
Lecture 11
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Testing dense graph properties via SRL :

D - freeness

the lower bound
. . .



An intriguing characterization of bipartite graphs :

For graphs in adjacency matrix model :

The Complexity of testing H - freeness property ,
Fito:3 • if H bipartite , poly Hel is enough

• if H not bipartite, no poly (E) suffices

T
we will prove for H -- o
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Main tool # I : Additive number theory lemma

Lemmy Hm
,
I XCM = { 1,2, . . . ,m } of size 7- me

el0Tgm
with no nontrivial soln to
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points

IT
will use to construct graphs
which are (1) far from O- free

(2) any algorithm needs lots ( in terms oft)

queries to find O



Lemme Fm
,
I XCM = { 1,2, . . . ,m } of size zmeloifgm

with no nontrivial soln to

X,tXz= 2×3

examples :
-

Bad X : { 1,433
{ 519,133

Good XP
. { 1,2, 4,5×6,749410, . . . 3457g ?

{ 1,2, 4,8 , 16,32, i . . 3 ← only size
log
m
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Then if B is sum - free
,

we have the lemma !



Why the constraints ?
Lemme Vm

,
F X 'M = { 1,2, " ,m5 of size zeniorgm
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Lemme Fm
,
I XCM = { 1,2, " , m } of size ZemiogmWhy the constraints ? w.name/-rivialsolntoXitX2--2

a ④ < dz ⇒ sum pairs of etfs in XB
d be integer (will set to e'

'TF
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So we have this lemma :

Lemme Fm
,
I XCM = { 1,2, . . . ,m } of size zmeloifgm

with no nontrivial soln to

X,tXz= 2×3

How do we use it ?

• Characterize form of
"

nearly best " property testers

• use lemma to build class of graphs which

make property testers do the wrong thing



Main tool #2 : characterization of "

best " algorithms for properly
testing

Homework 2

Gin ag
matrix model

Property P
⇒ F tester T

'

:
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Natural tester
"

Tesler T using qlqe) queries pick qh.cl nodes randomly

query
submatrix

decide#
Olga) queriesConsequences ! In our case
'

.

Prob pass y
# O'sing

1. b
,
for natural tester of Icq) tendrils

we will calculate #O's
⇒ 1.b. for any leader

of Iwf) for our lower bound

*ing family of graphs
queries

reduction preserves I- sidedmess

where so 1. b
. implication preserved too

q±kgE Only need to find class of graphs on which natural tester
aint find a O 't t distance is big tee )



Lemme Hm
,
I XCM = { 1,2, " ,m}

of size Z metonym
with no nontrivial soln toµ,.€
/
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Graphs on which natural tester needs lots ofqueries;
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Slight abuse of notation
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T
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the El . .2m} Lemme Fm
,
I XCM = { 1,2, . . . ,m}
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distance to O - free t # O's
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Lemme Fm
,
I XCM = { 1,2, " , m }

E# disjoint cycles : of size zmeloifgm
all intended D's are disjoint (share no edges )

this
shows with no nontrivial soln to

can't share
2ndedge

suppose not :

÷¥÷:
"' """

II.
re:* :÷:÷.**

"

Natural tester "
'

"""
""

***¥=
. yay ,

". P"q÷÷o9÷÷ndm's
distance to o- free :

o's edge disjoint ⇒ Must remove 71 edge from each disyomto
He

must remove AC# his) = f- ( Forson)
= flmlxl )

Problem need E distance
-

we hone f( etorogn) distance



✓

for

ldeaforfix a #¥¥"
• → %: Va"

s - blow up
" G ⇒ Gcs )

remiss n:% ⇒ sizesefsiindepend.at y
,nm.IN/sFedgeign ⇒ complete bipartite #/*graph in

Goss

~ malxtls" Din ⇒ s3 o's in G
's) ↳

doze G
use s Fem Intel in

pick m largest int
prove a lemma

{ E Fgm
dist of G

's)

so mzfzydohik tenma from a free
Z # edge disjoint O's

Z m IX. s
'

PI show - O in G ⇒ s
' disjoint O's in GG)



SO distance rn
mlxl.sk
Tags ← size adj matrix

= him 7- etorogmze by choice ofm
# O's z m

. 1×1.1813

⇐ ( E.Y'
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If take sample of size q
(t run natural algorithm

EC# O's in sample] e ( g) ( ⇒
c' logic fqiscrooobtf

" l unless q
> ({

'
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then by Markos
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t ⇒ pr[ any o in simple]c4

since I- sided error, must see o to output foul Dga


