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imum likelihood bounded tree-width Markov networks

e Algorithm: finding the maximum weight hypertree using wind-
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e Analysis: windmill farm coverage of hypertrees



Multivariate density estimation

Situation: n interdependent variables
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Maximum likelihood multivariate density estimation

Problem:
"""""""" r N
o oD o)
OO
—p
PO NS (D k MODEL )
P(Xi=21,Xo=129,..., X, =1,) Po(Xi =21, Xo=129,..., X, = 1,)



Maximum likelihood multivariate density estimation

Problem:
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Maximize total likelihood: Pg(D)
Maximize expected log-likelihood: E__ s[log Po(x)]



Tree-width 1 Markov networks ( )

Model pairwise dependencies.
k=1
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Triangulated tree-width k Markov networks (hypertrees)

Model (k + 1)-way dependencies.
Tree-width k: maximum size of clique (hyperedge) = k+1
k=2
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©: hypertree structure, marginal probabilities for each clique
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Maximizing the likelihood (given hypertree structure)

e Find: argmaxgPo(D) = argmaxgEs[log Po(z)].
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Maximizing the likelihood (given hypertree structure)

e Find: argmaxgPo(D) = argmaxgEs[log Po(z)].

e Probability factors into clique potentials: Pg(x) = [l.cc dc(zc)

Pe(z¢)
Hc’gc qbc’(xc’)

e To compute a potential: ¢c(xc) =

e Clique (hyperedge) weights: we = Ep[log ¢]

o Ip[Po(xz)] = > we (key: we independent of structure)



Maximizing the likelihood (overview)
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Maximizing the likelihood (overview)

1 w1 = —315
| a:ﬁ”, xén, .. ,scy(zD : wy = —1.24
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data hypergraph hypertree

The maximum hypertree problem:
Input: k-hypergraph (H,w)
Output: maximum weight k-hypertree T'C H



1-windmill farms (constellations)

star

constellation 1n a tree
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k-windmill farms

A
v

representing (rooted) forest for a 2-windmill

>
&

2-windmill

2-windmill farm in a hypertree
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The approximation algorithm

algorithm

(H ; hypergraph) \

(F . approximated max. windmill farm in H)

ideal (F * maximum windmill farm in H)

v (Fj*v maximum windmill farm in T")

% . : ,/ 1
; >
(T maximum hypertree in H) > D) X

(windmill farm coverage ratio)

Conclusion: w(F') > Skk!(k+1)!w(T*)
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Analyzing the windmill coverage ratio: 3 problems

Assume weight of hypertree w(T) = 1.

1. Given a weighted hypertree | ]
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Analyzing the windmill coverage ratio: 3 problems

Assume weight of hypertree w(T) = 1.

1. Given a weighted hypertree | ]
(T, w), find the maximum weight wind-
mill farm [ ] F. O w) = ?Ca%(w(F)

2. Given an unweighted hypertree | ]
structure T, find the “worst” assign-

ment of weights w. Cp(T) = min maxw(F)

FCT

3. Find the “worst” weighted hypertree
(T, w).

Cr = minmin maxw(F')
T w FCT
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Problem 1: compute C1(T,w) ( )

e Given a weighted tree (T, w), find the maximum weight con-
stellation F' C T via dynamic programming.
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Problem 1: compute C1(T,w) ( )

e Given a weighted tree (T, w), find the maximum weight con-
stellation F' C T via dynamic programming.

e f(v,q) = maximum weight of the extension of a constellation
into the subtree rooted at vertex v given it is in state q

KL

state O state 2

o C1(T,w) = f(root(T),?2)
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Problem 1: compute C1(T,w) ( )

f(’U,O) — Z f(chaQ)
1=1
flv,1) = > max(f(c;,2), w(v,c;) + f(c,0))
1=1
f,2) = max{f(v,1), f(v,0) + max w(v,e;) + f(e;, 1) = f(ei, 2)}
state 0 state
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Problem 2: compute C1(T) ( )

Convert the dynamic program into a linear program.

e Variables:
— dynamic programming states f(-,-)
— edge weights w(-)

— results of intermediate max{-} expressions

e Equations:
Directly use linear equations.

a = max{b, c} becomes two equations: a > b and a > c.
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Problem 3: compute Cq ( )

C1 approaches 1/2 from above as r — oc.

Cq > ﬁ = 1/2, so the bound is tight.
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Vine conjecture

A IS a tree in which every non-leaf vertex is adjacent to a
leaf vertex.
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Vine conjecture

A IS a tree in which every non-leaf vertex is adjacent to a
leaf vertex. Conjecture:
1 .
—— ifeeV
O (T) = is achieved by: w(e) = {71
k(1) 2(n — 1) (e) {o otherwise,

where V is the maximum vine V C T and n is the number of
vertices in V.
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Vine conjecture (examples)

vine

maximum constellation in vine

In a vine, every maximal constellation has n/2 edges.
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Problem 1: compute C.(T,w) (hypertrees)

Tree decomposition: tree over hyperedges. Each hyperedge sep-
arates the hypertree.

Dynamic programming states: something like f(h,state(h))
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Problem 1: compute C.(T,w) (hypertrees)

representing forest of a windmill farm

tree decomposition

Dynamic programming states: f(h,i, R, F'), where
e h: current hyperedge
e 7. which child of h to extend R into
e R: representing forest of the windmill farm restricted to h
e F': free vertices
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Problem 1: compute C.(T,w) (hypertrees)

* vertices that point to some vertex in the representing forest (R)

@ blocked vertices

o vertices free for ¢;1,..., ¢, (F}) — existing pointer

O vertices free in ¢; (Fy) e > new pointer (for which ¢; is responsible)

O vertices pointing to 3; (F3)
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Problem 2: compute C.(T) (hypertrees)

Use the same tricks as before to convert the dynamic program
into a linear program.
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Problem 3: compute C,. (hypertrees)

Search over hypertree structures, increasing in size. Resulted in
semi-irregular structures and weights. Example of tree decom-

position (breadth 3(k+ 1) = 9, depth 3):
2
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A particular sequence of weighted hypertrees

Hypertree and tree decomposition of T,;, where d is the depth of
the tree decomposition:
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Experimental results

k | Ci lower bound | limg_, ., Cr.(Ty) C}. upper bound
21 0.166667 0.2222222 = 2/9 0.33333

3 |0.041667 0.0953932. .. 0.25

4 | 0.008333 0.0515625 = 33/640 0.2
510.001339 0.0258048 = 2016/78125 | 0.16667

6 | 0.000198 0.0123157. .. 0.14286

k| 1/(k+1)! < 1/2F 77 1/(k+1)
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Future work

e \Windmill coverage analysis:
— Prove the vine conjecture.

— Find a analytic closed form bound of limy_, ., Cr(Ty).

— Better yet, find C}.

e Algorithms: find new methods of approximating the makxi-
mum hypertree.

e Applications: apply bounded tree-width Markov networks to
machine learning tasks.
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