
Lecture 19

Local computation Algorithms :
Maximal Independent set

Maximal Independent Set :
not -7

•
maximum defy us v is a

"

Maximal Independent set
"

(Mls) if

NP-complete ( t) V4M2tU ,
U ' 'm *E ""tma×m(2) F w C- VIU sat

. U * Ew} is independent

Today's assumption :

G has max degree d

Note : Mls can be solved wa greedy Ct NP-complete)



Distributed Algorithm for Mls : Maximal Independent set:
"

Luby's Algorithm
" ( actually a variant) det usv is a

"

Maximal Independent set
"

(Mls) if

(1) Fu , ,uztU ,
lui

,
und ETE

. µ,g←y €q±uµgq,
• all nodes set to

" live
"

• repeat K times in parallel :

• tf nodes V
,

color self "

red
"

with prob z Id ,
else

" blue
"

.

Send color to all nbrs
.

•

If
v.colony, seu

't ''

II
'

'm;
no other nbr of v colors seared then}• remove v t all nbrs from graph ( set to

"

dead
") rounds

( for purposes of analyses, continue to select selves after die,

but don't send color to nbrs)

The Prf# phases til graph empty z 8dlogn] Eth

Corre EC# phases] is Old login) ⇐ can improve !



• Mls ←y
• all nodes set to

" live
"

µai¥a
. repeat K times in parallel :

Pr [V live t added to MB in round) ?¥d . f- nodes v
,

color self "

red
"

with prob z Id ,
else

" blue
"

.

Send color toallnbrs
.

•

If v colors self "

red
"

t no other hbr of V colors self red then

colors self reassign
:a!mdon:YaMinbrsfrmg.pnc*+oaeaa

Pr[ any
we Ntr) colors self red) Ew§µµt2d (union bnd)

E t (bound on degree)

2.
: Pr( V colors self red t no other nbr colors self red]

Z tzd ( t - ta) -

- Id
DB

⇒ Corre Pr [ v live after 4kd rounds) E (t#d)
""D=

e

-k

Setting K : - ollogn)

if K -
- Old log.nl , Prlv live at end] Ee -

- Inc

( can do better)



See slides for

Local Computation Algorithm. ( LCA)
model

Problem when sequentially simulate K- round algorithm

get d
" complexity

K -

- Ollogn) ⇒ not sub linear

what to do ? run fewer rounds
←

is it ok ?

many nodes will not be decided yet



Luby :
Local Computation Algorithm to .ms .- p

• all nodes set to
" live

"

compute Luby's answer : HL,by
. repeat K times in parallel :

status
"

. tf nodes V
,

color self "

red
"

with prob z Id ,
else

" blue
"

.

Send color to all nbrs
.

• Run Lubyµ§undg •

If v colors self "

red
"

t no other nbr of v colors self red then

• add v to Mls

a, e.yea, no, y , one of ,
..m..,.a,,.,.µg.µ,,,..w€

' l '÷÷ :.ms#:t:::d:;:::did
• Use

"

Parras - Ron
"

reduction !

^ Ofdlogd)
simulate v 's view of computation in sequential manner .dk. da queries
t determine whether v is livelihlnotin degree

" Hounds
• if v. is inlnotin then done

else vis alive ← what do we do?



Questions :

what is prob v is alive?

How are
live nodes distributed after Oldlogd) rounds ?

alive

o o

f
dead

lots of live
,
few dead ?

o%°! No !
O O O o

O G o
O G O Pr[ v survives Oldlogd) rounds]

o O O
- Ollogd)

C- e

as I
d
'

Most will
"

die
"

← don't worry
it wont be

painful !
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surviving nodes will be in small connected components



surviving nodes will be in small connected components
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This relies heavily on degree bound of graph
• # Conn subgraphs small

• survival of components x independent



Luby :
"

Luby status
"

Luby with k€0 ldkgd) :

imaiiiide
, set to alive "

given
V
,
is it : . repeat K times in parallel :

• tf nodes V
,

color self "

red
"

with prob z Id ,
else

" blue
"

.

Send color to all nbrs
.

' { qygyg ⇐
set self to red t no nbrs did

.

If u colors self "

red
"

t no other nbr of v colors self red thenwww.yynwggyy.ueyy.qy.a.g.mg.pnwi.me
-

LCA for MISH : Runtime

gold toga
)

• run sequential version of Luby status (v)
• if it is input output answer that

• else
, a) do BFS to find v 's connected component do

'd! :S! of
componentof live nodes

(2) compute lexicographically list MIS M
'

for that connected component size of

component

(3) Output whether v in loot of M
'

what is
size of

component?



Bounding size of connected components :

Claim After Oldlogd) rounds
,
connected components of survivors of size e- ftp.olylogldltogn)

⇒ can find whole component via Bfs

'
'

brute force
"

Main difficulty : survival of v t neighbors are not independent



Luby :
Bounding survivors : .ms .- p

• all nodes set to
" live

"

Av I { l if V survives all rounds
. repeat K times in parallel :

• tf nodes V
,

color self "

red
"

with prob z Id ,
else

" blue
"

.

Send color to all nbrs
.

O O -
W

.
•

If v colors self "

red
"

t no other hbr of V colors self red then

µ , g
, , , grand g,

,

www.wqgyyg.ggyyweyyqy.g.g.mg.pnwi.me
° O

-
W

' colorss- might not mean that VENIS

Note : Av -

- I ⇒ Br -

- I e.g .
it v died due to nbr being put in Mls

e.g, v survives
⇒ Tf round Sf , V colors self t no WENG) colors

,
self
← these events

are independent
c. dloogd

E tgdsPr [ Br -- I] E ( I - Id) for CZ 20

-

prob survive one round



Luby :
Bounding size of connected components : .ms ←p

• all nodes set to
" live

"

Av I { l if V scarvires all rounds
. repeat K times in parallel :

• tf nodes V
,

color self "

red
"

with prob z Id ,
else

" blue
"

.

Send color to all nbrs
.

O O -
W

.
•

If v colors self "

red
"

t no other nbr of V colors self red then

µ , g
, , , grand g,

,

ygqy.gg#g;gyy..yyqym..g.mg..pi.,,.,...a..
O O

-
W

' colorss- might not mean that VtMls

Note : Au -

- I ⇒ Br -

- I e.g .
if v died due to nbr being put in Mls

e.g, v survives
⇒ Tf round Sf , V colors self t no WENG) colors self

we care about Ar's but Bu's have nice independence properties
# distance 3 :
L •t .

ooo
# "

Bu depends on Bw '

v

2

- B-
u depends on Bz

'

distance 2 :
But Bz depend on

but But Br indep !

W 's Loins so net dyed ⇒ each Ba depends one of
independent

'

other Bw 's



Bounding size of connected components :

Claim After Oldlogd) rounds
,
connected components of survivors of size e- ftp.olylgldltogn)

⇒ can find whole component via BFS

'
'

brute force
"

Proofidea :
. any large conn component has lots of nodes do we

that are independent (distance zz)
need to

• these indep nodes unlikely to simultaneously survive
} " "on bnd

over all
sets of sinew?

NO
=



Claim After Oldlogd) rounds
,
connected components of survivors of size e-

ftp.olylgld/ilogn)Proof
Let H ← graph St

. nodes n Bv

edges ~ Br a Bw distance 3 in G

-

represent independent
events ! !

deg CH l E d
'

• f Observer : # components in H

goof |•)e of size w

9 / e

-
-

•- :B--⑧-@ • • @ @

A b e d a b e d # size w subtrees

in H

G . H why ? map each component C

to arbitrary spanning tree
not even connected ! of c

Great ! we
are good at ⇒ mapping is I -1

country trees
!! but could have many spanningtrees

per component



How many subtrees in a degree bounded graph ?

← ignores
names of

nodes t
root

Knhn I non isomorphic trees on w nodes E 4W
(just shape)

← considers
Corr # size w subtrees in N- node graph of degree ED names

of
- nodes t

is E IV. 4W . Dw = N ( yp)
w root

choices
why ? . choose Root in H N

o. choose size w tree (shape) from known than 4W
• choose placement in H D choices for lstchdd

it
"

' '

2nd it

a

total # choices : N . 40W
. D

w
:



Claim After Old log d) rounds
,
connected components of survivors of size E ftp.olylgld/ilogn)

Proofs Let H ← graph St
. nodes n Bv

•

edges ~ Br a Bw distance 3 in G

• deg CH l ' d
'

representindependent events ! !
• # components in H

z # size w subtrees E n . HEY
of size W

in H

• Pr [ node u survives) E gtdz

Pr ( component of size w in H survives] E ⑤d)
w
← since independent !

Pr ( any component of size w survives in H] t ntlgda.gl! = hzw
⇒ for w= rllogn) ,

.
BCF surviving component of size win )

E th
. what about G ?

Component of size aw in H ⇒

Component of sizes w . d
>
in G

So unlikely to have any surviving component of sire rCd%gn) ,gg


