
Lecture 8

Testing dense graphs
- bipartiteness



Adjacency Matrix model

G represented by matrix A

St
.

can query Ain A- = ( Ai; )one step

[
Iif hi ,jleE
O.O

-
wi

Distance from property p :

det G is E- far from P if must change > E. n
'

entries in A to turn G into member of P

Testing
"

sparse
"

properties :

all graphs are E- close to connected in this model

⇒ trivial tester outputs
"

Pass
"

w/o looking at

graph



Graph type max degree natural representation notion ofdistance

D adjacency list
EE -on edges

Previously sparse charged

Now dense n adjacency matrix Ean' n

my
-

should be easier

to detect

¥# -
" E.onk.nu h
O on



Bipartite ness
-

:

> . can color nodes redlblue sit
.

no edge monochromatic
• ,

% . can partition nodes into 14,4 ) st
. .

8¥
to

equivalent I ,qyE st
.

u,veY } "

violating edges
" '

definitions or a ,veVz V
,

V

-
.

not bipartite ⇒ tf # Yz) F
"

violating edge "

E-fbipartite : ( definition)

• must remove > E. n2 edges to make bipartite

/ of partitions f- Nyk)
,

> e. n
'

violating edges
→

equivalent



Testings : G

• Testing exact bipartite .mg? :*, y..µ.①
• Proposed testing algorithm :

• Pick sample of nodes of site Of'zalogI)
← ignore

nodes
'not insample

• Consider induced graph on sample ignore edge St
.

El eadpt is
• If bipartite , output PASS not in sample
else output FAIL Tizi's

This actually works ! !



A first attempt at a proof ?
- ✓
if G bipartite , induced graph is bipartite

,
so algorithm passes

if G E - far from bipartite :
must remove En

'

edges to make it bipartite

equivalently :
tf partition Vi

, Vy
have > En
'

violating edges ( > e fraction of

slots in adj matrix
)

⇒ f g) a sample of edges of sire zffteloyt)

hits a (Yik - violating edge with prob z l - Ci -EE'T't

Great ! ?
Z l - e

- clog't = I - e
- 'Y'K

.

to
- Get ⇐ i )

Teed to hit violating edge for
every partition

how is this an algorithm?
no edge nodules at partitions



Lets try to use the "

partition
" defn of bipartite ness :

Algorithm
pick me El ? ) random edge slots a

query
tf partitions (kik) :

violatingµ, ,q,
← # violating edges in sample Wrt ( Vi

,
Va)

> o then output FAILtf tf Hilal vioktinylv.in
else output PASS



Wait ! How small should 8 be ?

Recall : All partitions are bad

Bet : if any partition
"

looks
"

good, the algorithm outputs PASS

Probability any partition
"

looks
"

good :
for one partition ( HI , PRAY

,
Va) looks good] 's 8

for all partitions (kik) , Pr [ any Chik looks good]
' 2^8
Ynionbnd

i. need 8 " In over an

would imply ya
-

- ottlogtg) --the log 'Tzn)= EEE) partitions

sample complexity is m2
sanpknoddes so ELIE)

not soblinear
Do we really need a union bud ?

Do we need to try all partitions ?
( or can we find few

- '

representative
"

partitions
that are close to all partitions ?)



Play : Consider small set of representatives
F- all partitions /Pl=2"

⑤

• a go
°

•
&

• R IiH://Pwearek.ve":#ntatives "⑧ a • #
• BE

og
a a

€-80 •
a

0
⑧ REP

•
A

•

⑧
0

• °
• every

member of
• Be ⑧

o

p is
u close

" to some

•
I a

member
of R

Useful R satisfies :

• t pep F RER at
. dist Cpr) EE

(1) if pet
that is

abiparttionoflr
'

° IN is small ( hopefully IRKAIPD
then Fr

ER sat , rr has
few

violations

(2)if ttpep , p
far from

biportition

then since ,
Page too



Plane :

find
"

representative
"

partitions sit
.

all partitions in P are e- close to

representative .

I

some

* if G E - far from bipartite then

✓ partitions > Ent violating edges

⇒ tf representatm partitions, have > En
"

violating edges
since Rsp

• if G bipartite then
F partition with o violating edges

⇒ so I representatre partition with Lot Ezn2 violating edges
=En2



Algorithms
1
. pick all , U

'

randomly from V
×

( teal og 'd⑤ ( 'zlog 'd nodes

*i¥. .

If U not bipartite, FAIL ← ONUR) queries
2

. H partitions of U into Ui
,
Az : (only consider those that are biparkms

oft)
T '

L'"'of these . define oracle Gee below) which
U

partitions graph into 4,2
,
based on 4,4

• tf u c- U
'

call oracle to see if
MU ¢

• count

"

# sina.ntiii.int:". ".s .

it fraction E 314 's output PASS a half ⇐ why pass if
> o violations?

since we don't check@partitionselse continue to next partition
3.FAIL



Given partition of U into Ua
, U2 ,

define ORACLE

to partition whole graph :
u

8:c: "

:S:D:3
.
. .
.

or .is. partition
" ma i.jl.TK£

Oracle algorithm :

output 2
,
if

VE UL
V has hbr in U2 but not ink

,
Zi

-

-
U
,
UW

,

V has no nbn in either U , orUa ? ? Zz=UzVW2
-

else output 2 , if
WE Uz
v has nbr in U ,

but not Us

else output
"

bad partition
"

← only reach if have nbr

to the Un
Runtime : OLIN) per query



Algorithms
1
. pick

"
ya

'

randomly from V Query Complexity :⑤ high:{⇒
"

⑤ "This:{sea * dean. random edges :

Vdsefidnetosetof pair off a
'
-

- Eu
. ,v , .ua, ra, . .is

'

tzlogtza tzzlogtz = U({stogtz)
partitions to P -

- 9cm ,v ,) , cuz.gs , . . . } pairs

If u not bipartite, FAIL

2
. tf oartitions of U into Ui

,
Nz

-
'

÷:÷÷÷÷÷÷÷÷÷÷÷:*: : .gg/Timeoi;:i:s:::... ,• count

"

# II .rs?porthaFrioiakz.,z3 ' X
ro .

it fraction a. 314's output PASS - halt
no dependence on h

else continue to next partition
3. FAIL

can improve dependence on E
#

Behavior : need to show that if G bipartite, likely to pass
turf G E- far from bipartite , likely to Fail

if G is E- far :

a1 partitions 2,22
,
including those tested by algorithm, have

> En
"

violating edges

tf 2,2 , Prc fraction of violating edges in P is ez
,
en
' ) has ↳ ziul Chernoff bud)

Pr [ PASS) -- Pr [ any 2. Rn passes] E 2M . ¥2144 Latg



Algorithm I- if G is bipartite :
I
. pick all , U

'

randomly from V
X

⑤ High) E- Ctealogz)
nodes

" doused to define random edges :
does it pass ?

Vdsefidnetget of pair off U' = Eu
, ,v , ,un, Va, . . . .}

partitions to P -

- { Ca, ,v ,) , cuz.gs , . . . } pairs

If u not bipartite, FAIL Let ( Y
, ,

be bipartite partition .

a. v.

÷;÷÷÷.÷;÷÷÷÷÷..!! :÷
.

. ¥. /t.io#ngeog.=o.V-ueu
'

call oracle to see if In µ
.

For sample U
, partition according toy ,Ya:u in 2

,
or Zs

.

'

¥":*
.

":&'s:: "twitter.EY.7.it. meant , 3. partition of Uelse continue to next partition
3. FAIL uneasy, according to Yd

se @gud to
'

partition V into with with
-

thought process

Question : how similar is (4.Yal to ( W
,

" "

;Wz""I ?
T -

how many extra get from oracle on Uma
violating edges?

-



Given partition of U into Ua
, U2 ,

define ORACLE

to partition whole graph :
u

Yr:c! "

:S:D: :3
.
. .
.

.:b. partition
" una .pt/.•

Oracle algorithm :

output 2
,
if

only place VE U , 2
,

-

- Umw ,

where Yik v has nbr in Az but not A
,

after XNXX.snonbrinu.ua Zz=UaW2

else output 2 , if
V E Uz
v has nbr in U

,
but not U

,

else output
"

bad partition
"

Runtime : 011W ) per query



I
tf partitions of U into Ui

,
Az ! Let 14

,

be bipartite partition .

U # violating edges = O
""d" """"" & "¥%%" ° " !

!
"
'd"P

" "

Blu
sample " ' Port't" " " """N'" 'k:

- a.← um,

I Unearth
•

Use U
, ,U , to partition V : W

,

" "

; hyuk-
# violating edges in CW

,

" "

; w,
" 'm) :

E O t # edges adj to any v that has no hbr in U
w

# violating edges#
in Ya) divide into 2 groups :

A .- first deg v < Ean}
" small degree "

EEN -D B -

- MA
''

high degree
"

Inna.iq/ee.#uppeginfqmggqqpTupperbndqlnB'
ed to send a good bond



recall : U is random sample, Inf Otte log's)

BE { v sit
. degcvlz Een t v has no nbr in A }

Lemma-PrultBIEE.in) 2718
PI V V of dye# n set 6u←{ ! 'to.eu?EBEuf6u3--PruE6u=D=lprfiiihnodeofuisnHnbrofvJ)"

lui ¥1084
, z← ( t - E) sci - E) $2 ← by picking right

constants
' lul=4z1g3HEELEK) t Eff so Pr[ 1131=547-8%17 Etg by Markos tvet

,

degree # n conf



I
tf partitions of U into Ui

,
U2 ! Let 14

,

be bipartite partition .

"

U # violating edges = O
• induce partition. z.LU??i4auWdonwhokJraP.h : µµ

sample u
, partition according 104,1:

Vvthahsnbr in Us but not U
,

v has no nbr in U
,
or U
,

U ,← WAY
,

else output 2
,
if U

,
← UAYZ

Tina: nbr inn
,
but not a

. Use U
, ,U , to partition V : W

,

" "

? With
ftp.badpartton#

# edges that
can differ between

# violating edges in CW
,

" "

,
W
,

" 'm) : Chiara ,

"

;w,
"
.)
-

E O t # edges adjacent to any r with no nbr in U
w

#
'

violating edges in Chik)
#

divide into two cases !

I Eqn . n t n .

En ← EI
¥ sit

. deglv) - E,n3
"

smdggll.ee ..
-4 Be } v s! deg th

> Eons
"

high"

µ
2

degree
"

q ? upperonbnd T upper bud
maxdeg Max on IBI
of ve A

IAI deg ,

of VEB

⇒ E- [ fraction of Cup) EP violating Wihlhwzhua ) s E
2

' ' ' '

so Prl "
' ' '

2- If] La Yg by Chernoff.



recall : U is random sample, 141=0-1 I log's)

BE { v sit
. degcvlz Een t v has no nbr in A }⇒ Pr [ output fail ]#

= Pr[ output fail / Itsuki
,
n) . Prc Bal >⇐An)

E l E '18

+ Pr [output fail 1 IRIE in] . Pr [ IBul ' Dn)
E Yg El

E tg t Ig = IT



Comments
-

Can improve runtime to poly ( Ye)

Proposed testing algorithm actually works

In adjacency list model ↳parse graphs) need

eecrn)
queries .

Why more ?

finer grain distinction

dense model ; bipartite us
.

E. n
'

edges need to
be removed

sparse model : bipartite vs
.
e.on edges need to

be r



Other problems : Partition Properties
e. g .

Max cut

can we partition into k r equal sized

groups lmk st
.

fraction of
← inputs to

edges between groups
it 'g zag.

problem

similar oracle - based algorithms :

Maria : pick random sample s
tf partitions of s into Hisd

,
create oracle !

if v e VIS has more edges toszthuns ,

put in W
,

else " " W
2

then estimate # edges between ④ US .lt/WzUSz)

Output max value


