
Lecture 10

Testing dense graph properties via SRL :

D - freeness

Begin lower bound
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Do interesting graphs have regularity properties?

Yes in some sense at graphs do

can be approximated as small collection of random

regular sets

Szemereldi 's Regularity Lemma
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www.sRegulari#mma : (especially useful version)
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An application of the SRL :

Given G in adj matrix form

Is it 8- free ?

desired behavior : if G is O - free
, output PASS

if G E - far from o - free output FAIL
in

most delete A - sided
Zen
' edges error

Algorithm : Do 018
"

) times :

Pick Vi
,
Va ,Vz Er

V

if o reject & halt

Accept
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The V-E
,
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G is E- far from o- free,

then f has z 813) distinct o's

Corre Algorithm has desired behavior

why? . if O - free : we never reject
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The V-E
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must connect :
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This is a powerful technique !
-

• similar lemma to G- counting holds for all const sized subgraphs

• almost
"
as is

"

can use same method to test a1
"

1st order
"

graph properties :

I Uiuzuz . " Uk V Y . " Ve R ( U
,

.
. . 4kV , . .ve) queries to

adj
a > - matrix

✓ R defined via 1,47 t neighbors
nodes

ie
.
V-ui.ua , Uz 7. (Uma , hills ,454)
-

more generally , triangle
H - freeness for all const sized H



For dense graphs , testable properties
• I - sided error const time K hereditary graph properties

(closed under vertex removal : chordal
, perfect,
interval )

difficulty : infinite set of forbidden subgraphs

•

2 - sided error const time I any property that can be

reduced to testing it satisfies

one of finite # of

Szemeredi partitions

Maybe the reason that the dependence on E is

so bad is that this technique is too
"

general purpose
"

?

Maybe specific properties leg .

O - freeness) have better testers ?



An intriguing characterization of bipartite graphs :

For graphs in adjacency matrix model :

The Complexity of testing H - freeness property ,
• if H bipartite , poly Hel is enough
• if H not bipartite, no poly (E) suffices

T
we will prove

this

for H -

- O only
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terrible dependence

owe.
bounds for testing
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D- freeness :

¥
Super poly dependence on E

is required !
i.e

. > ⇐I "d⇐
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for some
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Main tool # I : Additive number theory lemma

Lemmy Fm
,
I XCM = { 1,2, . . .

,
m } of size 7- me

el0Tgm
with no nontrivial soln to

Yuen?g → X.tl/z=2Xz
spaced
points

IT
will use this to construct graphs
that ate 4) far from O -free

(2) any algorithm needs lots of

queries to find O



Lemmy Fm
,
I XCM = { 1,2, . . . ,m } of size 7- me

el0Tgm
with no nontrivial soln to

X,tXz= 2×3

examples :
-

Bad X : { 1,433
{ 5,9133

Good XY
. { 1,2, 4,5, 6,799,10, . . .

3

{ 1,2, 4,8 , 16,32, i . . }



Lemme Fm
,
I XCM = { 1,2, . . . ,m } of size zmeloifgm

with no nontrivial soln to

X,tXz= 2×3

examples :
-

Bad X : { 1,433
{ 519,133

Good XP
. { 1,2, 4,5×6,749410, . . . 3457g ?

{ 1,2, 4,8 , 16,32, i . . 3 ← only size
log
m



(will set to e'
'TT) Lemme Hm

,
I XCM = { 1,2, " , m } of size zmiogmProof Let d be integer w.name/-rivialsolntoXitX2=2

Kel "iFah took;i7÷eFI )

define XB -

- { §!xi . di l Xi Lotz for oeiek t.at?oXi2=B}
- -
- ① ②

view XEM in base d

representation X -- ( Xo ,4 ,
' -XD

Claim XD EM why ? largest number in X, e d
'"
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Pick B st
.
.

IXBI maximized ; y
bound on Xi's

how big can 13 be ? Be ( KH) ( EY a K - d
'

how small can skid be ? IUBXBI ? # "t ' > (dat
"

but Xp's goth ! iftar bad sum
so I B st

. IXBIZ
, using settings get FB sat

. IXBIZ eniorgm



Then if B is sum - free
,

we have the lemma !



Lemme Fm
,
I XCM = { 1,2, " , m } of size ZemiorgmWhy the constraints ? w.name/-rivialsolntoXitX2--2

a ④ < dz ⇒ sum pairs of etfs in XB
d be integer (will set to e'

'TT
doesn't generate any carries !

k←L'%Iah ( sole ;i7÷gmF÷E )• will use both to show XB is Sm- free

x. = { ftp.idi/xicdzforoeiek
pro, µ, ↳ , gang.ee , |g,,§,µp#
for X

, y ,z c- XB : xty -22 ⇒ ioxidi + i. gidi -- 2. iiozidi ②

⇒ Xotyo --220
' '

÷:÷
.. Ssi:c::c:
'

- 22k
but fixity; -- Zi ⇒ Hi Xiatyihz 2.z? with equality only if Xityi=Ei

why? flat -- ah is convex

souse Jensen s t : { (Hatt flag)) > f- ( a'Ita) with equality only if all ants are =

⇒ Xiyu? zfzzif.z.ws a equal only if E- Yi
-

- Zi
2



Lemme Fm
,
I XCM = { 1,2, " , m } of size ZemiorgmWhy the constraints ? w.name/-rivialsolntoXitX2--2

a < dz ⇒ sum pairs of etfs in XB
d be integer (will set to e'

'TT
doesn't generate any carries !

Kel '%Iah ( sole ;i7÷gmF÷E )• will use both to show XB is Sm- free

x. = { ftp.idi/xicdzforoeiek
pro, µ, ↳ , gang.ee , |g,,§,µp#
for Hy ,z c- XB : xty=2z ⇒ ioxiditisoyidi -- 2. iiozidi ②

⇒ Xotyo --220
' '
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- 22k
but fixity; -- Zi ⇒ Hi Xiatyihz 2.z? with equality only if Xityi=4.

So if I X
, y ,z s! not lx=y=z) then Ii sit

,

not CXi=yi=2i)

so EXT t Ey? > { 22?
If i xityn? > 225

FB FB ¥23 Contradiction
for all other j Xj tyg? 22

,
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