc. 
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Forth, while Thinking FORTH, by the same author[9], discusses the method­
ology that inspires this programming language. Inside F83, by C. H. Ting[54] 
is a thorough description of F83's internal structure. 

The periodical FORTH Dimensions, published by the Forth Interest 
Group, P.O. Box 8231, San Jose, CA, is a good source for news, applications, 
programming techniques , literature listings, and software and hardware de­
velopments. The Journal of Forth Application and Research, published by 
the Institute for Applied Forth Research, Inc., is a more academically oriented 
publication. 



 

Appendix B 

Basic CAM architecture 

The following considerations apply with some variations both to CAM-6-the 
machine used for the examples of this book-and to CAM-7, a two-thousand 
times larger machine which is at an advanced design stage. 

While the most natural architecture for a cellular automata machine would 
be a fully parallel array of simple processors, this approach presents cer­
tain technical difficulties-particularly when one contemplates interconnect­
ing enormous numbers of these processors in three dimensions. The CAM 
architecture maintains the basic conceptual approach of a fully-parallel ma­
chine, but with certain variants that lead to a more practical and economical 
realization and a better utilization of current technological resources. With 
reference to a fully-parallel approach, this architecture is based on plane­
modules, an arbitrary number of which can be connected in parallel; each 
plane-module spans a large number of sites. However, the individual plane­
module is a pipelined rather than a parallel processor. 

B.1 The plane-module 

For the sake of the present discussion we shall restrict our attention to two­
dimensional cellular automata containing one bit of data at each site. More 
dimensions and larger state-sets are discussed in the following sections. 

The whole array is partitioned into rectangular portions of identical size 
called sectors, and a separate hardware plane-module is assigned to each 
sector. Each plane- module consists of three main sections-state-variable 
storage, data routing, and transition function. 

The storage section contains the state variables of the corresponding sec­
tor. In order to perform one updating step on this area, the current values 
of the state variables are read once, sequentially, and injected into the rout-
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ing section. The corresponding new values, determined by table look-up, are 
returned by this section in the same sequential order and written back onto 
the storage section. 

From the above sequential stream of data, the routing section extracts 
with the appropriate timing the nine values corresponding at each moment 
to the nine neighbor positions of a site: 1 the site itself, or Center; its four 
nearest neighbors, North, South, East, and West; and its four next-nearest 
neighbors N.East, N. West, S.East, and S. West. This section also provides 
appropriate buffering to make the updating of sites appear synchronous even 
though realized in a sequential manner, and to achieve correct vertical and 
horizontal wrap-around. 

A desired subset of the above nine signals, possibly augmented by signals 
coming from other plane-modules (cf. Sections B.3, B.4), are submitted in 
parallel as arguments to the transition-function section, which uses a look-up 
table to compute the corresponding new value for the center cell. After a brief 
journey through the routing section, the new value is handed to the storage 
section, where it replaces the current value of that cell. Note that all ancillary 
tasks such as argument gathering are performed by the routing section; thus 
the look-up table, which is the most critical resource in the simulation, is 
exploited to its full bandwidth. Moreover, since each table is shared by a 
large number of cells, it becomes practical to employ a large look-up table 
thus compressing a substantial amount of computation into a single step. 

B.2 Larger arrays: edge gluing 

An arbitrarily large two-dimensional array can be obtained by gluing sectors 
edge-to-edge, i.e., by exchanging between the pipelines of two adjacent sec­
tors data about those sites that are contained in one plane-module but are 
neighbors of sites in the other plane-module. The size of a plane-module in 
CAM-6 is 256x256 sites. In a fully-parallel architecture, this would entail a 
plane-module with thousands of external terminations; in the pipelined ar­
chitecture, instead, exchange of information at the edges is serial, and four 
bidirectional lines, corresponding to the four adjacent sectors, are sufficient. 2 

By gluing sectors in this way, one obtains an arbitrarily large sheet; typ-

1 In CAM- 7, this part of the function of the routing section will be largely eliminated, 
since partitioning based on relative offsetting of plane origins (see Section 15.6) will form 
the basis of neighbor gathering. 

2This sector-joining technique relies on the fact that the cell memory of the individual 
plane-modules is logically wrapped around-a cell at the physical edge of the sector sees 
cells on both that edge and the far edge as neighbors. Since the scanning pattern for cell 
updates is the same for all plane-modules, all plane -modules have the appropriate edge 
neighbors available simultaneously to be exchanged. By exchanging pipelines rather than 
neighbors, we get the same effect with one connection to each immediately adjacent sector 
independently of the size of the neighborhood. 
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ically, this sheet will be wrapped-around, i.e., the top edge will be joined 
to the bottom edge and the left to the right; thus, the overall topology of 
a sheet will be that of a torus. The same gluing technique is used both for 
array-expansion purposes and for boundary elimination by wraparound. 

Observe that the gluing of plane-modules is done once at the routing 
stage. In this way, both from a logical and a physical viewpoint the transition­
function section is completely decoupled from a number of implementation 
details, namely, (a) the fact that a sheet consists of plane-modules glued 
together, (b) that storage and routing are done on a two-dimensional basis, 
and independently for each bit plane, and ( c) that operations are pipelined. 

B.3 More states per cell: sheet ganging 

Once sheets of the desired size have been assembled, further hardware config­
uring of the cellular automata machine is done by selecting suitable signals as 
arguments to the transition-function. In particular, in order to have a larger 
state-set for the automaton's cell it is sufficient to gang a set of sheets, i.e., 
connect as inputs to the look-up table of each sheet a selection of neighbor 
outputs from the other sheets of the group. Such a ganged set will then con­
stitute a layer of the cellular automaton, containing a complete cell at each 
site. 

B.4 More dimensions: layer stacking 
Finally, layers can be stacked on top of one another, by connecting as inputs 
to the transition function of each layer a selection of neighbor outputs from 
the layers immediately above and below. This is possible because all plane­
modules will be updating corresponding cells at the same time. In this way 
we can configure CAM-type machines into a three-dimensional cellular au­
tomaton. This construction can be further iterated in order to obtain cellular 
automata in four or more dimensions. 

B.5 Display and analysis 

Each of the four plane-modules of a CAM-6 machine generates new data at a 
rate of ~6 Mbits/sec. If one had to do any substantial reformatting of this 
information for display purposes, one would need resources of the same order 
of magnitude as those used for producing it. 

In the pipelined architecture, scanning of the array is sequential; with 
an appropriate choice of scanning parameters this information can be made 
to appear in the correct framing format for display on a raster-scan device. 
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In the CAM plane-module, the number of array rows and columns spanned 
by the plane-module, the scanning sequence, and the timing are such that 
a tap on the pipeline can directly feed a conventional CRT monitor. Of 
course, the outputs from a set of ganged plane-modules (cf. Section B.3), 
which collectively represent the value of a multi-bit state variable, can be 
combined into an RGB signal and displayed on a single color monitor. 3 

The advantages of this set-up are not limited to raw display. On the 
plane-module, all the neighbor information that is potentially available to the 
transition function is conveniently accessible, and can be fed to an additional 
look-up table. In this way, one can compute and send to the display an 
arbitrary output function, instead of just the value of the current center cell. 
This allows one to do on-the-fly a substantial amount of graphic preprocessing 
( this approach reminds us of the ''staining'' techniques used in microscopy for 
enhancing selected features of the tissue under examination). 

Further, the stream of values supplied by such an output function can 
be sorted into a histogram, accumulated and compared with set threshold 
values, and in general used for real-time processing and control of the system's 
dynamics. In particular, one can locate and count occurrences of any specified 
local pattern. 

Finally, since at each updating step all the data on each plane-module are 
streamed through the pipeline, a single bidirectional tap on this pipeline is 
sufficient to provide any external device with read and write access to the 
totality of the data. The collection of these taps, one per plane-module, con­
stitutes an extremely high-speed bus (on CAM-7, which is planned to have 
1024 plane-modules of 512x512 sites each, we get an overall word width of 
1024 bits and a synchronous word rate of 40 nsec) through which the entire 
state of the simulated system is continually made accessible to the exper­
imenter while the simulation is in progress- and without slowing it down. 
This "flywheel bus" is unique to the CAM architecture. 

In conclusion, a pipeline fed according to a well-chosen sequencing format 
and provided with a few well-placed taps constitutes a general-purpose bus 
on which one can hook up not only the transition function, but also a great 
variety of display, analysis, and control functions ~ without any overhead on 
the simulation process. As in a physical experiment, any portion of the system 
is potentially accessible to on-line stimulation and measurement. 

B.6 Modularity and expandability 

Unlike other current schemes for parallel computation, the CAM architecture 
is truly scale-independent, and a very large cellular automata machine can be 

3When display is not required, CAM's clock could be decoupled from the video rate, 
to allow-for example-more frequent updating of a smaller array, say at a few thousand 
frames per second. 
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built simply by connecting together an appropriate number of plane-modules. 
The limits are set by economic constraints rather than by electrical problems 
or issues of logic design. Since there are no "addresses" in a traditional sense, 
the data space is not limited by the size of an address word. The only timing 
signal that must be distributed to each block of plane-modules is the clock; 
and since signals can be reclocked within each block, the system can cope with 
a timing slack between blocks comparable to the width of the clock pulse. 
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