
Lecture 8 :

Testing dense graphs
- bipartiteness



Adjacency Matrix model

G represented by matrix A

St
.

can query Ain A- = ( Ai; )one step

[
Iif hi ,jleE
O.O

-
wi

Distance from property p :

det G is E- far from P if must change > E. n
'

entries in A to turn G into member of P

Testing
"

sparse
"

properties :

all graphs are E- close to connected in this model

⇒ trivial tester outputs
"

Pass
"

w/o looking at

graph



Graph type max degree natural representation notion ofdistance

D adjacency list
EE -on edges

Previously sparse charged

Now dense n adjacency matrix Ean' n

my
-

should be easier

to detect

¥# -
" E.onk.nu h
O on



Bipartite ness
-

:

> . can color nodes redlblue sit
.

no edge monochromatic
• ,

% . can partition nodes into 14,4 ) st
. .

8¥
to

equivalent I ,qyE st
.

u,veY } "

violating edges
" '

definitions or a ,veVz V
,

V

-
.

not bipartite ⇒ tf # Yz) F
"

violating edge "

E-fbipartite : ( definition)

• must remove > E. n2 edges to make bipartite

/ of partitions f- Nyk)
,

> e. n
'

violating edges
→

equivalent



Testings : G

• Testing exact bipartite .mg? :*, y..µ.①
• Proposed testing algorithm :

• Pick sample of nodes of site Of'zalogI)
← ignore

nodes
'not insample

• Consider induced graph on sample ignore edge St
.

El eadpt is
• If bipartite , output PASS not in sample
else output FAIL Tizi's

This actually works ! !



A first attempt at a proof ?
- ✓
if G bipartite , induced graph is bipartite

,
so algorithm passes

if G E - far from bipartite :
must remove En

'

edges to make it bipartite

equivalently :
tf partition Vi

, Vy
have > Eri violating edges ( > e fraction of

slots in adj matrix
)

⇒ f @vz) a sample of edges of sire zffteloyt)

hits a (Yik - violating edge with prob z l - Ci -EE'T't

Great ! ?
Z l - e

- clog't = I - e
- 'Y'K

.

to
- Get ⇐ i )

Teed to hit violating edge for
every partition

how is this an algorithm?
no edge nodules at partitions



Lets try to use the "

partition
" defer of bipartite ness :

Algorithm (horrible runtime
,
but maybe ok query complexity? )

pick me El ? ) random edge slots a

query
tf partitions ( Vi

,
Va) :

violatingµ, ,q,
← # violating edges in sample Wrt ( K

,
Va)

> o then output FAILtf tf HH vioktinylv.in
else output PASS



Wait ! How small should 8 be ?

Recall : All partitions are bad

Bet : if any partition
"

looks
"

good, the algorithm outputs PASS

Probability and partition
"

looks
"

good :
for one partition ( Alik , Pr[ (V, ,Vz) looks good) ? I -8

for all partitions (kik) , Prl all 14
,
Val look good] 21-278

cm

Union bird

.

'

. need 8K¥ ? over 2
"

would imply m
-

-
b- Ctelogtg) =f({ logan ) (q,

Partitions

in

runtime is G' (m2)

Do we really need a union bud ?
so not sublinear

Do we need to try all partitions ?
( or can we find few

- '

representative
"

partitions
that are close to all partitions ?)



Play : Consider small set of representatives
F- all partitions /P/=2"

•

• a o
°

•
&

• R I
⑨ b

•
Oifeng.ES "

O P
•

A
°

O

g

*
so

°
a

o
. REP

•
o to

•

every
member of P

d & O
g a

•
I • is close to memmber of R

Useful R satisfies :

tf pep 7 RER at
. dist Cpr) EE

I

Hope : attesting riensgms.mda.yabm.pe""9÷f÷÷÷!÷7÷(2) it Fptp ,
p
is
far from

(2) IMac Ipl
having property

then
a
"

far
( so union bound isn't

r
are

as bad )



Plane :

find
"

representative
"

partitions sit
.

all partitions are z - close to
2

Some representative .

* if G E - far from bipartite then

✓ partitions > End violating edges

so tf representative partitions > En? Ezn
' violating edges

=

Ezn2

• if G bipartite then
F partition with o violating edges

so F representative partition with a en
' violating edges



Algorithms
1
. pick U

,
U

'

randomly from V
" "

⑦ Haugh
used to define random edges far testy partitions :⑤ ( 'zlog 'd nodes

nodes

used to define pair
off U

"
= { 4,4 ,

Ua
,
Va
,
. .
.
3

set of partitions
.

to p= { ( ayy) Cuny) .
. .
3 pairs

If u not bipartite, FAIL

←
consider

only 2kt
partitions

?

2
. H partitions of U into

.

Ui
,
U2 :

a define oracle Gee below) which
U

partitions graph into 4,2
,
based on 4,4

• tf u c- U
'

call oracle to see if
Blu ¢

• count ! initiation. ".s .

it fraction E 314 's output PASS a half
else continue to next partition ⇐ why pass it

see any
violations?

3.FAIL
since we dont check all partitions,

might miss the perfect
one



Given partition of U into Ua
, U2 ,

define ORACLE

to partition whole graph :
u

8: "

an
:D: :3

.
. . .
.

.:b. partition
" umu.jl.TK•

Oracle algorithm :

output 2
,
if

VE U , 2
,

-

-
U
,
UW

,

V has nbr in Az but not A
,

V has no nbr in U
,
or U2 Zz=UaVW2

else output 2 , if
V E Uz
v has nbr in U

,
but not U

,

else output
"

bad partition
"

←w;ggether%onnbY;Runtime : 011hL ) per query you
,



Algorithms
1
. pick all , U

'

randomly from V
"

E- Halos 'd Query Complexity :⑤ ( 'zlog'd nodes
nodes used to define random edges :

tsdefdinetogetof pair off U
'
-

- 24,4in , rain's f) ftp.ogtz)partitions to P -

- 9cm ,v ,) , lungs , . . . } pairs

If u not bipartite, FAIL

' "

i::÷÷÷÷÷÷!÷÷"÷÷ .!!:÷ a

' ( Time complexity :
• tf u c- U

'

call oracle to see if we µ
,

qfztzlogte) i

'

• count

"

# Ic: .rs?portIIrioiaiez..zs .

it fraction a. 314's output PASS - halt no dependence on n
else continue to next partition

3. FAIL can improve dependence one

#

Behavior : need to show that if G bipartite, likely to pass
turf f E- far from bipartite , likely to Fail

if G is E- far :

all partitions 2,22
,
including those tested by algorithm, have > En

'

violating edges

f- 2,2 , Pr[ fraction of violating edges in P is EZ
,
En
' ] a faint ✓

Pr [ PASS)=Pr[ any 2,2, passes )
E 21N . ¥zw Etg



Algorithm I- if G is bipartite :
I
. pick all , U

'

randomly from V
X

⑤ ( 'zlogte)
E- (teal og 'd

nodes
" desired to define random edges :

does it pass ?
used to
define set of pair off U' = { 4,4 ,

un
,
Va, . . . .}

partitions to P -

- 9cm ,v ,) , cuz.gs , . . . } pairs
V U

If u not bipartite, FAIL Let 14,12) be bipartite partition .

a. r.

,÷;÷÷÷÷;÷,÷÷;÷÷ ..!! :÷
.

. ¥. / *www.ngeog.eo.V-ueu
'

call oracle to see if *in µ
.

For sample U
, partition according toY

, ,YzE
• count

"

# Ha .rs?portIIrioiakz..z3 '

up UM ,
it fraction E 314's output PASS a half
else continue to next partition

Uneasy,
3.partition of u

3. FAIL

#
Use U

, ,U , to partition V : W
,

" "

; hyuk
-

only a thought process .

(algorithm only partitions U
'

)

Question : how similar is (4.Yal to ( W
,

" "

;Wz""I ?
-

how
many extra violating edges ?

-



Given partition of U into Ua
, U2 ,

define ORACLE

to partition whole graph :
u

Yr:c: "

:S:D:3
.
. .
.

.:b. partition
" una .IN/l•

Oracle algorithm :

only place
Output 2

,
if

where oracle VE Ui 2
,

-

-
U
,
Uwi

has a'
' choice

"

v has nbr in Az but not U
,

+ can do something Zz=UzVWz
different than W has no nbr in U

,
or U
,

Y
, ,Yz else output 2 , if

V E Uz
v has nbr in U

,
but not U

,

else output
"

bad partition
"

←w;ggether%onYiRuntime : 011hL ) per query you
,



I
tf partitions of U into Ui

,
U2 ! Let 14

,

be bipartite partition .

U # violating edges = O
""d" """"" & "¥%%" ° " !"

!
'd"P

" "

Mu
sample " ' Port't" " " """8M¥

-
apart ,

j Ua←unY,
•

Use U
, ,U , to partition V : W

,

" "

; hyuk-
# violating edges in CW

,

" "

, Wynn) :

E O t # edges adjacent to any r with no nbr in U
w

#
'

violating edges in Chik)
#

divide into two cases !

Een n t n . D
¥ sit

. deglv) - E,n3
"

smjegll.ee "
-4

. D= } v s! degtD- Eon}
"

high
T ! upperonbnd T Tupper bug degree

"

maxdeg IA , ma:} on 1131
of VEA of VEB

So need to upper bound 1131 : nodes with high degree
that don't neighbor a



recall : U is random sample, Inf Otte log'z)

BE { v sit
. degcvlz Een t v has no nbr in h }

lemma-PrultBIEE.in) 2718
PI tt V of degree Zen set q ← g

, if we Bf
has " "brain

4
O O

.
W

,

'

ECG] -

- Pr[ Gut)
Ml

=(Pr[ ith node of A isn't nbr of v ) )
± ( i - ¥ )

"
a. ( I - ⇒

Oke log 'd
e z

T 32

I
choose to be ¥ .log34Euses high

degree ofv

E- [ Ebv) E Yz so Pr [ Eh ? Een ) stg by Markus 't
rst

.

32 Oh

degcvlzfgn -

En
a



I
tf partitions of U into Ui

,
U2 ! Let 14

,

be bipartite partition .

"

U # violating edges = O
• induce partition. z.de?wiYWauWdonwhokJraP!

:

µµ
sample u

, partition according 104,1:
I thus ' nbr in Us but not U

,

v has no nbr in U
,
or U
,

U ,← WAY
,

else output 2
,
if U

,
← Uh Yz

Tina: nbr inn
,
but not a

. Use U
, ,U , to partition V : W

,

" "

?wjhkeputbadpar.tn#
# edges that

can differ between

* violating edges in CW
,

" "

,
W
,

" 'm) : Chithra ,

"

; win.)
-

E O t # edges adjacent to any r with no nbr in U
w

#
"

violating edges in Chik)
#

divide into two cases !

EEF . n t n .
In ← EI

¥ sit
. degtr) - EB

"

smjeg.ee "
4 Be } v s! deg th

' Eon}
"

high
yr

2
degree

"

T.tupperob.nl T upper bud
maxdeg IA , mdaexg on 1131
of VEA of veg (with prob ? 7/8)

⇒ E[ fraction of Cup) EP violating Wihlhwzhua ) s 42
L l

l l ( I

so Pr L
" "

z ⇒ Ls Yg
X use Chernoff bends + samples toshowthrs



recall : U is random sample, 141=0-(1/21)
BE { v sit

. degcvlz Een t v has no nbr in A }⇒ Pr [ output fail )#
± Prfoutput fail 11131> En) - Prall But > Eun]

El £48

+ Pr[output fail I IBUIEE, n]
. Prudent a- Ein)

Eyg E l

t Ig t Ig =L
,



Comments
-

Can improve runtime to poly ( Ye)

Proposed testing algorithm actually works

In adjacency list model ↳parse graphs) need

eecrn)
queries .

Why more ?

finer grain distinction

dense model ; bipartite us
.

E. n
'

edges need to
be removed

sparse model : bipartite vs
.
e.on edges need to

be r



Other problems : Partition Properties
e. g .

Max cut

can we partition into k r equal sized

groups lmk st
.

fraction of
← inputs to

edges between groups
it 'g zag.

problem

similar oracle - based algorithms :

Maria : pick random sample s
tf partitions of s into Hisd

,
create oracle !

if v e VIS has more edges toszthuns ,

put in W
,

else " " W
2

then estimate # edges between ④ US .lt/WzUSz)

Output max value



Algorithms
1
. pick U

,
U

'

randomly from V
" "

⑦ Haugh
used to define random edges far testy partitions :⑤ ( 'zlog 'd nodes

nodes

used to define pair
off U

'
= { 4,4 ,

Ua
,
Va
,
. .
.
3

set of partitions
.

to p= { ( ayy) Cuny) .
. .
3 pairs

If u not bipartite, FAIL

←
consider

only 2kt
partitions

?

2
. H partitions of U into Ui

,
U2 :

⇐ Ra) U
• induce partition @iuWicUauWalonwholegrap.h :
"" me """

÷: ! :Ym .

"
in.mu?p::nnw.*w.g/l."

÷÷÷::i: : : : :S: at:*."
continue to nextpartition

'
il " "

"
"

neither
, put in W

,

• count # { Cup) c- Pst
.
violate (21,213 ⇐ why pass ifit fraction E 3/4 E PASS that

see any
violations?

else continue to next partition
since we day

. check all partitions,
3. FAIL might miss the perfect

one



Algorithms
1
. pick U

,
U

'

randomly from V
" "

⑦ Haugh
used to define random edges far testy partitions :⑤ ( 'zlog 'd nodes

nodes

used to define pair
off U

'
= { 4,4 ,

Ua
,
Va
,
. .
.
3

set of partitions
.

to p= { ( ayy) Cuny) .
. .
3 pairs

If u not bipartite, FAIL

←
consider

only 2kt
partitions

?

2
. H partitions of U into Ui

,
U2 :

⇐ Ra) U
• induce partition @iuWicUauWalonwholegrap.h :
"" me """

÷: ! :Ym .

"
in.mu?p::nnw.*w.g/l."

÷÷÷::i: : : : :S: at:*."
continue to nextpartition

'
il " "

"
"

neither
, put in W

,

• count # { Cup) c- Pst
.
violate (21,213 ⇐ why pass ifit fraction E 3/4 E PASS that

see any
violations?

else continue to next partition
since we day

. check all partitions,
3. FAIL might miss the perfect

one


