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When storing, communicating, or processing information ©.9)= (Z'”) Z ©.9)= (K'o)
we are often forced to make decisions earlier than w«
would like. Perhaps we can only afford to store a subse
of our data, and must choose what to discard long befor
we know which parts are truly important. Or perhaps we
only have time to compute responses for a certain numbe
of scenarios, and must decide which to prepare before tt X
situation we face becomes into focus. This paper examine
whether quantum resources can help us to delay those d
cisions until they can be made in an informed manner.

Quantum Procrastination (6.9)=(.7) (6.0)=(2.0)

7% ‘1> o)
The possible states of a quantum system form a continu-
um. Wg CO_U|d theoretically encode as ma_lny classical b,l_I@ 1. Bloch sphere viewed along theaxis (with the positive

as we like in such a system, the catch being that when W&,se of the axis pointing into the page). The gray shading shows
measure it we can extract just a small part of that data. Bjafrs of states that have the same behavior when the obse&able
there are many situations of practical interest where W¥@neasured. When the observalldés measured instead, differ-
care about just a small part of a large body of informatioent pairs form, now grouped vertically. We can therefore choose
In particular, when we prepare for some future event, \estate to give whatever behavior we want #6and Z indepen-
need to cover many contingencies — despite the fact teeumtly.

once we reach that event, only one set of preparations will

be relevant. In a situation like this it might be possible to

prepare a compact quantum store covering all the cont-l_r#‘-e second part of this paper reviews the work of Brukn-

gencies, such that when the time comes to read the st%rrel?an' Simon, Weihs & Zeilinger (2001), in which the

we can choose our measurement carefully to extract gg"
information relevant to the contingency we care about.
course, the price paid for this compactness is likely to be
that the store can only be used once — reading it may d&vo Bits per Qubit
stroy its quantum state and any potential information about
other contingencies. Suppose we have two classical bits of information that
The first part of this paper shows that the procedure might need to consult at some future time. We know
just described is in fact feasible. For example, it is possitat only one of the bits will actually be important, but we
ble to code two classical bits in a single qubit, later deciden’t yet know which one. Can we trade the fact that we
which bit we care about, and read it out with an accuradll only want to measure one bit for some reduction in
cy of 85%. And in a variant of the teleportation procest)e storage capacity required? This section shows that we
it turns that that this qubit can be passed to a party withn in fact store the two bits in a single qubit, if we are
whom we share an Einstein-Podolsky-Rosen pair by tramsling to accept some possibility of error (15%).
mitting a single classical bit. Figure 1 shows one way to achieve this. Two classi-
Another situation in which procrastination would beal bits together can take on four possible values. We will
useful occurs for computation. Suppose we expect soassociate one bit with the axis and one with the axis
input in the future that we wish to react to as quickly af the Bloch sphere. There are four states that are within
possible, but the computation needed to respond is vd&’ of both axes, as shown in the figure. If theobserv-
long and involved. Is there any way to go ahead and do thiele is measured, the states segregate horizontally into the
computation and decide later what input we care abogi&irs shown in gray, in terms of measurement statistics. If

ors propose a mechanism for doing just this with some
all) probability.
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the X observable is measured, the states segregate ver [%o0) =(0)
cally. So we can encode the two classical bits by picking
whichever of the four states will give appropriateand
Z measurements. Describing the four states in the compt
tational basis gives:
o) =5 (0)- 1) ) =L (0)+[1)

[%00) = A[0) +6[1)

|tho1) = A[0) — 4[1)

[th10) = 610) + A[1)

[¢11) = 610) — Al1)

leas) =l1)

where
Fig. 2.Bloch sphere with thg axis pointing into the page. These
states are similar to those in Figure 1, but rotated to make one

9 4 ) i - e i .
1) = cos : 10) + % gin : 1) pair impervious to bit flips and the other pair impervious to phase

flips.
LT 1
6:51{1g = =(0.38
(1+v2)2+1 up enough wiggle-room for storing information about the
™ two bits. A later section shows that if we can tolerate a
A= —=41-62=0.92 ) . .
€08 8 somewhat higher probability of error, even more wiggle-

room opens up and we can squeeze a third bit into our

Measuring|igo) Or |¢o1) in the computational baSiSIong-suﬁering qubit

will result in a|0) with probability A% = 0.85, while mea-
suring|w10) or |111) in this basis will result in d1) with
probability 0.85. Similarly, measuringvn) or |¢19) in Two Bits per Bit (offer subject to terms and conditions)

the basis formed by the eigenvectorsXfwill result in

one basis vector with probability.85, while measuring If we combine the procedure from the previous section
[1bo1) Or |2p11) Will result in the other basis vector with thewith teleportation, it turns out that we can send two bits
same probability. Notice that the pairs of states with thieom Alice to Bob using a single classical bit and a shared
same behavior with respect to theobservable are differ- EPR pair — subject to the important constraints that Bob
ent from those that behave the same with respect t& thenust only care about one of the bits and be willing to tol-
observable. erate some probability of error. The key observation is that

Putting it all together, the procedure is as follows. Supsile quantum teleportation in general requires two clas-
pose Alice has two classical bits, A and B. First she gesieal bits to be sent, for a qubit in a known state drawn
erates a qubit in the staté 4 5) — for example by prepar-from one of four states separated by’ 3th some plane
ing the statd0) and then applying the appropriate rotathrough the Bloch sphere as in Figure 1, we can make do
tion around they axis, R, (1 +2A)(1 —2B)7). She then with a single bit.
sends this qubit to Bob (or waits to read it herself at a If Alice and Bob share a pair of qubits in a Bell state,
later point — the situations are equivalent). Bob decidesfice can pass a qubit)) = «|0) + 3|1) to Bob by
he wants to know about the value of A or the value of Enteracting [¢/) with her side of the Bell state pair. In
If he wants A, he immediately measures the qubit in thlee normal procedure, Bob will end up with a bit-flipped
computational basis and gets the value of A with proband/or phase-flipped variant &f, [¢') = «|0) &+ 3|1) or
bility 0.85. If he wants B, he measures the observable |¢)') = 3|0)+«|1). During the teleportation process, Alice
(or equivalently he first rotates the qubit B, (—%) and learns which of these four variants Bob will have. By send-
then measures in the computational basis), and gets itigeBob this information encoded in two classical bits, Al-
value of B with probability0.85. In either case, once heice gives Bob everything he needs to transfdtf) into
makes one measurement he cannot make the other.  the desired stat)).

If we were unwilling to accept some chance of errorin  Suppose we have a qubit prepared as described in the
our measurement, then storing two bits would clearly Ipeevious section. If we rotate the state of the qubit by 45
impossible. To guarantee the outcome of a measuremanund they axis, we get one of the four states shown in
with probability one, the qubit would need to be in one dfigure 2. Bob can easily undo this rotation if Alice can
the two eigenstates of the corresponding observable, le@ansmit the qubit state correctly. Whén) is in one of
ing no room to encode information about a second hihese four states, Alice need only send Bob a single bit of
But if some possibility of error is acceptable, that opemsformation, telling him whether thg)’) he has access to
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after teleportation is the same|gs, or a variant. She does Z
not need to tell him which variant it is. Each of the states in
Figure 2 is left unchanged by one type of variation, either
bit-flips or phase-flips. Since Alice constructgt), she
can easily tell whether)’) will in fact be identical to|y))
based on which kinds of flips occurred. If Bob is told that 7
|¢') is a variant, he can recovép) by simply applying s 0 \
the operatofX Z to the qubit. Whatever the state is, it will >
be invariant to either the bit-flip{ or the phase-flipZ, Py y
so Bob doesn’t need to know which flip occurred in order N
to correct it. Hence one bit of classical information is all X
Alice need send to give Bob access to a state prepared as
described in the previous section.

So with the expenditure of a shared pair of qubits in
a Bell state, Alice can send Bob a single bit of classical
information that allows him to answer one of two binary
guestions with 85% accuracy, where the choice of whi€ly. 3. Deriving a three-bit code. We need to find eight states to
guestion to ask is his and not Alice’s. encode our three bits. This figure shows what can be coded for a

It is worth comparing this process to superdense cdtien acceptable error rate (determined by the aéigléve need
ing (Bennett & Wiesner 1992). In both cases, Alice h&%increa_seﬁ until z, Y, and z cones intersect with each other
two classical bits she would like to send to Bob. The&othermse there will be some states that we cannot represent.

share an EPR pair of qubits. Alice performs some man ote that a® grows, pairs of cones intersect before first, giving

ulation on her qubit to encode the two bits — in the Caégrcetieoawo-blt codes equivalent to that described in the previous
of superdense coding by directly applying one of four op- '

erators, and in our case by applying one of four operators

to an intermediate qubit and then using the teleportation

machinery to transfer the state. In superdense coding, Al-

ice sends Bob her qubit, allowing him to recover the two (,y,2) = L(il, +1,+1)

bits exactly by determining which of four operators Alice V3

applied to it. In our case, Alice only needs to send Bob a ) .

classical bit. The price for this is that Bob can only recov- -€tting (sz, sy, 5-) be the signs ofz, y, z), chosen to

er (his choice of) one of the bits, and even that has sofffdrespond to three classical bits we wish to encode, we
probability of error — so this coding scheme is by no meafi@n transiate this result into the following states:
superdense, but it is nevertheless moderately well packed.

_ _ 1) = 0.89]0) + 0.32(s, + syi)|1) if s, = +1
Three Bits per Qubit 1) = 0.46|0) + 0.63 (s, + s,)|1) if 5. = —1

What if we want to pack three bits into a qubit? Thisis The expected value of the observabfeworks out
possible, although at the cost of lower accuracy (79%.be0.58s,. Similarly (Y) is 0.58s, and(Z) is 0.58s..
Imagine growing cones around each direction along tif@ese results show that for whichever one of the three ob-
three axes of a Bloch sphere, as shown in Figure 3. Té&vables we choose to measure, we get the value of the

intersection of these cones with the sphere representsdbgesponding classical bit with probability 79%.
set of states that will give a particular result for the ob-

servable associated with an axis, with a certain probability

that approaches chance as the cone becomes wider.NA@re Bits?

need to expand the cones until we get intersections be-

tween triplets of cones representing all the axes: If we try to pack four bits into a single qubit using a similar
procedure, we run into trouble. It is easiest to see why by
looking at how the three qubit case would fail if we were

2 4 2 2 0 . . . .
o Ty =sm constrained to two dimensions. We require an arrangement
22 + 2% =sin?6 of three axes, such that there is a point withiri ®dany
y2 + 22 = sin? 0 combination of poles of those axes. If this is not possible,

then we will be unable to represent all the settings of the
The angled controls the size of the cones. This set dhree bits. With three axes in two dimensions, for a solu-
equations has eight solutions: tion that is symmetric in the bits we need the six poles
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Fig. 4. A circuit for quantum teleportation is used to suppl¥ig. 5. With some probability the measurements and M will
the input to a function. This circuit is adapted from Nielsereveal that no transformation need be applied to the unmeasured
& Chuang (2001)./6a0) = %(|OO> + |11)) is an Einstein- partner in the EPR pair in order for it to becomg,,). The cen-
Podolsky-Rosen pair. With some probability the measuremetrl idea of Brukner et al. (2001) is that in this case, we can begin
M, and M- will reveal that neither of the bit flip or phase flipcomputing on that qubit as early as we like. In fact, we are free to
corrections implemented by andZ are necessary, and we areompute with it long beforéy;,,) even becomes available, and
free to rearrange the circuit as shown in Figure 5. need only wait forM; and M- to reveal that we can trust the
result.

of the three axes to be 6@part from their nearest neigh-
bors. If we choose three poles that are 12@art from In Brukner et al. (2001), the authors show that it is in
each other, then it is clear that we cannot find a state thgdt possible to perform a quantum computation before its
is within 90°of all of them. Hence we cannot represent &tput has been specified, with some (unfortunately small)
least one setting of the three bits. If we switch around theobability. To simplify their argument a little, let us con-
senses of the axes, or move them from the equi-angwaler a computation performed with just a single qubit as
arrangement, this fact will remain true. Another dimeinput. Suppose that qubit is supplied via the machinery of
sion is needed. The same is true of the four bit case in tgantum teleportation, as shown in Figure 4. With telepor-
three-dimensional Bloch sphere; we simply run out of diation, there is one chance in four that the qubit is trans-
mensions, and can't represent all the possible settingsnifted unpermuted. So if we start computing with it im-
the four bits within the hyper-cone constraints. mediately (Figure 5), before the input has actually been
We might also consider what happens when the nudefined, there is some chance that when the teleportation
ber of qubits is increased. Suppose we hageibits, from procedure is finally applied we will end up with the correct
which we will later want to extract just a single bit withresult without any further processing required.
reasonable accuracy. How many bits can be encoded? lif there aren input qubits, the odds of success are just
don’t yet have any result better than simply coding two @rin 47, This result is not interesting when applied to clas-
three bits in the individual qubits and then choosing whigical inputs, since we can do just as well here by simply
to measure. Intuitively, it seems that this should be suficking a random input, computing for it, then accepting
optimal, since it permits multiple of the original bits to bene result if we eventually find out we guessed the right
read rather than just one —we are retaining more informigput (our odds aré in 2", which is also what we would
tion than is required. If it is possible to do better it wilyet in Figure 5 if we know thaty) is |0) or |1) and hence
clearly require moving away from simple product stategnmune to phase flips). It is potentially useful for quan-

Since the number of dimensions required to specify thgn inputs, but the low odds of success limit any obvious
state of an unentangledqubit system is justn, we can gpplications.

encode at mosin bits this way. Suppose we are willing to give a mistaken result with
some probability for a computation on a classical input.
Procrastination and Computation Can we do any better than simply computing for a ran-

dom input and then using the result if it turns out that
The previous sections have shown that if we are willing we chose the right input, or just guessing at the answer
take a moderate gamble, it is possible to procrastinate@herwise? This gives the right answer with probability
a choice that would otherwise need to be made up frofts-2-—, wherem andn are the number of inputs and
namely, which of a set of bits should be encoded for feutputs of the computation. This probability is tiny if the
ture use. Another choice we would often like to delay umber of inputs and outputs are large.
which input to feed to a computation. Might it be possible For a single qubit input and output, it is hard to think
to perform a computation before we have decided what thiea way to do any better than this classical strategy (which
actual input should be? This could be useful if the compgives a 75% probability of success in this case). The tele-
tation is very long and we want to be prepared to makeartation mechanism doesn’t help for classical inputs. And
fast response to an event. if we instead compute on a superposition of the possible
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inputs, then we need some way to amplify the input wed recently deployed Bel weapons against the Grvr group
care about at a later point. But this is at least as hard asti@t sent the message, so it seems logical for them to con-
problem faced in quantum search algorithms, where terolgde that this is what the message indicates — and in fact
of a particular sign need to be amplified (Grover 199that it is a waste, since they had also revealed their posses-
In our case we are after terms with a particular value sibn of Bel weapons to the second group during an attack.
|4), which can be tagged with a negative sign by applfut their assumption that the message was a simple single
ing a controlled NOT to an ancillar%(|0> — |1)) state. bit of information turns out to be a grave mistake. The use
More significantly, we could change the oracle in a searehBel technology was of crucial strategic concern to the
problem to tag solutions by giving them a particular varvr, true, but a close second was the location of the S’hor
ue of [¢) rather than changing their sign — so if we couldomeworld. And in fact the Grvr group sending the mes-
solve our problem, we could solve quantum search. Tisigge had detected the homeworld on their long-distance
reduction of our problem to quantum search shows tis@nsors. By prior agreement, and using shared EPR pairs
we shouldn’t expect to be able to pull out the term we wa@gd the techniques of this paper, that group encoded both
without reapplying the function many times, as in Grovertge use of Bel weapons and their detection of the home-
algorithm. But if we have to reapply the function, than th&orld in the one-bit message. The other group, having in-
whole procedure is moot, since once the correct inputdgpendently learned of the weaponry, chose to read the
known we might as well discard any earlier computatioh®meworld-detection bit, saw it was set (with 85% proba-
and apply the function directly to the real input! So thehlity, a virtual certainty amidst the vagaries of battle), and
seems to be disappointingly little room to maneuver whéanverged on the other group’s trajectory to join forces
it comes to procrastinating on which input to feed a corand win the day.

putation.
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tween the two Grvr forces. This is the only such message

these groups have been able to pass because of continual

electromagnetic jamming by the S’hor (the Grvr had antic-

ipated this and bypassed the jamming by a prior agreement

to encode the bit in the destruction of one of a pair of bi-
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