
Lecture 11

r

Testing dense graph properties via SRL :

D - freeness

the lower bound
. . .



An intriguing characterization of bipartite graphs :

For graphs in adjacency matrix model :

The Complexity of testing H - freeness property ,
Fito:3 • if H bipartite , poly Hel is enough

• if H not bipartite, no poly (E) suffices

T
we will prove for H -- o
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Main tool # I : Additive number theory lemma

Lemmy Hm
,
I XCM = { 1,2, . . . ,m } of size 7- me

el0Tgm
with no nontrivial soln to

ee.
no

three
→ X,tXz= 2×3 X

, kg kg Xz=k
evenly spared e- we

2

points

IT
will use to construct graphs
which are (1) far from O- free

(2) any algorithm needs lots ( in terms oft)

queries to find O



Lemme Fm
,
I XCM = { 1,2, . . . ,m } of size zmeloifgm

with no nontrivial soln to

X,tXz= 2×3

examples :
-

Bad X : { 1,433
{ 519,133

Good XP
. { 1,2, 4,5×6,749410, . . . 3457g ?

{ 1,2, 4,8 , 16,32, i . . 3 ← only size
log
m



10¥ Let d be integer
Lenne Hm

, 7×9=4,2,
"

,
m } of size zeniorgm

µ←y¥qy . ,
withnonontrivialsolntoX.tl/z=2

define XB -

- { §!xi . di l Xi Lotz for oeiek t i&Xi2=B }
view X EM in base d X -- HoH ,

" ' Xk)

representation

claim Xp EM
1

Pick B st . IXBI maximized :

how big can 13 be ?

how small can EIXBI be ?

So I B sat
. IXBIZ



(will set to e'
'TT) Lemme Hm

,
I XCM = { 1,2, " , m } of size zmiogmProof Let d be integer w.name/-rivialsolntoXitX2=2

Kel "iFah took;i7÷eFI )

define XB -

- { §!xi . di l Xi Lotz for oeiek t.at?oXi2=B}
- -
- ① ②

view XEM in base d

representation X -- ( Xo ,4 ,
' -XD

Claim XD EM why ? largest number in X, e d
'"

's dd%Fd-tttedlgam-mkgad.am

Pick B st
.
.

IXBI maximized ; y
bound on Xi's

how big can 13 be ? Be ( KH) ( EY a K - d
'

how small can skid be ? IUBXBI ? # "t ' > (dat
"

but Xp's goth ! iftar bad sum
so I B st

. IXBIZ
, using settings get FB sat

. IXBIZ eniorgm



Then if B is sum - free
,

we have the lemma !



Lemme Fm
,
I XCM = { 1,2, " , m } of size ZemiorgmWhy the constraints ? www.nontrivialso/ntoXitX2--2

a Xi's Lotz ⇒ d be integer (will set to e'
'TT

keLYEahlsokii.7.in?oI )
• will use both to show XB is Sm- free ( x. -- { I.oxidi ' dy for .§÷÷,}Proof that XB is sum-free : ①
a-

②
for X

, y ,z EXB :



Lemme Fm
,
I XCM = { 1,2, " , m } of size ZemiogmWhy the constraints ? w.name#ivialsolntoXitX2--2

a gig < dz ⇒ sum pairs of etfs in XB
d be integer (will set to e'

'TT
doesn't generate any carries !

k←L'%Iah ( sole ;i7÷gmr÷E )• will use both to show XB is Sm- free

x. = { ftp.idi/xicdzforoeiek
pro, µ, ↳ , gang.ee , |,g,,§,µp#
for X

, y ,z c- XB : xty -22 ⇒ ioxidi + i. gidi -- 2. isozidi ②

⇒ Xotyo --220
'

:÷÷
.. Ssi:c::
'

- 22k
but fixity; -- Zi ⇒ Hi Xiatyihz 2.z? with equality only if xiyizi

why? flat -- ah is convex

souse Jensen s t : { (Hatt flag)) > f- ( a'Ita) with equality only if all ants are =

⇒ xityizfzgif.z.ws a equal only if E- Yi
-

- Zi
2



Lemme Fm
,
I XCM = { 1,2, " , m } of size ZemiorgmWhy the constraints ? w.name#ivialsolntoXitX2--2

a ④ < dz ⇒ sum pairs of etfs in XB
d be integer (will set to e'

'TT
doesn't generate any carries !

Kel '%Iah ( sole ;i7÷gmr÷E )• will use both to show XB is Sm- free

x. = { ftp.idi/xicdzforoeiek
pro, µ, ↳ , gang.ee , |,g,,§,µp#
for Hy ,z c- XB : xty -22 ⇒ i'kid" + i. gidi -- 2. iiozidi ②

⇒ Xotyo --220
'

:÷÷
.. Ssi:c:.in:
'

- 22k
but fixity; -- Zi ⇒ Hi Xiatyihz 2.z? with equality only if Xityi=Ei



Lemme Fm
,
I XCM = { 1,2, " , m } of size ZemiorgmWhy the constraints ? w.name/-rivialsolntoXitX2--2

a ④ < dz ⇒ sum pairs of etfs in XB
d be integer (will set to e'

'TT
doesn't generate any carries !

Kel '%Iah ( sole ;i7÷gmF÷E )• will use both to show XB is Sm- free

x. = { ftp.idi/xicdzforoeiek
pro, µ, ↳ , gang.ee , |,g,,§,µp#
for Hy ,z c- XB : xty=2z ⇒ ioxiditisoyidi -- 2. isozidi ②

⇒ Xotyo --220
' '

÷:÷
.. Ssi:c::c:
'

- 22k
but fixity; -- Zi ⇒ Hi Xiatyihz 2.z? with equality only if Xityi=Ei

§ Xty
-

- 22

So if I X
, y ,zEXs! not lx=y=z) then Ii sit

,

not CXi=yi=2i)
b -

so EXT t Ey? > { 22?
for this i Xityn? > 225

FB FB ¥23 Contradiction
for all other j Xj tyg? 22

,
?



So we have this lemma :

Lemme Fm
,
I XCM = { 1,2, . . . ,m } of size zmeloifgm

with no nontrivial soln to

X,tXz= 2×3

How do we use it ?

• Characterize form of
"

nearly best " property testers

• use lemma to build class of graphs which

make property testers do the wrong thing



Main tool #2 : characterization of "

best " algorithms for properly
testing

Homework 2 :

Gin adj matrix model

⇒ y foster -1
'

:
"

Natural tester
"

Property P
pick qln.es nodes randomly

Tesler T using ghee) queries qdueeryidesubmatrix §,

Consequences : ¥¥¥ePm=P¥÷¥!:!i
1. b

.
for natural tester of Rlg) -

⇒ 1. b . for any tester of Iliff)
reduction preservers t - sided ness

so hb
. implication does too

⇒ Only need to find class of graphs on which natural tester

does badly & distance ZE



Lemme Fm
,
I XCM = { 1,2, " ,m}

of size zmeloifgm
with no nontrivial soln to×µ,€
/

"

Natural tester "

Graphs on which natural tester needs lots ofqueries;

sina.mg:p . # sums P÷÷÷n:÷÷:.sm
the El . .2m}

• iytxV
,

-

- Elim} fxEI
ok

j .
lo txt

VXEX
.

• Ktx Vz -- { 1. ism}

•

A- 2x # nodes =6m so mean)

slight abuse of notation #
edges = f(m.ly)

should be Ck ,j) =f(n2/e10FgT)
c- ftp.#3KtElm3m3 -

drop i not exactly dense enough
need to fix this tobeflh )



the El . .2m} Lemme Fm
,
I XCM = { 1,2, . . .

,
m }

• iftxVillains fxeI • k
of size Zmiorgm

j .
l . txt with no nontrivial soln to

**

. µ, qq.mg ,×µ,€
•

It 2X

"

Natural tester "

pick qlh , e) nodes# cycles : intended as of form

*jijnY.LI?Ioenye.r.gnyqdueeryiaesubmatrixmdmbL
unintended D's

4,4 , V, have no internal edges ⇒ any o has meth
, Vze Vat vs EVs

⇒ ÷:3, sin.
-

* i. sun.ae. 5⇒ no non ended

but these are intended Is



Lemme Hm
,
I XCM = { 1,2, . . . ,m}

## disjoint cycles : of size zmeloifgm
all intended D's are disjoint (share no edges )

with no nontrivial soln to

suppose not :

j
.

i

""

since ." ,⇒
.

-""
"

Natural tester "

it ." ""
'

→ ← pigaez.fi?ma.:odesrm
distance to o- free :

o's edge disjoint ⇒ must remove 21 edge from each 0

*
must remove fl # o's ) : fftehiorogn)

-

- flmlxl)

Problem need Ahi) distance



ldeaforfix
"
s - blow up

" G ⇒ Gcs ) o → 8%

Timber mine ⇒ sizes! dependent
~m1x1s2 edgeif ⇒ complete bipartite

. . . .

? #/*graph in G
"

¥¥¥, ③
~mlx1s3 Din ⇒ s

'
O's in G

's)
X,

G so likely
T to find one ?

use S -

- LFMJ-n.IE)d%" proven lemma but not necessarily edge disjoint now
m

-

- largest int sat.
E Eetlorgmsomzczydogck dist of G

"

lemma from b free
Z # edge disjoint O's

-

z m 1*15

If show each O ⇒ 52 disjoint o's
in G in GG )



so distance he m 1×15

Fsa ← size of adj matrix

= Htm Z etiorogm ZE by choice of m

+ lemma on 1×1

# O's y mlxls
'

=÷÷. . Enter
"' Ens

tf take sample of size of

EC# o's in sample] c ( §) ( E.)
" "2¥

⇐ 1 unless q
> ( g' y

'
"

logo"k

so by Markov 's t ⇒ pr[sooo] -4

Since I - sided error
,
must find o to output fail

Ogg


