
Lecture 13
-

Testing distributions :

the case of uniformity ( cont)



\

A new model :

Probability distributions : get samples

←
Known

Discrete Domain D s.tn/Dl-- n
D

l
pi

-

- PrEp outputs i] ←unknown
H

this is { iid samplesall
we

see

Examples : lottery data

Shopping choices

experimental outcomes
•

0

What do we need to know ? is it uniform ?

high entropy ?
large support ? (many

distinct elts
with > o probability)

monotone increasing ,
K-modal ?

K - histogram ?



Methods ?

learn distribution
Xh- test

plug-in estimate
Max likelihood estimate

Goal i sample complexity sublinear in n

,
domain
size



Testingvniformoty-yunieorf.FI:D

goal : if
p ' U , then output pass 47*1714

if distlp , Up) - E then output FAIL
-

which measure

of distance?

l
,
,
la

,

KL- divergence, Earthmover
,
Jensen- Shannon

. . . .

V
today's focus



Distances
-

l
,
- distance : Hp - of " , =§⇒lpi

- fit
f- distance : Ilp - qllz : Tiff

Hp -glhtllp-flliern.llp-g.kz
examples :
① p
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- 4,010,0 ,

. . . ,0)
" "

§ Hp - qui ten -NH=2
"

p-qllr-C-tnttln-ilfnd-lq-ltni-n.tn,
. - ist) G
#
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- ( E. ZEN

,
?a

, 0,0,
.no) z-ammmallp-glli-n.hn - a

q-toig.no#Fniu4z. imma "r8"i=n;÷÷¥÷÷÷;



Via
"

plug - in
"

Estimate :

• take m samples from
P

# times × occurs in sample
• estimate plx) tix via ptlxl ---m
• if § tph)

- tht > E reject

else accept

How many samples ?

can
" learn " ( approximately) any distribution wit

.

L
,
distance in GIFs) samples

I



Lets consider La- distance ( squared) :

-

Hp - Ua, 11: =

i
? (Pi - tnt = E (pi -

''

Pitts)
cm

uniform on

iv. n
= Epi - z Epi t Eat-

w u

for p
-

-
U :

=L
In

uplift = Epi - In a

for ptu :
in
#collision prob otdiYfnt on -114,11,

collision prob of
we know this

Kpk;> th p : lipka -- Prs,+efs=t]
-

- EP!
since we known

= ftp.KI - Huangdi

Algonthmtoestimak :
① how big is

s ?

② how
to estimate

?
• take s samples of p
. let Ee

.

estimate of HpHf from sample
③ what should

or be

• if I et to pass
else fail



How well do we need to estimate HpHf ?
i.e

.

what should or be ?

Assumption * : IE - Hp " :/ so
← this is our parameter-

will take enough that determines
whether

samples sit .

our approximation
is good '

this holds with

prob 2314
recall :

What it 8 holds with o
.

- za ?
Hp -knife Kpk

- Menil:

• it p
-

- Ucn, then de Hua,# + Ia ⇐ In + Is so
if va E- II
test should PASS

• if Hp - Ucnzll ,> E then Hp - Uan, "I > E-
but llpll: = Hp - hails + In > e

-

the
so
if we use

F-If
+ * ⇒ I > @ + In ) - Ia = In + In test should FAIL



How to estimate Hplhi ?
-

Naive idea :
. repeat several times :

• take two samples a set ya. ← { I
if two samples equal

O O
.
W

.

• output average of Xi's

Better idea :
"

recycle
"

use all pairs in sample

gives Elk') samples of collision prob from k samples
of p

• Take s samples from p : Xin . Xs

• For each leicj es

bij ← { ' if Xing. } big's are
not independent

⇒ calf lyse
Chernoff

O O .
W

.

° Output E ← Eight



Analysis i ECE ] = fgy.EC?ejboij)--zsyEg.EC6ijI=4IayEC8ij3=Prl6ij--D
= HpHf

Pr [ IE - 11pm:/ > p ] E Var Chebyshev 's t
recall Varlx]=EUx-EW]

Var [ E) = Igp Var ( §, big) by fact : var Lax) -

- a' Varlx]

-
\ need to bound

difficulty : bij's not independent

Lemme Var [ §, bij)
I kill pili t 4 ( ( sa) 11pm:P'

so Vari ) is o ( "III t 'HII )



Lemme Var [ §, bij)
E Hpk: + 4. [ (3) Hpu:3

"

Fat
del Ij = fi ; - Ecg;] ⇐ trick: rewrite variance as EKKI?) " °

why? Var [Eti;) -- EUEI;
- ELE EIN)

so El Ej) -- o =

E Oi ;
- EC6ij3T

Facts : = Var ( E bij)
• El Ij fee] I E- ( bij Oke)

s, can equivalently
bound

• ⇐ pan
' )"' E pix)

')
"
' var [ Eti ;)

• s
'
s 3 ( sa)

• Isle %

( verify @ home)



Leme Var [ §, bij)
E (a) Hpk; + 4. [ (⇒ Hpu;y% / ki ← E'

o : ? "i

dei Tig. = fi ; - ECG ;)
Proof
-

so El Iii ) -- o
Va.ca?g6ijJ--Varl.&jkjI=EfhEjtijY ] Facts :

.e[ Ej EEC6ijo.is

=E[ §.fi?t&gEj6Iet?jEiEietEtij6ig.

. ⇐ pail's ' ⇐ pail
"

icj

①

③ µ , ,,a,, qq.a.gg, µµ, ,,
, ;÷;y;€

+ ÷ . tie )
⑤

Lets bound each term : ybij.gg. since indicator var

① EL ?gEj7 EEL Gif ) = Hplk
'



② ELE Ijf. ] ' { ECE;] - EEE
,
] =o / ki ← E'

o : ! "i

icj
Kal dei Tig. = fi ; - ECG ;)
all distinct #

this is
where the

trick helps
-

so El =o

gets rid of
lots

of terms
Facts :

. eqfijf.ae] E El bij Oke)

③ It similarly ④ t⑤) . ⇐ pail's s pm)
"

E !!!! ' tektite" ?µP÷:
''
e' :÷!%

⇐ (3) g. php expected .ua#y collisions

E ( §pH7
"'

J by facts .

a- Eats)"241pm; )"



So
, Varcijbij ] -- Varig.

I;]

⇐ (E) Hpk: to t3.EE/lsdllplb73k--Ca)llpllit4.LlsdHpEd"

pg



bij ← { 1 it Xing.
O O .

W
.We have :

va.ca . o ftp.i.LI ) i←÷÷f
where S= # Samples

Put into Chebyshev with p
-

- EI :

PreK - Hpllil > IIE Var{.y
C- const .HpHf t const . F. Is . Hpk}
F.Ty - w

~ also want this El

Wayt,
this

z , 41

needs -- rue)
so pick SERGEY

BITTER CONSTRAINT

Note can get better bounds sis
ardent of

" ! f¢¥"I )indep



recall :

How to estimate Hp - UH
,
? " p-knife Kpk -Malli

1) Hp - UH ,

-

- o ⇐ ftp.ulliio ⇐ Hpl# fi

2) if Hp - UH ,
> e ⇒ Hp -all, > Ern
⇒ Hp - ulli - In .

⇒ Hpv: > It In

so either additive estimate of Ipkf to within aid
or molt estimate of "pkg to within

fit. If)
suffices

turns out that picking # samples 577M¥ suffices

s -

- Ofrn)



Generalizations i Given another distribution q ,

is peg or is p
" far " from q ?

tfocos on L , distance

1
.

"

Identity Testing
"

q is known to algorithm ,
no samples of g needed 3 focus on

sample complexity
but runtime can

be made similar

z
.

"

closeness Testing"
Dp Dg

q is given via samples
t

"

t

Will see more on these soon
what is
complexity

( e.g .

Pat
,
lecture

. . . )
in terms ??



A difficulty in analyzing distribution testers :

typical algorithm :
e.g . 5=22,513,333

take m samples { s
,
.
. . Sms -- S

'

1/2--113=2
problem : let Xi : # times i occurred in sample

→ Xy= I

Xi 's are : all other Xi=0
not independent o

e.g . if Y
-

- mzti
thanx
,
- E Poi (x) : PrCx=kD=e

k !

Can we make the Xi's independent ? Poissonization ECx]=VarCx) -- y

new algorithm :

For each ie Cn)
in ← Poilm) ②

① Take in samples to get § equivalent Xie Poi ( m . pi)
^

,
⇒ add Xi copies of i to

let Xi : # times i occurred in S sample
• Randomly permute the sample
•

g

O O

Goo



why equivalent ?

Pr[Xi -- C according to a] = ,⇐Pr[ in -- k] . (E) a pic - U - pi)
"

xn pork)

Prlx=kD=e
= E II

"

."
.

. pi.ci - pin
"

k !
K-- c K ! Efx]=VarCx) -- X

W

-

- E. mhm
"" I'm

de -4 !

# = £54
"
'

= em
"-pit

= e¥pii = empicm.pl
'

= Pr [x; :c when Xi - Poilmpil]

= Prlxi -- c according to GD



Another difficulty : Hplla can be large

eg . uniformity Var[ E ) = 0 (
"PSII t "PII )

test
statistic

#

info
i ,
←

on
new domains

Goal : transform distributions Aq p ,q sit
. Hp

' 'llat Hf
''ll
,

small

give

refugium {
t

pop
⇒ pkg

'

small Hp-gkpe ⇒ Hp
'
-

g 'll
> E

Ly- norm
comment :

q may
be " known

"

or given
vra samples



Transformation of p :

I ← Draw poi Ck) samples from p over domain In]

bi ← # times i appears in S
' fifth]

fi add bitt elements to new domain
'

Ci , j ) where je ( bitt]

New distribution p
'

: pick ie P } p' lijyt PCI
pick je:[ bitt) bit , #

samples

output ligj) t
size nmtn

A- 5 f
domain of piste] domain of P

"
" l

caps
,
12,3) ,Example :

e.g . 5=22,5%2,33
13,143,2413131 ,1/2--113=2
(4,11 ,Xy = I

all other Xiao (5,1) , (5,2) }

pl is
"

mixture
"

of uniform t observed : p
'

2. U th -D. pin's
distribution



bi ← # times i appears in S
' fifth]

P
'

:

Pj:c: I:P, ", } p' high / Claim : Eliphalet
bitt

output bi,j)
-

why? Eclipse] -

- El ?!
'

p' la;D
'] -

- EEE.fi!
'

n )

= EC ? 'i÷÷, ]
± ? f÷fI, -

- it
*


