
Lecture 21

• Self - correcting for linear fetus

• testing linearity



Linear Functions :

f : G → H GH finite groups
with operations to ,t*
-

closure, associative , identity , inverse

f is

"

linear " ( homomorphism) if

FX,yEG flxltflyl -- flxtgy)

Examples of finite
groups

: G = Zm with operation
"

t modm
"

w

{ 0,4 . . . ,m-13

G = Zmk with coordinatewise
"

t modm
"

Ii!xd each Kiely . . . ,m
- i}

Examples of homomorphisms :
flax fate)=EaiXimod2

-

- ( Xi"XnHµ÷q)flxto

Axle axmodq



def f is

"

linear " ( homomorphism) if fx,yEG flat" fly) -- flxtgy)
-

dei f is
"

E - linear
" it t linear fan

g
s .t

.

f- toy agree
on Z te fraction of inputs ,

I

Pr×eg[ fly
-

- gud] ZI
- e

else
,
f is

"

E - far
"

from linear



gong,
X that works

A useful observation :

1¥

tf a,yeG Pr×[ y
-

- atx ) = to, a y

since only x-- y
- a satisfies equation

⇒ if pick XERG

then Atx is unit dist in G (atx EKG)

example :

If G =

z
" with Operation Caiman) tlbimbnl

= ( a ,①b , , aztoba , . . .

,
an⑦ bn)

then
( olio) t ( b , bzbz.by)

= ( 01-04
,
Hobs

, Hubs , O ⑤ by)

is distributed uniformly if bi's are

why? e each corord uniform
• bi's indep ⇒ aitob 's indep



Self-contained : also known as
"

random self - reducibility
"

←
aotgiveng ,

Given f sat
.

I linear g St
. Pr×Cfhd=g 27/8 just f ! ! !

-

this just means fog
Can compute glx) tix : agree

on ear of inputs

for i -- I
. . clogtp

| "

and:we?¥fytH*y, ⇐

Ye
: xyisguonitserd:#mover group

Output most common value for answer

claim : Prcoutput =gCxDzI - p

¥
'

Prl fly) f- gly)) E Yg yeah
answers

-

- gcxl with probity
⇒ most common value = gcx)

Pr[ flxyttglx- y)) C- Yg with prob z tf
i

. Pr [ flylt fly-y) t gly
) tglx- y) ] c- Yg ( Chernoff)

-
-

answer, =gcxl since g is
linear



Linearity Testing-

Good : Givenf

• if f linear
, pass

• if f E- far from linear
,
fail with prob 7-213

in

need to change value of f- on Z E fraction of domain

equivalently, kg
linear Prxep [ flxltglxl) # E

Propost
do ? times :

pick X.yea
G

if flxltflyl # ftxty) output
' '

FAK
"

that

Output pass



Behavior of Test
-

f linear ⇒ always passes
/

if f- E- far from linear ?

to show ( contrapositive) :

if f likely to pass then f is E - linear

(equivalent : f e- far from linear ⇒ f likely to fail )



Plane

• it f E- close to linear then fth
g you get from

self - correcting f :

gun. majority [ f¥Ef 'D)
y's

vote for glx)
will be

4) linear

(2) close to f

• it f not close to linear
,
then no guarantees on glxl

but it test fails rarely , then you
do get guarantees

e. g . • most x satisfy this majority ( flxtyl - fyi]
• it x satisfies does xty ?



E

m

Thin Suppose 8=Pr×,y[ftxltflgttftxtyl)
-¥ Then f is 28 - close to linear

# times we do In test needs to be. ) so ⇒ the
11

red

Proofs let
g
be the self - correction of f :

def gcxl = plurayhty [ flxtyl - fly)) ← break ties arbitrarily
~ will show : no ties

y
's role for

fun

ith

det X is f - good if Pry [ guy : flxty)
- fly)) > I- p

- -

measure of > I-
p >

'

z fraction of y 's
how much the

vote won by agree
on vote

⇒ for good x , glx) defined via majority
element



JI Pray Lftxltflyttftxtyl)
-¥

First :
g
of usually agree def gun = plurayhty [ flxtyl - fly))

claims : for paya detx.is#giodifPrfxty-fyDp -

p

Pr
,

L x is p
-good tglx)

-

- fled] > I- Ip
⇒ fraction of x for which fog agree

is > I - 28 > Yg
ur

path

Pf of Claim 's
- ally's

i f if ffxttftyttflxty)ii. Prgcflxitflxty' - ft'd) ways -

- ow .

if Lx - path then X is

p
- good tglxtflx)
-

Exldx) -- Yg , ' ×§g Pry [flxltflxty) - fly)) Fraction of ± in matrix -- or

= Pray [ flxltffxty) - fly)] = f E [ fraction of t in row) -- 8

Fraction of rows with > c. g
so Pr [ 2×2 p] Edp is at most Yc (Markov's t)

Koto Om



Second : show
g

" is a homomorphism
" 8=Pr×,g[ftxltflgttftxtyl)

- ¥6
(at least

,
where it is defined) def

gcxt-plurayhtyfflxtyl-fly.DE#pcyy..ffX,yboIhf
- good then

det × is piigood if pry [ guy : flxty)
- fly)) > I- p

'
c'
'
n'
"

six. high:
"÷÷÷÷÷*:÷:÷:.o..**⇒.

Pf of claim 2
of Xs ⇒ fraction of x for which fog agree

-
are p -good is > I - 28 > Yg

let

hlxtyl-glxltglglbg.de#gPrzLglyt-flytzI-flzDcp since y is p - good fixed, uniform via observation

Pre ( glxltflxtlytz)) - flytz) ) - p since x is p - good tytz ERG

union bound
so przfhlxty-glxlty.ly) d over

# bad

= flytz) - ft) t f- (xtlytzl
)- fly -12$ = f- (xtytz) - ft)) > I - 2.p events

= -

canoe 742

⇒ glxiy)
-

- hlxty) by def of g since ffxtytz) - Az) is same
& so 2p

-good
for ⇒ Yz of z 's

= glxltgly) by def of h B



Third : show that g is actually defined for 8=Pr×,g[Hxltflgttftxtyl)
- Hz

AI X
.

def gcxl = plurayhty [ flxtyl - fly))

claims 8<46
,

FX
,
X is ¥¥

-

good tglx) det x is piigood it pry [ guy : ftxty)
- fly)) > I- p

""

" """ "" """"""
-

I:÷÷:S: :: ":*:":÷ ..
if I y

set
, y tx

-

y) both 28 -good is as i - 28 > Yg

then claim 2 ⇒ X is 48 - good claims pcyy . If x.y both f
- good then

t gud
-

- guy) tglx-y) it xty is 2p
- good Tatem 's

> I - %(2) glxtytglxltgk)
Ethan :3

,To show y exists : of xs

arep-goodfprgf.grKy) both 28- good ] > I -€1.2 -

- o

→
←union land

bothuniform
claims

since Pr > 0
, Fy st

.
Xt (x -y)

both 28 -goodbar



JI Pray Lftxltflyttftxtyl)
-¥

claim 3 ⇒ def guy = plurayhty [ flxtyl - fly))
Fx

, glxl is
defined via majority

⇒ for
p
-

-

48
,

X is p
- good det X is f-

"

gohod it pry [ guy : flxty)
- fly)] > I- p

aims :: .no;:::;i:*.. I:÷÷:S: :: ":*:":÷ ..
claim I ⇒ fry agree on z I-28 is > I - 28 > Yg

fraction of domain G claims pcyy . tf X ,y both f
- good then

so f is 28 - close ← claim I4) xty is 2p
- good ⇒

to homomorphism pg
71- %(2) glxtytglxltgk)
Ep - titty

$ihT of xs
are p -good

claims 8%6
,

FX
,
X is -

good tglxl
is defined via majority element↳€e



Improvements : only need 8-219

⇒ 0142) tests give const prob of failure

instead of 0116)

big deal ? Can lead to improvements in

exponents of hardness of approximation
results

,

over GHz)
,

can get better or
← If is

a

" thresh hold
"

in general 21g is tight
'

. ( coppersmiths example)

fkn f ! it ' '

on:# ftp.#.....3dosestgiIi:rottn
:

- I if x=2 mod 's Pr[fW=gHD=tz
in

integers r

p
c-

fcx)tfCyt_
2

flinty
"

- t

Zz - far
f fails when

XI.by?'zmmoodaBz3Prob--2/9gpasseswAh
else passes prob -4g


