
Lecture 17 :

Testing monotonicity
of

functions



Property Tesler for Monotonicity:

Given List yi
. - yn

Output sorted ?

if
,

if yieyaa . . . syn output PASS (with prob 2314)

if y , " . yn E - far from sorted ← need to delete Khang
En entries

output FAIL (w/ prob 2314)

example
sorted I 2 4 5 7 11 14 19 20 21 23
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Property Tester for Monotonicity:

Given List yi
. - yn

Output sorted ?

if
,

if Yaya 's . . . syn output PASS (with prob 2314)

if y , " . yn E - far from sorted ( need to dekkkhange
En entries)

output FAIL (w/ prob 2314)

example
sorted I 2 4 5 7 11 14 19 20 21 23

close I 4 2 5 7 11 14 19 20 39 23

far 45 39 23 1 38 4 5 21 20 19 2



Easy case : Yi c- 90,13 Hi

0000000011111 , , , }
Hw ⇒ poly (E) queries

0001000 111011111

Comments:

•
definition of close :

delete us
, change } make sense over lists

T T possible with same query complexity
easier

• why is this a teth ?

Yi ' - yn →
flit .

. . fcn) 3
" delete

"

def of closeness

doesnt make sense



First Attempt : Given y . . . yn

Proposed algorithm :
"

neighbor test
"

Pick random i
,
test yieyit ,
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✓
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First Attempt :

Proposed algorithm :
"

neighbor test
"

Pick random i
,
test yieyiti

Behavior :

passes good inputs
✓

fouls " far
"

input in example :
45 39 23 1 38 4 5 21 20 19 2

Fail Fail Fail Pass Fail Pass Pass Fail Fail Fail

bad input for test :

¥4 - far from →
I
,
2,3

,
4,5, . . . . I

, ,l , 2,3 . - " I
,
1,23 . .

- ii.F. 1,23 . - - F
,

monotone p p p p p # pp p . .
- p # ppp . . - P # PPP -

-
-

i

only 3 choices oft fail test



Second Attempt :

Proposed algorithm :
"

random pair test
"

pick random icj , test yicyj
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Second Attempt :

Proposed algorithm :
"

random pair test
"

pick random icj , test yicyj

Behavior :

passes good inputs V
Fails a lot of pairs in :

45 39 23 1 38 4 5 21 20 19 2

bad input for test : no
, groups

of 4 decreasing elements

413,2 , I , 8,7 , 6,5 , 12,14149, 16,15, 14,13, in .

- - --

• largest monotone subsequence keep El ett
from each group ,

size c- My

⇒ Z
,
- far from monotone

• to fail
,
must pick i ,j in same group ⇒ prob Eth

it take rn etfs tcheh in order
,
leads to good lest



Minor simplification :

Assume y , . . . yn distinct fit j , yi # yj

Claim this is wlog
why ? old trick

Xi"Xn → (X
, ,DCXq2) - - - (Xiii) - u .

( xn
,
n)

T
" virtually" append login bits describing "

i
' '

to each Xi

( at runtime)

break ties w/o changing order

Xuiexit, then Lxiii ) ! ( Xiu ,
ith

Xi -- Xie ,
then (Xi , i

ith

z



It test : given y , " - yn
runtime :

Repeat OCI) times Oltilogn)
Pick iercn]

2- yi
do binary search on y , - ' yn for 2

if see inconsistency FAIL shalt

T

e.g . left > right
if end up at Ioc jti FAIL that

Pass
i i 2 3 4 5 6 7 8 9 10 It

sorted I 2 4 5 7 11 14 19 20 21 23

close I 4 2 5 7 11 14 19 20 39 23

far 45 39 23 1 38 4 5 21 20 19 2



Why does it work ? Repeat Oltl times

• if Yi - gas . . . Lyn always passes
Pick iercn)

Tere we use
2← yi

• To show ! distinctness do binary search on y , . . yn for z

if see inconsistency FAIL shalt

T

if need to delete - En Yi's to e.g. left > right
if end up at toe jti FAIL that

make monotone then fail Whp

equivalent : if likely to pass, then e.close
to monotone

def i is
"

good
"
if bin search for z ← Xu. successful ( no inconsistencies on way

l find 2 in loan i)
index

restatement of test : Pick Otte) i's ttcst that they are all good



def i is
"

good
"
if bin search for 2 ← Xi successful

Main Observation • set of good elements forms increasing subsequence
#

*

Proof : for icj both good,
let k be

" least common ancestor
"

in binary

÷??"i! search tree

IT when hit Xia
Ii

•
Search for Xi goes

left )

since i,j good . . .
. .

×,
a

right
} Xis * k - Xj

⇒ xiaxj

all pairs in right order ⇒ whole set in right order pan

Need to show test passes ⇒ set of good elts is large
I

set of bad elts is small

claim if 7- E fraction of i's are bad
,
then test fails with prob 2314

⇒ if test passes , can assume Le fraction of badi's
.

{ ZI-E ul l ' good i 's



def i is
"

good
"
if bin search for 2 ← Xi successful

Main Observation . set of good elements forms increasing subsequence
#

*

Proof :
for icy both good ,

u µ
let k be

" least common ancestor
"

in

÷! binary search tree

Ii when hit Xk
,

since

search for ya. goes
left

Yaixj good

Xi goes right
} ⇒ Xicxksxj

Bas

Need to show i test passes ⇒ set of good elements is large



lower bound : ( idea)
.

.

n

'

ollogn) query monotonicity tester
Assume r

r

F i
. . .
itc st

. very unlikely to queryn Xin
,
st

.

it Co . . . log D
.

.

-
r

'

z
't
e j

- r zit
7

.

-

,

0

&

gma
, group

.

.

.

pick i.qmgngr.sp.ae
f-Ii) f . . PASS

&,

"

a
.

' show implies a if piohvirj in different
-

'

unlikely to be medium group
i.

.
in different smell PASS,↳÷µ

. gar gram magna
ahmet group ;



Monotonicity over Poset :

del f is

"

monotone over poset P
"

if tf Xdy , then fix) Etty)

examples : ( represent via days)

• bipartite poset

:&.gg#iqjiqin!7matnowedO O O O O @



• hypercube 4 , " , . . .. , ) top level : all "s
air

lol "€¥"¥iuo annoy kvedmni , is

(001M ) ( 0101M
a

X→y a

(bimba,obit , . - bn)→ (bi - bi -ilbitibn) o

( looooo ) (010000 ) -

- - - . (00001) level 1 !

I l 's
or a -0 . - . Or

x.
IMPORTANT

→
#

( 0000 . . - o )

this.ie?oset*dne;cribes monotone ④



H.W. : show testing monotonicity of arbitrary

poset can be transformed into

"

equivalent
" monotonicity testing problem

on bipartite poset.
#

monotonicity of functions on

a sense in which testing ✓ bipartite
possets is

"

complete
"



If can test monotonicity over poets, can also test :

1) Given 2CNF formula along with assignment A -

- Ea
,
.
.
- an } an.e{ IF }

• PASS if 41A) -- T szwhp
• FAIL if FA ' st

. ATA ' e - close
, HIA ' ) -- F

2) Given G with UEV

• Pass if U is vertex cover

• FAIL if th '

sat
.

U E - close to U
'

,
U
' not V. C ,

w

3) Given G with UEV
'
# nodes in

U' ou een

' PASS if U is clique
• FAIL if tu '

st
.

U E- close ton
'

,
u
' not clique



Thin For bipartite graphs
can test monotonicity in ONE)

PI ,

how .

bipartite small

Thin test requires
ht

,
for Voorst L

, queries nonadaptive

opens improve
to 2=42

adaptive case ?



Grids :Timetotestf
:[n]x[ n] → (m] Oltelognlogm )

non.↳
f :[rid -3cm) Ofdzlognlogm)

f : 2K> { gig Of 'fo÷gu, polyllogd))
d. ( d

") even for adaptive


