
Lecture 18 :

Lower bound techniques



How to prove
lower bounds ?

easy ?
sub linear time algorithms see very little of input .

difficult? sub linear time algorithms are usually randomized
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Useful lower bound tool :

Thou .

average case
Yao's Principle : Given distribution on union of

lower bond "

positive "( Yes,pass) instances t
"

negative
"

( No
,
FAIL) inputs,

I such that any deterministic algorithm of
query

randomized worst complexity is incorrect with prob 2113 on

case

"b ' inputs chosen from D
,
then t is a lower bound

on randomized
query complexity .

(Proof omitted) ( see Wikipedia)



Bob
Determinist#putt . . . . Yar

*. :÷:*:DGame theoretic view : inputs ,

Alice selects deterministic alg A

Bob selects input x } payoff = cost of Atx)

randomized algorithm ⇐ A picks random deterministic algonfhA selects ( includes
.

random bits)
-

Von Neuman's minimax ⇒ when A randomized
,

a randomiced Bob can do just as well
- as when A
distribution on inputs deterministic

⇒ if want to show 1. b
.

need only show a

"

bad" distribution

on inputs that is
"

hard
"

for any deterministic algorithm



Example application of Yao 's method :
-

L'PAL = { w/ w is w=VVRuuk } concatenation of 2

I um# palindromes
Cig .

000111111000011100 001110

ee

-

V,Vznu-VkµY←inV?M/UiUz""lUz

Note that testing PAL - { w/ w
-

- wk} is
"

easy
"

pick random i
,

if wi # Wnw. FAIL

Can test 2PAC in Otr) time

can you
do better?



Thi
any property tester for HAL needs Jn queries
e.y .

if d- satisfies tf XE 2 PAL
,
Pr [ Atx) -- PASS] -72/3

&

FX E-far from 2PAL
,
pr[Atx) FAIL] -22/3

than A makes Itr) queries

Pf
-

'

plan
'

. give distribution on inputs that is hard for a1 deterministic

algorithms using own) queries .

Yao ⇒ randomized I.b
.

of Rtr)



Distribution on

' '

fail
"

inputs :

F- = random string of distance Zen from LPAL

"

Distribution on Pass
"

inputs : ( wlog assume 6th )

P .

- {
l

. pick k Er [Ftl , F)
2 , pick

random v,
a set

.

1H -

- K

3
. output vvruuk

Ink
2

note : some strings can be generated by multiple K 's

e.g .
-all . . - u 1

Bad Distribution : flip coin

D= ( ht ; output agreeing t.o.IE



Assume deterministic algorithm A

assume
no

"

repeats
"

along
describe qveryloo.at path
via

pro depth of decisiontree

query
tree : it.se/eYi- fee ist

(for inputs ty off gwlog assume all
of size leaves have depth t
" I

. ) complete .be ;narg
each input tbolhnowchsexactb ' Lt root - leaf paths

reaches leaf
,
which is

g .

hopefully labelled . . 4

by correct answer o i
°

gwfrobcm.ec:L:L
!; each

^ leaf given q¥futdstD④ ④ ⑤ ⑨ ⑤ . -

- t

suppose wEr{ 0,13
"

: Pr ( w reaches leaf l] =L



For each leaf l :

E
-

(e) = {
"wats c- 2913

"

set
.
distlw

,
2PAC) Zen t w reaches leaf l}
-

w should Fail

Eta ) : { inputs e 20,1512PAL t w reaches leaf l}
-

w should PASS

Total error of A on D :

=

e?.in?rweolwtEIDtf&..ngPnweolwc-EfUDT should PASScorrect
T unsww

output of is
Ford

leaf



I

For each leaf l : I Total error of A on D :

E
-

(e) = {
"wats c- 2913

"

set
.
distlw

,
2PAL) Zen t w reaches leaf l}

"

-
I

w should FAIL

f

=

§p.sn?grweblwtEpTlDEtlll--{ inputs c- 291512pAL t w reaches leaf l} I should Fail

I

Thorold PASS !
t { prwey[ W E Etch))

"FailinyshIddPks#
Claims it t -- och

,
fl at depth t gsoguo!

""

up

"PII' all leaves

Prof we E-
H)) Z Cz - old ) It But each leaf

' Timok hlzuprobrthntwnjwpdrs reihl has to choose

a
label so

will be wrong

claim 2 if t -- own)
,

V. l at depth t g go
PASS inputs

on
almost

show up
at all leaves

- ya inputs
Pry [ we ETH )) Z (

'

z
- 04112

't

thatreffh
-

Total error of d- on D :

= [ ( ta - old ) 2-
t TE ( ta - old) 2-

t
z ta - oh ) > > I

l
l Be

passing failing



Claim if t= och)
,
f l at depth t F- = random string of distance

Prt we E-
H)) Z Cz - old ) 2-

t § Zen from 2Pac

so
"

Fail
"

inputs p =
I

, pick k Er [Fett , Az)
2 , pick random v,

a

proof ; show
up at all leaves set

.

H -

- k luk

Plan : { 3
. output vvruur

2

:
"

"

""

infamy
"

.
.tn#a+..n..o--g:ti:::ito..:....:.inst:r

( each loan has random bit
,
so go kftlrrght

with equal probability )
a

⇒ prweu[WEEK] -- II! -- 2- t
✓ Etten ¥

But how much can distribution on leaves change using F ? :

y ,µ, qq.am
,

g.µ,. *
u, µ÷¥.y

choice 's

# words at dist een from 2pm E bing.az?o(ni)E2nkt2Ekgt
"

g very few



so E- (f) 22
" - t
- 2¥ +"'9¥ "

= ( i - oh)) 2
"-t

since teens

T t
# strings

in
# words notinf

u
that
row

assume Ecc 48

t is ocn) } so
1st term

swamps
this

so Prp[ WEEK)) z
'

z
. Pre [ we Elli]

= Iz lE÷H z Cz - old)5t



Claim if t -- own)
,

fl at depth t

Pry [ WE ETH )) z ( ta - 04112
-t § F- = random string of distance

Zen from LPAL

so

"

PASS
"

inputs
p , I

, pick KERMIT 's 's)
show

up at all leaves 2 . pick random Yutoo plan : for
every fixed { z

.ftp.YIIuuhnt-ttts.etostn.gr?n9ueIIeaI'otfouowthe path
. msn.in?iton..:+acc:rainst:epL

how many strings agree
with leaf l ? 2

how many
n-bit strings in 2PAC agree

with leaf l ?

72k - ?' - ?? lot

⇒difficulty : oooo ii. ooo .÷,.,
Fix Keio i should see some value at Lily ④ ⑤ ⑦ ⑥ ⑧ .

3,8
E

.
.Lots of dependencies Maybe no string in 2PAC

follows the path?



P =
I

. pick k Er [Ftl , Az)but k is picked random 's ! in H"" " ' {;.Po÷¥µi÷II!u÷iIhope: paths that pair up dependent queries
for one K will do badly on

most others ?
a

QE 492413,63Consider leaf l
, ④ 44

I
Qe ← indices queried along way ⑥ :

yp.mg , ,g, , q ,

um, ,,µµ, o, § ①,÷¥.,
K

"

pair
"

them : I? ⑥

at ⑥
"¥124 it p ipicked k that pairs qirqz then all bets oft

q. qn

⇒ # choices of k sat
. nipa in Qe symmetric around k or hztk
-

Z Y - 2. ft) = ( i . oh)) ng
good K

T

1?



Claim if t -- ohh)
,

fl at depth t

Pry [ WE ETH )) z ( ta - 04112
-t § F- = random string of distance

Zen from LPAL

so

"

PASS
"

inputs
p , 1

, pick KERMIT 's 's)
show

up at all leaves 2 . pick random viatoo plan : for
every fixed { z

.
osutput

"!:{ In
" "

÷

:÷÷÷÷÷÷÷÷÷"÷i:: :: .. .÷i÷÷+.÷÷⇒÷
how many

n-bit strings in 2PAC agree
with leaf l ?

22k¥ ? ? ?

# choices of k sat
. HI PII in Qe symmetric around k or hztk TX
-

If - alt) = ( t - old) (T ) " Good " K ¥
9

soprpcweetar-EEM.IE?rPIY:T7.tueetu' o÷iio
'

Z [ 4- 0411461.2¥ = ( i - omit


